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For submanifolds tangent to the structure vector field in cosymplectic space forms,
we establish a basic inequality between the main intrinsic invariants of the sub-
manifold, namely, its sectional curvature and scalar curvature on one side; and
its main extrinsic invariant, namely, squared mean curvature on the other side.
Some applications, including inequalities between the intrinsic invariant 6, and
the squared mean curvature, are given. The equality cases are also discussed.
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1. Introduction. To find simple relationships between the main extrinsic in-
variants and the main intrinsic invariants of a submanifold is one of the natural
interests of the submanifold theory. Let M be an n-dimensional Riemannian
manifold. For each point p € M, let (infK) (p) = inf{K (17) : plane sections 1T C
T,M}. Then, the well-defined intrinsic invariant 6 of M introduced by Chen
[4] is

om(p) = T(p)— (infK) (p), (1.1)

where T is the scalar curvature of M (see also [6]).

In [3], Chen established the following basic inequality involving the intrinsic
invariant 6 and the squared mean curvature for n-dimensional submanifolds
M in a real space form R(c) of constant sectional curvature c:

2

6M5%|IH\|Z+%(11+1)(11—2)C. (1.2)
The above inequality is also true for anti-invariant submanifolds in complex
space forms M (4c) as remarked in [7]. In [5], he proved a general inequality
for an arbitrary submanifold of a dimension greater than 2 in a complex space
form. Applying this inequality, he showed that (1.2) is also valid for arbitrary
submanifolds in the complex hyperbolic space CH™ (4¢). He also established
the basic inequality for a submanifold in a complex projective space CP™.

A submanifold normal to the structure vector field € of a contact manifold is
anti-invariant. Thus, the C-totally real submanifolds in a Sasakian manifold are
anti-invariant as they are normal to &. An inequality similar to (1.2) for C-totally
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real submanifolds in a Sasakian space form M (c) of constant -sectional cur-
vature c is given in [8]. In [9], for submanifolds in a Sasakian space form M(c)
tangential to the structure vector field &, a basic inequality, along with some
applications, is presented.

There is another interesting class of almost contact metric manifolds,
namely, cosymplectic manifolds [10]. In this paper, submanifolds tangent to
the structure vector field € in cosymplectic space forms are studied. Section 2
contains the necessary details of submanifolds and cosymplectic space forms
for further use. In Section 3, for submanifolds tangent to the structure vector
field & in cosymplectic space forms, we establish a basic inequality between
the main intrinsic invariants, namely, its sectional curvature function K and its
scalar curvature function T of the submanifold on the one side, and its main ex-
trinsic invariant, namely, its mean curvature function ||H|| on the other side. In
Section 4, we give some applications including inequalities between the intrin-
sic invariant 6, and the extrinsic invariant ||H||. We also discuss the equality
cases.

2. Preliminaries. Let M be a (2m + 1)-dimensional almost contact manifold
[2] endowed with an almost contact structure (@, &,n), that is, @ is a (1,1)
tensor field, € is a vector field, and n is 1-form such that

p*=-I+n®&, nE =1 (2.1)

Then, (&) =0and nogp =0.

Let g be a compatible Riemannian metric with (@, &, n), thatis, g(pX,pY) =
g(X,Y) —n(X)n(Y) or, equivalently, g(X,pY) = —g(@X,Y) and g(X,&) =
n(X) for all X,Y € TM. Then, M becomes an almost contact metric manifold
equipped with an almost contact metric structure (@, &,n,g). An almost con-
tact metric manifold is cosymplectic [2] if Vx@ = 0, where V is the Levi-Civita
connection of the Riemannian metric g. From the formula Vxg = 0, it follows
that Vx& = 0.

A plane section o in T, M of an almost contact metric manifold M is called
a @-sectionif o L & and @ (o) = 0. The (2m + 1)-dimensional almost contact
manifold M is of the constant @-sectional curvature if the sectional curvature
K (o) does not depend on the choice of the p-section o of Tp]\7[ and the choice
of a point p € M. A cosymplectic manifold M is of the constant g-sectional
curvature c if and only if its curvature tensor R is of the form [10]

AR(X,Y,Z,W) =c|g(X,W)g(Y,Z) - g(X,Z)g(Y, W)
+9(X,pW)g(Y,9Z) -g(X,9Z)g(Y,pW)
-29(X,pY)g(Z,@W) (2.2)
—gX,Win(Y)n(z)+g(X,Z)n(Y)n(W)

~g(Y, 2nX)nW) +g(Y,W)n(xn(2)}.
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Let M be an (n + 1)-dimensional submanifold of a manifold M equipped
with a Riemannian metric g. The Gauss and Weingarten formulae are given,
respectively, by

VxY =VxY+h(X,Y), VxN=-AyX+ V%N, (2.3)

for all X,Y € TM and N € T*M, where V, V, and V*, respectively, are the
Riemannian, induced Riemannian, and induced normal connections in M, M,
and the normal bundle T*M of M, respectively, and h is the second funda-
mental form related to the shape operator A by g(h(X,Y),N) = g(AnNX,Y).

