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ON GROMOV’S THEOREM AND L?>-HODGE DECOMPOSITION
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Using a functional inequality, the essential spectrum and eigenvalues are estimated for
Laplace-type operators on Riemannian vector bundles. Consequently, explicit upper bounds
are obtained for the dimension of the corresponding L2-harmonic sections. In particular,
some known results concerning Gromov’s theorem and the L2-Hodge decomposition are
considerably improved.
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1. Introduction. Recall that Hodge’s decomposition theorem provides a represen-
tation of the de Rham cohomology by the space of harmonic forms over a compact
Riemannian manifold. A useful consequence of this theorem is that the pth Betti num-
ber b, coincides with the space dimension of harmonic p-forms. This enables one to
estimate b, using analytic approaches. A very famous result in the literature is the fol-
lowing Gromov’s theorem [15] (see [5] for extensions to Riemannian vector bundles).
Throughout the paper, let M be a connected complete Riemannian manifold of dimen-
sion d.

THEOREM 1.1 (Gromov’s theorem). If M is compact and oriented with diameter D,
then there is a positive constant n depending only on d such that

b, <d provided D?Ric > —n. (1.1)

This theorem has already been extended to a Riemannian vector bundle of rank [
(cf. [5] and the references therein). Furthermore, an explicit n has been provided by
Gallot in [12, 13] for such a theorem to hold. It is not difficult to see that the n given
there decays at least exponentially fast in 11/2 as [ — o (for the first Betti number, it
decays exponentially fast in d3/2 as d — ), see Remark 1.3 for details. In this paper,
we provide a more explicit number n of order 2 (see (1.5)).

Let Q be a Riemannian vector bundle of rank [ over the manifold M. Denote by .,
I'(Q), and IH(Q), respectively, the measurable (with respect to the dx-complete Borel
o-field), the smooth, and the compactly supported smooth sections of Q. Let (-,-),
denote the inner product on Q,, and for f € M, let | f|(x) = | f(x)]x := (f(x),f(x)),l(/z.

For V € C2(M), we consider the operator

L:=0+Vyy—R, (1.2)

where O denotes the horizontal Laplacian on I'(Q), Vyy the usual covariant derivative
along VV, and R a symmetric measurable endomorphism of Q. Let u(dx) = e"dx,
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where dx denotes the Riemannian volume element. We assume that (L,%(L)) is a
bounded-above selfadjoint operator on L3 (u) := {f € M : u(|f1?) := [y |f1?dp < oo}
with the usual inner product. In particular, I is bounded above when R is bounded
below. Finally, let

R(x) =inf {{Rw,w)yx:w € Qy, |w|y =1}, x€M. (1.3)

Our first result is the following theorem.

THEOREM 1.2. Let M be compact with diameter D. Let b(L) denote the space dimen-
sion of the L-harmonic spacekerL := {f e B(L) : Lf = 0}. Assume thatRic —Hessy > —K
for some K > 0. IfR > —c for some c € R, then

2 2
. . ch(t+l)< i [KD KD ])
b( )slglge 1+4t exp | —o— +—1_‘37K172 . (1.4)

Consequently, b(L) < | provided D?infR > —n, where

L 1 l+1
M= SUp 108 T A exp [KD?(1/8+1/(1—ekD?))])

1 I+1
> — 7 10g .
1+1lexp[KD2(1/8+1/(1—e-kD%))] l+1/4

(1.5)

In particular, when M is oriented, b, < d if there exists V € C2(M) such that

_log[(d+1)/(d+1/4)]
1+d(1+1/d)d+9/8

D?(Ric—Hessy ) = (1.6)

REMARK 1.3. In the case where V = 0, it was proved by Bérard et al. [5] that there
is n > 0 depending only on [, KD?, and d such that b(L) <l provided D?infR > —n.
More precisely, [13, Corollary 3.2] provided an explicit n := €2¢(l)~2, where e < 1/2 is a
positive constant depending only on d, and (see [12, page 333] and [13, page 365])

1122

C(”>2l_”2L M])

