
IJMMS 2003:9, 533–538
PII. S0161171203205251

http://ijmms.hindawi.com
© Hindawi Publishing Corp.

ISOMORPHISM OF GENERALIZED TRIANGULAR
MATRIX-RINGS AND RECOVERY OF TILES

R. KHAZAL, S. DĂSCĂLESCU, and L. VAN WYK

Received 5 May 2002

We prove an isomorphism theorem for generalized triangular matrix-rings, over
rings having only the idempotents 0 and 1, in particular, over indecomposable
commutative rings or over local rings (not necessarily commutative). As a conse-
quence, we obtain a recovery result for the tile in a tiled matrix-ring.
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Matrix-rings play a fundamental role in mathematics and its applications. A

difficult question is to decide whether a given ring is isomorphic to a matrix-

ring or one of its variants. Several “hidden matrix-rings” have been shown in

the literature (see [5]). These rings did not appear as being matrix-rings at the

first sight, nevertheless they proved out to be isomorphic to matrix-rings. An-

other type of problem concerned to matrices is to decide whether two rings of

matrices are isomorphic or not. For instance, it is known that for commutative

rings R and S, the matrix-rings M2(R) and M2(S) are isomorphic if and only if

the rings R and S are isomorphic, for the simple reason that R is isomorphic to

the center of M2(R). However, if R and S are not commutative, this is not true

anymore. Examples have been given in [7], also in [6] for simple Noetherian in-

tegral domains R,S, or in [2] for prime Noetherian R,S. A different but related

problem is the recovery of the tile in a triangular matrix-ring. More precisely,

if R is a ring and I, J are two-sided ideals of R such that the rings
(R I

0 R
)

and(R J
0 R
)

are isomorphic, what can we say about I and J? Are they isomorphic

as R-bimodules? If we do not impose any condition to the ring, then there is

no hope to recover the tile. For instance, in [3] a ring R was constructed such

that

(
R R
0 R

)
�
(
R 0

0 R

)
. (1)

It was proved in [1] that if R satisfies a certain finiteness condition (in partic-

ular in the case where R is a left Noetherian), the above isomorphism cannot

hold. For the situation where the tile is not necessarily 0 or the whole ring R,

the situation behaves worse. Even when the ring is finite, the tile cannot be
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recovered. It was proved in [4] that if R =
(A 0 A

0 A A
0 0 A

)
, A is a ring, and

I =




0 0 0

0 0 A
0 0 0


 , J =




0 0 A
0 0 0

0 0 0


 , (2)

then the rings
(R I

0 R
)

and
(R J

0 R
)

are isomorphic, while I and J are not isomorphic

as R-bimodules.

The aim of this paper is to obtain a recovery result for the tile in the case

where the underlying ringR has only trivial idempotents, that is,R has only two

idempotents, 0 and 1. Relevant examples of such rings are for instance: inde-

composable commutative rings and local rings (not necessarily commutative).

In fact we can investigate the isomorphism among more general matrix-type

rings. Recall that ifR and S are two rings, andM is anR,S-bimodule (this means

left R and right S), we can define the generalized triangular matrix-ring
(R M

0 S
)
,

with multiplication induced by the bimodule actions and the usual rule for

matrix multiplication. With this notation we can prove the following theorem.

Theorem 1. Let R and S be rings having only trivial idempotents, and let

M,N be twoR,S-bimodules. Then a mapφ :
(R M

0 S
)→ (R N

0 S
)

is a ring isomorphism

if and only if there exist a∈N, f ∈Aut(R), g ∈Aut(S), and an isomorphism v :

M →N of additive groups satisfying v(rx)= f(r)v(x) and v(xs)= v(x)g(s)
for any x ∈M , r ∈ R, s ∈ S, such that

φ
(
r x
0 s

)
=

f(r) f(r)a−ag(s)+v(x)

0 g(s)


 , (3)

for any r ∈ R, x ∈M , and s ∈ S.

In particular, we obtain a recovery result for the tile. This is not exactly an

isomorphism, but an isomorphism relative to some automorphisms of the ring.

We recall that if f ,g ∈ Aut(R), and X,Y are two R,R-bimodules, then an ad-

ditive map v : X → Y is called an f ,g-morphism if v(rxr ′)= f(r)v(x)g(r ′),
for any r ,r ′ ∈ R, x ∈X.

Corollary 2 (recovery of the tile). Let R be a ring having only trivial idem-

potents, and I,J be ideals of R. Then the matrix-rings
(R I

0 R
)

and
(R J

0 R
)

are iso-

morphic if and only if I and J are f ,g-isomorphic as the R,R-bimodules for

some f ,g ∈Aut(R).

A complete recovery of the tile (up to isomorphism) is obtained in some

special cases when the ring has only the trivial automorphism.
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Corollary 3. Let R be a ring having only trivial idempotents such that, the

only automorphism of R is the identity. If I,J are ideals of R, then the matrix-

rings
(R I

0 R
)

and
(R J

0 R
)

are isomorphic if and only if I and J are isomorphic as

the R,R-bimodules.