Let {ei,...,ens 1} be an orthonormal basis of the tangent space T,M. The
mean curvature vector H(p) at p € M is

n+1

1
H(p) = T l:zl h(eie;). (2.4)

The submanifold M is totally geodesic in M if h = 0 and minimal if H = 0. We
put

n+1

hi; = g(h(eiej),er), IhlI? = > g(h(eie;),h(eie;)), (2.5)

i,j=1

where {e,.»2,...,eom+1} 1S an orthonormal basis of T;M and ¥ = n+2,...,
2m+1.

3. A basic inequality. Let M be a submanifold of an almost contact metric
manifold. For X € TM, let

@X=PX+FX, PXeTM,FXeT"M. (3.1)
Thus, P is an endomorphism of the tangent bundle of M and satisfies
g(X,PY) = —g(PX,Y), X,YeTM. (3.2)
For a plane section m C T, M at a point p € M,
a(m) = gler,Pe)?,  B(m) = (n(er))*+ (n(e2))’ (3.3)

are real numbers in the closed unit interval [0, 1], which are independent of
the choice of the orthonormal basis {e;,e>} of 1T.
We recall the following lemma from [3].
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LEMMA 3.1. Ifai,...,ans1,a are n+2 (n > 1) real numbers such that

n+1 2 n+1
(2‘11') :n<zaf+a>, (3.4)
i-1

i=1

then 2a,a; > a, with equality holding if and only ifa,+a, =as = -+ = dn+1.
Now, we prove the following theorem.

THEOREM 3.2. Let M be an (n+1)-dimensional (n = 2) submanifold isomet-
rically immersed in a (2m + 1)-dimensional cosymplectic space form M (c) such
that the structure vector field € is tangent to M. Then, for each pointp € M and
each plane section T C T,M, we have

2(n—
T—K(1m) < WHHHZ

.l (3.5)
+§(3||PH2 —6x(1T) +2B(1T) + (M +1)(n—2)).

The equality in (3.5) holds at p € M if and only if there exists an orthonormal
basis {ei,...,ens1} of TyM and an orthonormal basis {en42,...,e2m+1} ofT;M
such that

(@) = Span{ey, ez},

(b) the forms of the shape operators Ay = A,,, v =n+2,...,2m+ 1, become

A O 0
Ap2=|0 p 0 )
0 0 A+l
(3.6)
hiy hi, 0
Ayr=|hi, -hi;, 0 [, r=n+3,..,2m+1.

0 0 0n-1

PROOF. In view of the Gauss equation and (2.2), the scalar curvature and
the mean curvature of M are related by

21 = @BIPI*+n(n-1)) +(n+1?[H|* ~ |kl (3.7)

¢
4
where ||P||? is given by

n+1

IPIZ = > glei,Pe))’ (3.8)
ij=1
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for any local orthonormal basis {e;,e>,...,en1} for T, M. We introduce

2 _
p:2T—WIIHHZ—%(SIIPIIZ+n(n—1)). (3.9)

From (3.7) and (3.9), we get

(n+1)2IH|? = n(llh]*+p). (3.10)
Let p be a point of M and let  C T, M be a plane section at p. We choose
an orthonormal basis {ej,ey,...,ens1} for T,M and {eyn+2,...,e2m+1} for the

normal space T;M at p such that ™ = Span{e;,e>} and the mean curvature
vector H(p) is parallel to e, »; then from (3.10), we get

n+1 2 n+1 5 2m+l n+l 5
(Zh) :n(z () + X () + S5 () o). @
i=1 i+j r=n+31i,j=1

Using Lemma 3.1, from (3.11) we obtain
1 2m+1 n+l
n s 2{Z<h’7’3’+2) ST () } (3.12)

i*j r=n+31i,j=1

From the Gauss equation and (2.2), we also have

¢ n+2pn+2 n+2\? S v T r )
K () = 3 (1+3a(m) = B(m0)) +hii * R — (h7?) +r§+3< Tihy, —(hl,) )
(3.13)
Thus, we have
2m+1 2 2
K(Tr)>f(1+3o<(1'r)—,8(rr))+ STAEDY Z{( )+(hgj)}
r=n+2 j>2 (3-14)
1 o 2m+1 1 2m+1 . , 2
o5 S () ey XS (hp) ey X (hhehk)’
i#j>2 r n+31i,j>2 r n+3
or
K(n)z%(l+3(x(rr)—ﬁ(rr))+%p, (3.15)

which, in view of (3.9), yields (3.5).
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If the equality in (3.5) holds, then the inequalities given by (3.12) and (3.14)
become equalities. In this case, we have

hi? =, h;’l.jrz =0, h'ffz =0, i+j>2;

1j
I/LL- :hgj :hlfj =0, r=n+3,....2m+1;i,j=3,...,n+1; (3.16)
RIS+ = = B3 R =0,

Furthermore, we may choose e; and e; so that hl;* = 0. Moreover, by applying
Lemma 3.1, we also have

PR =R = = (3.17)