(cosht)d‘ldt:0<l‘”2exp[ 5

(1.7)

for large l. Therefore, if d > 1, then c(I)~? is at least exponentially small in '/, In
particular, for the first Betti number, one has [ = d, and thus the n given in [12, 13] has
the main order exp[—d?3/2]. On the other hand, Theorem 1.2 provides more explicit n of
order 172, Finally, we mention that there exist examples to show that b; can be as big as
one likes in the absence of any restriction on D2K. Also, the above theorem of Gromov
does not hold with D? being replaced by [vol(M)]?/4 (see, e.g., [3, pages 138-139] for
details).
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The proof of Theorem 1.2 is based on lower bound estimates of eigenvalues of —I.
Indeed, when, for example, 0ess (L) = @, letting A} < A, < - - - denote the eigenvalues of
—I counting multiplicity, one has

b(L) <inf{n—-1:A, > 0}. (1.8)

Here and in what follows, o (-) and 0.ss(-) denote, respectively, the spectrum and the
essential spectrum of a linear operator. This leads us to study the eigenvalue estimation
in Section 2. In fact, this study should be interesting in itself.

On the other hand, however, when M is noncompact, it is interesting to study the
finiteness of b(L). To show that b(L) is finite, it suffices to prove 0 ¢ Tess(L). More-
over, when —I is a weighted Hodge Laplacian on differential forms, the feature that
0 ¢ Oess(L) implies an L2-Hodge decomposition (see, e.g., [7, Theorem 5.10, Corollary
5.11]). Therefore, the results obtained in Section 2 also imply the following theorem
which improves a result by Ahmed and Stroock [1] who used a different approach. For
oriented M, let Q = AP := AP T*M be the bundle of p-forms (i.e., the exterior p-bundle).
Consider Al = djid+dd};, where d is the L2 (u)-adjoint of the exterior derivative d. Let
(AlLD(AD), (df)P,D((d})P)), and (dP,%(dP)) denote, respectively, the correspond-
ing operators on Lf\,g (p) with domains.

THEOREM 1.4. Let M be noncompact and oriented. Let R be the curvature term in
the Weitzenbdck formula on Q := AP. Assume that u(dx) := eV dx is a finite measure
and & —Hessy is bounded below. If there exists a positive function U € C2(M) such that
U +V is bounded, {U < N} is compact for each N > 0, |[VU| — o as U — o, and

lim sup <1, (1.9)

U—oo |VU|2
then oess(Al) = @. Consequently, imd?~! is closed and
. 1 . —
L3 () = im ()" o g ypen, @IMAP ™ | g1y @ker AL [ ),

_ , , (1.10)
o= 1nf{(¢,Au¢)Lip(u) rp LkerAl|gup 112 = 1} > o.

REMARK 1.5. Ahmed and Stroock have proved (1.10) under some stronger condi-
tions (cf. [1, Theorem 5.1]). Indeed, their conditions (e.g., (1.1) and the second part of
(2.8) in [1]) imply that limsup;_. (AU/|VU|?) < 0 which is stronger than (1.9). More-
over, their conditions also imply the ultracontractivity of the semigroup generated by
A+ VYV on M, which is rather restrictive so that some important models are excluded.
For instance, Theorem 1.4 applies to V = —|x|2 on M = R", but [1, Theorem 5.1] does
not since it is well known that the Ornstein-Uhlenbeck semigroup is not ultracontrac-
tive (see, e.g., [21] and the references therein). On the other hand, however, the Gaussian
measure is crucial in infinite-dimensional analysis; in particular, it plays a role as the
Riemann-Lebesgue measure does in finite dimensions, see [16, 22] for details.

In Section 2, by virtue of semigroup domination and the super Poincaré inequality
introduced in [28], estimates of eigenvalues obtained in [29] are extended to the present
setting. Indeed, we are able to establish analogous results on Hilbert bundles which are
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included in the appendix at the end of the paper. For readers who do not care about
Hilbert bundles, the appendix may be ignored since the account for vector bundles is
self-contained. Nevertheless, the study of Hilbert bundles possesses its own interest
from the perspective of functional analysis and operator algebra (cf. [24]). The proofs
of Theorems 1.2 and 1.4 are presented in Section 3.