Proof of Theorem 1. An element
(r x

0 s
)∈ (R M0 S

)
is idempotent if and only

if r 2 = r , s2 = s, and rx+xs = x. Since the only idempotents of R and S are 0

and 1, we have that any of r and s is either 0 or 1. If r = 0 and s = 0, we find

x = 0. If r = 1 and s = 1, we find again x = 0. If r = 1 and s = 0, then x can

be anything in M , and the same in the case where r = 0 and s = 1. Thus, apart

from 0 and the identity element, the idempotents of
(R M

0 S
)

are the elements of

the form

ex =
(

1 x
0 0

)
, x ∈M,

fx =
(

0 x
0 1

)
, x ∈M.

(4)

It is easy to see that the following relations hold:

exey = ey, fxfy = fx, exfy =
(

0 x+y
0 0

)
, fxey = 0, (5)

for any x,y ∈M . We denote by e′z,f ′z, z ∈N, the similar idempotents of
(R N

0 S
)
.

Let φ :
(R M

0 S
)→ (R N

0 S
)

be a ring isomorphism. Then φ(e0) must be a nontrivial

idempotent of
(R N

0 S
)
. We distinguish two cases.

Case 1. We have φ(e0) = e′a for some a ∈ N. Then if for some x ∈ M we

have φ(ex)= f ′b for some b ∈N, we see that

e′a =φ
(
e0
)=φ(exe0

)=φ(ex)φ(e0
)= f ′be′a = 0, (6)

a contradiction. Therefore, φ(ex) = e′u(x) for some u(x) ∈ N for any x ∈ M .

Then we have that

φ
(
fx
)=φ(I2−e−x)= I2−e′u(−x) = f ′−u(−x). (7)

Thus, for any x ∈M we have

φ
(

0 x
0 0

)
=φ(e0fx

)=φ(e0
)
φ
(
fx
)= e′af ′−u(−x) =

(
0 a−u(−x)
0 1

)
. (8)

Denote v :M →N, v(x)= a−u(−x). Then clearly v is a morphism of additive

groups. Moreover, v is an isomorphism. Indeed, if φ−1(e′z)= fh for some z ∈
N,h∈M , thenφ(fh)= e′z, a contradiction. Thusφ({ex | x ∈M})={e′z | z∈N},
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showing that u is surjective, so then v is also surjective. Obviously, v is injec-

tive.

Now

φ
(
r 0

0 0

)
=φ

(
e0

(
r 0

0 0

))
= e′aφ

(
r 0

0 0

)
∈
(
R N
0 0

)
(9)

thus φ
(r 0

0 0

)= (f(r) h(r)0 0

)
for some additive maps f : R→ R, h : R→N. Since φ

is a ring morphism, we obtain that

f
(
r1r2

)= f (r1
)
f
(
r2
)
, f (1)= 1,

h
(
r1r2

)= f (r1
)
h
(
r2
)
, h(1)= a, (10)

for any r1,r2 ∈ R. Similarly, one gets φ
(

0 0
0 s
)= (0 p(s)

0 g(s)

)
for some additive maps

g : S → S, p : S →N satisfying

g
(
s1s2

)= g(s1
)
g
(
s2
)
, g(1)= 1,

p
(
s1s2

)= p(s1
)
g
(
s2
)
, p(1)=−a. (11)

Then h(r) = h(r1) = f(r)h(1) = f(r)a for any r ∈ R, and similarly p(s) =
−ag(s) for any s ∈ S. We obtain that

φ
(
r x
0 s

)
=φ

(
r 0

0 0

)
+φ

(
0 x
0 0

)
+φ

(
0 0

0 s

)

=
(
f(r) f(r)a

0 0

)
+
(

0 v(x)
0 0

)
+
(

0 −ag(s)
0 g(s)

)

=
(
f(r) f(r)a−ag(s)+v(x)

0 g(s)

)
,

(12)

for any r ∈ R, s ∈ S, and x ∈M . By using the relation

φ
((
r x
0 s

)(
r ′ x′

0 s′

))
=φ

(
r x
0 s

)
φ
(
r ′ x′

0 s′

)
, (13)

we obtain, by computing the (1,2)-slots in the two sides, that f(r)v(x′)+
v(x)g(s′) = v(rx′)+v(xs′) for any r ∈ R, x,x′ ∈ M , s′ ∈ S. For s′ = 0, we

find v(rx′)= f(r)v(x′), and for r = 0, we obtain v
(
xs′

)= v(x)g(s′).
It remains to show that f and g are bijective. Clearly, ker(f )= 0 since f(r)=

0 impliesφ
(r 0

0 0

)= (0 0
0 0

)
, and then r must be 0. Also f is surjective since for any
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b ∈ R, there exists
( r x

0 s
) ∈ (R M0 S

)
with φ

(r x
0 s
) = (b 0

0 0

)
, in particular, f(r) = b.

Thus f is a ring isomorphism, and so is g.

Case 2. We have φ(e0)= f ′a for some a∈N. Then for any x ∈M , we have

that

f ′a =φ
(
e0
)=φ(exe0

)=φ(ex)φ(e0
)=φ(ex)f ′a. (14)

If φ(ex)= e′z for some x ∈M , z ∈N, we obtain that

f ′a = e′zf ′a =
(

0 z+a
0 0

)
, (15)

a contradiction. Thus, φ(ex)= f ′u(x) for any x ∈M , where u :M →N is a map.