Thus, choosing a suitable orthonormal basis {e1,...,e2m+1}, the shape operator
of M becomes of the form given by (3.6). The converse is straightforward. O

4. Some applications. For the case ¢ = 0, from (3.5) we have the following
pinching result.

PROPOSITION 4.1. Let M be an (n+ 1)-dimensional (n > 1) submanifold iso-
metrically immersed in a (2m + 1)-dimensional cosymplectic space form M(c)
with ¢ = 0 such that € € TM. Then,

_ n+1)2%n-1)

Sm < 5 IH|?. (4.1)
n

A submanifold M of an almost contact metric manifold M with &€ € TM
is called a semi-invariant submanifold (1] of M if TM = % ® 9+ & {E}, where
D=TMn@(TM) and @+ = TM N @(T+M). In fact, the condition TM =D &
9+ @ {&} implies that the endomorphism P is an f-structure [12] on M with
rank(P) = dim(%). A semi-invariant submanifold of an almost contact met-
ric manifold becomes an invariant or anti-invariant submanifold according
as the anti-invariant distribution %+ is {0} or the invariant distribution % is
{0} [1, 12].

Now, we establish two inequalities in the following theorems, which are anal-
ogous to that of (1.2).

THEOREM 4.2. Let M be an (n+1)-dimensional (n > 1) submanifold isomet-
rically immersed in a (2m + 1) -dimensional cosymplectic space form M (c) such
that the structure vector field € is tangent to M. If ¢ < 0, then

n+1)2%n-1)
2n

Sar < |\H||2+%(n+1)(n72)%. 4.2)
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The equality in (4.2) holds if and only if M is a semi-invariant submanifold with
dim(2) = 2.

PROOEF. Since ¢ <0, in order to estimate &,;, we minimize 3||P||?2 —6x (1) +
2B (1) in (3.5). For an orthonormal basis {ey,...,e,+1} of T, M with 1T = span{ey,
er}, we write

n+1 n+1
P2 -2a(mr) = > gle,pej)* +2 > {g(el,qoej)2+g(e2,<pej)2}. 4.3)
i,j=3 j=3

Thus, we see that the minimum value of 3||P||2 — 6x(1T) + 2B(17) is zero pro-
vided 1T = span{ej, e} is orthogonal to & and span{ge; | j = 3,...,n} is or-
thogonal to the tangent space T,M. Thus, we have (4.2) with equality case
holding if and only if M is semi-invariant such that dim(%) = 2 with g = 0.

O

THEOREM 4.3. Let M be an (n+1)-dimensional (n > 1) submanifold isomet-
rically immersed in a (2m + 1)-dimensional cosymplectic space form M(c) such
thatE € TM. If c > 0, then

1

2 —
< M||H”2+En(n+2)%' (4.4)

Om = 2n

The equality in (4.4) holds if and only if M is an invariant submanifold.

PROOF. Since ¢ > 0, in order to estimate &7, we maximize 3||P||? —6x (1) +
2B(1) in (3.5). We observe that the maximum of 3||P||?2 — 6 (1) + 2B(17) is
attained for ||P||2 = n, «(1r) = 0, and B(1r) = 1, that is, M is an invariant and
& € . Thus, we obtain (4.4) with equality case if and only if M is invariant with
B=1. O

In last, we prove the following theorem.

THEOREM 4.4. If M is an (n+ 1)-dimensional (n > 1) submanifold isometri-
cally immersed in a (2m + 1)-dimensional cosymplectic space form M (c) such
thatc >0,& € TM and

_(n+1)*(n-1) 2 1 c
6M—72n |HI| +2n(n+2)4,

then M is a totally geodesic cosymplectic space form M(c).
PROOF. In view of Theorem 4.3, M is an odd-dimensional invariant sub-
manifold of the cosymplectic space form M(c). For every point p € M, we can

choose an orthonormal basis {e; = &,ez,...,e,+1} for T,M and {e,42,...,€2m+1}
for T, M such that A, (¥ =n+2,...,2m+1) take the form (3.6). Since M is an
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invariant submanifold of a cosymplectic manifold, therefore, it is minimal and
A p+@PA, =0,y =n+2,...,2m+1 [11]. Thus, all the shape operators take
the form

¢ dy 0
A=|dy -c» 0 [, r=n+2,....,2m+1. (4.6)
0 0 Op1

Since A, pe; =0, ¥ =n+2,....2m+1,from A, + pA, =0, we get pA,e; =0.
Applying @ to this equation, we obtain A,e; = n(A,e;)& = n(A,ep)ey; thus,
dr =0,vr =n+2,...,2m+ 1. This implies that A,e, = —c,e>. Applying @ to
both sides, in view of A, @ + @A, = 0 we get A,@es = c,@e». Since e is
orthogonal to & and e, and @ has a maximal rank, the principal curvature ¢, is
zero. Hence, M becomes totally geodesic. As in [12, Proposition 1.3, page 313],
itis easy to show that M is a cosymplectic manifold of the constant -sectional
curvature c. 0O
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