2. Spectrum estimates on Riemannian vector bundles. Let {X;} be alocally normal
frame and Vy, the usual covariant derivative along X;. Then the horizontal Laplacian
reads 0 = Y, V. which is naturally defined on I'(Q2). Let u(dx) = "™ dx for some
V € C2(M), where dx denotes the Riemannian volume element.

Consider the operator

L=0+Vyy—R, (2.1)

where R is a symmetric measurable endomorphism of Q such that (L,IH(Q)) is es-
sentially selfadjoint on L3 (u) and is bounded above, that is, —&(f, f) := u({f,Lf)) <
Cu(|f1?) for some C € R and all f € IH(Q). Recall that (f,g)x := (f(x),g(x)), and
pu(u) = [yudy for any x € M, f,g € Q, and any u € L' (u). Let (L,%(L)) be the
unique selfadjoint extension of (L,IH(Q)) which is also bounded above. Let R(x) =
inf{(Rw,w)y:w € Qy, [w] =1}, x € M. We assume thatR € Llloc(dx) and there exists
C = 0 such that u(|Vul?) +u(Ru?) > —Cu(u?) for all u € C§ (M). Then the following
form is closable and let (¢,%(€)) denote its closure (see, e.g., [17, Corollary VI.1.28]):

€(u,v):=pu({(Vu,vv)) + u(Ruv), u,v e Cy(M). (2.2)

Note that the boundedness from below of (¢€,C5 (M)) does not imply that of R, see,
for example, [19, Remark 2.4]. Let (L,%(L)) be the smallest closed extension (i.e., the
Friedrichs extension) of (A + VV —R,C5 (M)) (which is selfadjoint by [17, Theorem
VI.2.6]) and Ptﬂ the corresponding strongly continuous semigroup. Below, we will write
L =A+VV —R for simplicity.

To study the essential spectrum of L, we follow the line of [28] to use the following.

DONNELLY-LI’S DECOMPOSITION PRINCIPLE. If R is bounded below, then Oess(L) =
Oess (LI ge) for any compact domain B, where L|pc denotes the restriction of L on B¢ with
Dirichlet boundary conditions.

Although the principle in [10] was given for the Laplacian on functions, its proof
indeed works also for our present case. To see this, let {fu}n_; C 9 (L) be such that
U(lfnl?) =1 and €(fy, fn) < c1 for some ¢; > 0 and all n = 1; we have sup,, u(|V fn|?) <
oo since R is bounded from below. Moreover, since V is locally bounded, we obtain
sup,, [z |V.fnl?dx < . Therefore, by Sobolev embedding theorem, {13f,} is relatively
compact on Lé (u) (recall that supp f, C B and V is bounded on B). Hence Donnelly-Li’s
argument applies.

In order to study the spectrum of L, we compare €(f, f) with ¢(|.f],|f]) and then
use known results for functions. A convenient way to do so is to compare P; with a
semigroup on L2(u). This trick has been widely used in spectral geometry, especially
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in the study of the Hodge Laplacian on differential forms over compact manifolds, see,
for instance, [3, 4] and the references therein.

THEOREM 2.1. (1) Foranyt > 0,
|Pf| <PEIFI, feLld. (2.3)

(2) For any t > 0, P, and PtK have smooth transition densities with respect to u denoted
by p(x,y) and p{l(x,y), respectively, which satisfy || P (x, ) llop < ptB(x,y), X,y €M,
where || P¢llop denotes the operator norm of the linear operator p;(x,y) :Qy — Q.

(3) For any f €Tp(Q), one has ¢(f, f) =&(.f1,|f]).