Hence φ(fx)=φ(I2−e−x)= I2−f ′u(−x) = e′−u(−x), and then

φ
(

0 x
0 0

)
=φ(e0fx

)=φ(e0
)
φ
(
fx
)= f ′u(0)e′−u(−x) = 0, (16)

a contradiction, for x ≠ 0. Therefore this case cannot occur.

For the other way around, it is straightforward to check that any map φ of

the given form is an isomorphism of rings.

Examples. (1) Let m and n be two nonnegative integers, and let Z be the

ring of integers which has only 0 and 1 as idempotents. Then by Corollary 3

the rings
(Z mZ

0 Z

)
and

(Z nZ
0 Z

)
are isomorphic if and only if m=n.

(2) Let Z[i] be the ring of Gauss integers which is a principal ideal domain

(PID), in particular, it also has only trivial idempotents. If x,y ∈ Z[i], then the

rings
(
Z[i] xZ[i]

0 Z[i]

)
and

(
Z[i] yZ[i]

0 Z[i]

)
are isomorphic if and only if either x =uy or

x =uy for some u∈ {1,−1, i,−i}, where y denotes the complex conjugate of

y . Indeed, this follows from Corollary 2 and the fact that the only automor-

phisms of Z[i] are the identity and the complex conjugation.
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S. Dăscălescu: Department of Mathematics and Computer Science, Faculty of Science,
Kuwait University, P.O. Box 5969, Safat 13060, Kuwait

E-mail address: sdascal@mcs.sci.kuniv.edu.kw

L. Van Wyk: Department of Mathematics, Stellenbosch University, Private Bag X1,
Stellenbosch 7602, South Africa

E-mail address: lvw@land.sun.ac.za

mailto:khazal@mcs.sci.kuniv.edu.kw
mailto:sdascal@mcs.sci.kuniv.edu.kw
mailto:lvw@land.sun.ac.za


Journal of Applied Mathematics and Decision Sciences

Special Issue on

Decision Support for Intermodal Transport

Call for Papers

Intermodal transport refers to the movement of goods in
a single loading unit which uses successive various modes
of transport (road, rail, water) without handling the goods
during mode transfers. Intermodal transport has become
an important policy issue, mainly because it is considered
to be one of the means to lower the congestion caused by
single-mode road transport and to be more environmentally
friendly than the single-mode road transport. Both consider-
ations have been followed by an increase in attention toward
intermodal freight transportation research.

Various intermodal freight transport decision problems
are in demand of mathematical models of supporting them.
As the intermodal transport system is more complex than a
single-mode system, this fact offers interesting and challeng-
ing opportunities to modelers in applied mathematics. This
special issue aims to fill in some gaps in the research agenda
of decision-making in intermodal transport.

The mathematical models may be of the optimization type
or of the evaluation type to gain an insight in intermodal
operations. The mathematical models aim to support deci-
sions on the strategic, tactical, and operational levels. The
decision-makers belong to the various players in the inter-
modal transport world, namely, drayage operators, terminal
operators, network operators, or intermodal operators.

Topics of relevance to this type of decision-making both in
time horizon as in terms of operators are:

• Intermodal terminal design
• Infrastructure network configuration
• Location of terminals
• Cooperation between drayage companies
• Allocation of shippers/receivers to a terminal
• Pricing strategies
• Capacity levels of equipment and labour
• Operational routines and lay-out structure
• Redistribution of load units, railcars, barges, and so

forth
• Scheduling of trips or jobs
• Allocation of capacity to jobs
• Loading orders
• Selection of routing and service

Before submission authors should carefully read over the
journal’s Author Guidelines, which are located at http://www
.hindawi.com/journals/jamds/guidelines.html. Prospective
authors should submit an electronic copy of their complete
manuscript through the journal Manuscript Tracking Sys-
tem at http://mts.hindawi.com/, according to the following
timetable:

Manuscript Due June 1, 2009

First Round of Reviews September 1, 2009

Publication Date December 1, 2009

Lead Guest Editor

Gerrit K. Janssens, Transportation Research Institute
(IMOB), Hasselt University, Agoralaan, Building D, 3590
Diepenbeek (Hasselt), Belgium; Gerrit.Janssens@uhasselt.be

Guest Editor

Cathy Macharis, Department of Mathematics, Operational
Research, Statistics and Information for Systems (MOSI),
Transport and Logistics Research Group, Management
School, Vrije Universiteit Brussel, Pleinlaan 2, 1050 Brussel,
Belgium; Cathy.Macharis@vub.ac.be

Hindawi Publishing Corporation
http://www.hindawi.com

http://www.hindawi.com/journals/jamds/guidelines.html
http://www.hindawi.com/journals/jamds/guidelines.html
http://mts.hindawi.com/
mailto:Gerrit.Janssens@uhasselt.be
mailto:Cathy.Macharis@vub.ac.be

	1Call for Papers4pt
	Lead Guest Editor
	Guest Editor