PROOF. (1) By [3, Theorem 16] (cf. Theorem A.5 below), it suffices to show that for
any f,g € To(Q) satisfying (f,g) 2 () = u(lf]-1g]), one has

[€(f,9)| =¢(f],191). (2.4)

Since (f,g) < |f1-1gl but {f,9)2 () = u(fI-1g1), we have (f,g) = |f]-1g], p-a.e. and
hence pointwise since f and g are continuous. Thus, f = [f|g/lg| on {|g| > 0}. By
Kato’s inequality, we have |V|g|| < |Vgl, u-a.e. for all g € Ty (Q) (cf. [3, Lemma VI.31]
and its proof). Moreover, since any order derivatives of g are zero on {|g| = 0}, we
obtain

&(f,9)=-n((f.Lg)) = —u({f,(O+Vvv)g)) +u(RIfI - 191)

u
_ u(1{|g\>0}<v%,w>) +u(RIf1-1g1)

|f1 2)
—pul1 RN
H( {lg1>0} ‘g‘l gl

1
+ Eﬂ(l{\gbO}VV(lfl/lg\)<g:g)) +u(RIfI-1g1)

B (2.5)
« 11 LITIEIE)
+u(|g|<V%,Vlg\>) +u(RIf1-1g1)
=u((VIf,VIgh) +u(RIfl-1g1)
=¢(If1,1g).

Therefore (2.4) holds.

(2) Since NS_,D(L") c T(Q) and NZ_;D((A+VV —R)") € C®(M), by the argument
in the proof of [9, Theorem 5.2.1], we conclude that P; and PtR have smooth transition
densities. Moreover, for any x,y € M and any w € Q, with |w|, =1, let f € M be such
that f(y) =w and | f| = 1. Then p¢(x,-) f(-) and pii(x, -) are bounded and continuous
in aneighborhood N,, of y.Let {h,} be a sequence of nonnegative continuous functions
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with supports contained in N,, such that h,u — 6, weakly as n — co. By (2.3), we obtain

[ 12 @
M (2.6)
— B (hnf) (%) | ¢ < PR (x j PR(x, 2)hn (2)p(d2).

By letting n — oo, we arrive at |[p;(x,y)wl|x < ptK(x,y). Therefore, (|7 (x,))llop <
pr(x,¥).

(3) Recall that u({f,Prf)) = u({Py;2f,Py2f)) for any f € IH(Q); it follows from (2.3)
that

. u(1Pf1?) = u(1f12)

Ef.f) =

2 uo t

1 u((PRED?) —u(1£12) 2.7)
> ——lim

2 t10 t
z%(flf)

|

From now on, we let Pto denote the strongly continuous semigroup on L2(u) gener-
ated by A+ VV, and p?(x, ) its transition density with respect to u which is positive
since M is connected. Let A = inf 0uss(—L), where we put inf@ = « as usual. When
A>Ap:=info(=L), let A; <A, < --- be all the eigenvalues (counting multiplicity) of
—I contained in [A1,A).

To estimate the number b (L) by using Theorem 2.1, we need the following lemma.

LEMMA 2.2. Let {fi} be an orthonormal family in % (L) such that Lf; = —8,f; with
{031, satisfying 61 <6p <+ < 6y. Then

L s Iy 2 e 3£ 28)
i=1
PROOF. Foranyl<j<landx €M, let

n

i) =D (fi(x),e;(x))  fi(¥), yeEM, (2.9)
i=1

where {e;}<;< is an orthonormal basis on Q.. We have
1

e 2N £i12(x) < S (Brjagjej) (%)

i=1 j=1

L
= X[ (P, 795, ()) ou(dy) (2.10)
=

1/2
12 (1

< (1] 1oetelBpuan) (anﬂlig(m) -
j=1
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The proof is completed by noting that

l I n n
Sllgilliz g = X > (fuep) ) = > | filF (). (2.11)
j=1 j=li=1 i=1 0
THEOREM 2.3. (1) If infoc(R-A—-VV) >0, then b(L) = 0.
(2) Assume that p is a probability measure. If R = 0, then b(L) < 1. Moreover, for any
f ekerl, |f| is constant.
(3) Assume that R is bounded from below. Then A = inf Gess(— (A + VV) +R). Con-
sequently, let p(x) be the Riemannian distance between x and a fixed point o € M, if
§:=lim, R+infoes(—~A—VV) >0, then A = § > 0 and hence b(L) < oo.

PROOF. (1)Let feker(L).If a:=info(-A—VV +R) > 0, then

u(If12) = (| Pf[?) < u((PELFD?) < e u(1f1?) — 0 (2.12)

ast — oo, hence f =0, p-a.e.

(2)For fixedn < b(L),let {f1,...,fn} C ker L be an orthonormal family. If R > 0, by the
proof of Theorem 2.1 we have |P; f| < P?| f| for all f € L2 () and hence || (x, ) llop <
p?(x,y). Then by Lemma 2.2 (note that 6,, = A, = 0 in the present case), for any com-
pact set BC M,

2. JB | fil*du < lJBp?<x,x>u<dx) (2.13)
i=1

holds for all ¢t > 0 and any compact set B C M. We now intend to show that p?(x,x) 1
as t 1 o for all x € M. Observing that

%v?(x,x) = —J | VP06, ) |2 (¥)udy) <0, (2.14)
M

then p?(x,x) is decreasing in t. Next, noting that the Dirichlet form for A + VV is
irreducible since M is connected, we have HPtOu —p)llzqy — 0ast — o for any
u € L2(u) (see, e.g., the appendix in [2]). For fixed x € M, letting u(y) = p?(x,y), we
obtain

[P0 — () [F2 = (P01 (120) = 1)) = pY i) (x,20) — L. (2.15)

Therefore, p?(x,x) — 1 ast — oo. Now by first letting t — o and then B — M, we obtain
from (2.13) that n < [, hence b(L) <l since n is arbitrary. Moreover, for f € kerL, we
have (note that | f] is continuous)

LF1(x)? = | Pef | (x)% < 9, (e, ) u(1£1%). (2.16)

By letting t — oo, we obtain | f|(x)? < u(|f]?) and hence | f|? = u(|f|°) pointwise since
| | is continuous.
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(3) By Donnelly-Li’s decomposition principle mentioned above, we have
inf Oess (— (A+VV) +R) = lim inf o ([ = (A+ VV) +R] | 5, (¢ ) (2.17)

and the same formula holds for L in place of —(A + VV) + R. Then the proof is com-
pleted by Theorem 2.1(3) and by noting thatinf o ([ - (A+VV) +R]Ip,m)c) = infp, n)c R+
infO'(—(A+VV)|Bo(n)c). O

We remark that Theorem 2.3(1) has already been known by Elworthy and Rosenberg
[11] for differential forms. Moreover, as is well known in Hodge’s theory, Theorem 2.3(2)
is optimal in the sense that there exist examples such that b(L) = [ and R = 0; for
instance, the Betti numbers on torus (see, e.g., [15]).

We are now ready to estimate A, and then use the basic estimate (2.18) to obtain
more estimates of b(L).

THEOREM 2.4. Assume that u is a probability measure and R > —c for some c € R. If
p?(x,x) is integrable with respect to u for some t > 0, then A =00, Oess(L) = @, and

—ct
Ay = sup 1log ne

, 2.18
=0t Ly p?(x,x)u(dx) @18)

In the case that p?(x,x) is not integrable, let 65 = p({x: p?(x,x) > s}). If there exists
some positive B defined on (0, ) such that

p(u?) <ru(IVul?) +Br)u(lul)®, r>0, ueCy M), (2.19)

then A = o and

—ct
Ap = sup{(%log nssel ) /\suloal[l—cr—2[3(r)(s+63,t)] 1e€(0,1), s,t> 0}.
>
(2.20)

Especially, if (2.19) holds for B(v) = exp[a(1+v~1/%)] for some o« > 0 and & > 1, one has
An > A([logn—0]%)% for some A, 0 >0 and alln > 1.

PROOE. If p?(x,x) is integrable with respect to y, then P{ (and hence Ptﬂ) is uni-
formly integrable in L2(u). Recall that a linear operator P on L% (u) is called uniformly
integrable if sup,, <1 u(|Pul?1pyi>r;) — 0 as ¥ — co. Therefore, by [29, Theorems 2.2
and 3.1] (see also [14]), we have Tess(—(A+ VV) +R) = @. Thus, A = o according to
Theorem 2.3(3). Next, let L¢ = 0 + Vyy + . For the same reason, we have 0ess(L6) = @.
Let A <AS < - - - denote all eigenvalues of —L¢ counting multiplicity. Since —L > —L¢,
it follows from the max-min principle that A,, > A§ for all n > 1 (see, e.g., [20, problem
1, page 364]). Therefore, it suffices to prove (2.18) for R = —c. In this case, if f; are the
L2-unit eigenvectors for A;, then, by Lemma 2.2,

lJMHﬁt/Z(x,y)ngu(dy) > e Mt ; |fil?(x), xeM. (2.21)
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Then Theorem 2.3(2) yields that
ne Mt < Ject JM pY(x,x)u(dx). (2.22)

This proves (2.18).
If (2.19) holds for B(r) = exp[x(1++~1/9)] for some & > 0 and & > 1, by [28, Corollary
5.2] we have p? (x,x) < exp[A(1+t1/©0~D)] for some A > 0 and all t > 0. Then by (2.18),

nefct
2\">Stljop?loglexp[?\(1+t*1/(5*1))]' (2.23)
Taking ¢t = e ' (logn)!'~9 for small € > 0 and n = 2, we obtain
An = e(1-Ae/0 D) (logn) ™ —c—e(logl+A) (logn)’ ", n=2. (2.24)

Therefore, the last assertion follows by taking & € (0,A!~%).
It remains to prove (2.20). The proof is similar to that of [29, Theorem 3.2]. Let A, ; =
{x: p?(x,x) < s}. By Theorem 2.1(2) and inequality (2.21), we obtain

n
e M L [ fil? <Lt pd (-, )14y, <lets. (2.25)
i=1
This implies that
n 1 ne
An log{l ec; (1Aﬂ|f1 )} Tlog = (2.26)

provided p(1a4,,| fil?) = eforall 1 <i <n.On the other hand, if there exists i such that
u(Lag, | fil?) <& we have

(£ = (g, 1D +r(Lag, 1£:1)) = 2(e+800). (2.27)
Combining this with (2.19), we obtain
=u([fil*) <vu(IV] £l 1P)+BaIu(] fi])?

<7&(fi, fi) +cr +2B(r) (e +85y) (2.28)

=rAi+cr+2B(r)(e+08st), v >0.

Therefore,

Ap = A >sup1[1—cr—2B(r)(s+65,t)]. (2.29)

r>0 ¥

Combining this with (2.26), we prove (2.20). |
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To estimate p?(x,x), we assume that
(Ric—Hessy ) (X, X) = —KIXIZ, XeTM, (2.30)

for some K > 0. By the dimension-free Harnack inequality obtained in [25], we have (cf.
[29, page 277])

0 1 K(p(o,x)+71)°
pi (x,x) < 1By (1)) exp[ 1o Ki , vr>0,t>0,0,x€M. (2.31)

Therefore, there exist cj,c2 > 0 such that A; = {x : p(l)(x,x) <s}D{x:px) <
c1/logs—cy} forall s > 1.

COROLLARY 2.5. Assume that u is a probability measure and (2.30) holds. If R = —c
and (2.19) holds, then

Ap = sup {(log nesel*C> /\Sl,lp%[l —cr—23(r)(s+u<p > ch/logs—cz)”}

£€(0,1),s>1 r>0
(2.32)

for some c1,c> > 0 and all n > 1. Consequently, if, in addition, (2.19) holds for B(r) =
expla(1+7r-19)] for some «,8 > 0, then A, = A([logn—01*)° for some A,0 > 0 and all
n=>1.

PROOF. By Theorem 2.4, it suffices to check the second assertion for 6 € (0,1].
By [28, Corollary 6.3], there exists o, o2 > 0 such that u(p = ci/logs — ¢2) <
o expl -z (logs)1/2=9)] for all s > 1. Then the proof is completed by some simple
calculations. |

Now we come back to estimate b (L) by using (2.18).

COROLLARY 2.6. Assume that u is a probability measure and R > —c for some c € R.
Then

b(i)sinfe“zj P2 (x, x)u(dx). (2.33)
t>0 M
If (2.30) holds, then
- ) lect K(p(x)+r)2
b(L St:({liomhe"p[ﬁ uidx). (234

If, in particular, M is compact, then

= . KD?
b(L) slltrggexp [ct+1_—€m]. (2.35)
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PROOF. Assume that the right-hand side of (2.33) is finite; by Theorem 2.3 one has
A = o and hence b(L) < . Let n = b(L), we have A,, = 0. Then (2.33) follows from
(2.18). Moreover, (2.34) follows from (2.33) and (2.31). Finally, by (2.31) with » = D and
0 = x, we obtain

KD?
p?(x,x)sexp[m], X eM. (2.36)

Then (2.35) follows from (2.33). O

To conclude this section, we consider the following two examples on noncompact
manifolds.

EXAMPLE 2.7. Let M be noncompact and u = e¥ dx a probability measure. If there ex-
ists &« > 0 such that mpﬂm (A+VV)p < —«, where the limit is taken outside of the cut
locus of 0, and lim,, ..,R > —«?/4, then 0 ¢ 0ess (L) and hence b(L) < . Indeed (see, e.g.,
[27, (2.8)]), we have lim,, . inf o (= (A + VV) |, (n)c) = /4. By Donnelly-Li’s decompo-
sition principle [10], we have inf 0ess (—(A+VV)) = &2 /4. Therefore, by Theorem 2.3(3),
0 ¢ Oess (L) provided lim,, . R > —?/4.

EXAMPLE 2.8. Let M be noncompact with Ricci curvature bounded from below and
5 > 1 a constant. Let V = —qp for some « > 0 with p € C*(M) such that p® — p is
bounded and pu is a probability measure, where p is as above. The existence of p is
guaranteed by a classical approximation theorem and the volume comparison theorem.
By [28, Corollary 2.5], (2.19) holds with 8(¥) = exp[c; (1 +7~9/126-D1] for some c; > 0.
Therefore by Theorem 2.4, if R is bounded from below, then there exist A,0 > 0 such
that

A= A([logn—-0]7)CV° n>1, (2.37)

provided 6 > 2. If, in addition, (2.30) holds, then (2.37) holds for all 6 > 1.

3. Proofs of Theorems 1.2 and 1.4

PROOF OF THEOREM 1.2. Obviously, we may assume that u is a probability measure
since it is finite. Let x € M be fixed. For any y € M, let u(y) = pgz(x,y). We have
Phean (,X) = PPy u(y). Since, by (2.36), l|lulle < exp[KD?/(1 - e KP*)], applying
[26, Theorem 4.4 | with A = 0 we obtain

1 ex[ KD? ]JDGX [K—Tz]dr
p2t P 1 Zewoz | ), P78

1 z(l #)]
4DteXp[KD 8 1-ek0?) |

TS0 ()| 0% 3
(3.1)

=<
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since [y P2,y (7, X)u(dy) = 1, there exists y € M such that pp, ., (v,x) < 1. We
obtain
1 1 1
pg2(t+1)(X’X)S1+EeXp |:KD2(§+m>:| 3.2)

Then (1.4) follows from (2.33).
If D2infR > —n, then there exist to > 0 and ¢ > 0 such that

D*infRz ¢~ toil IOgl(1+(1/4t0)exp[KDl;211/8+1/(1—e*KDZ))])' (3.3)
Therefore, we may apply (1.4) when t = ty and
c:= —i+ 1 log L+1 5 3.4)
D2 " D2(tg+1) T 1(1+ (1/4ty)exp[KD?/8+KD?/(1—e-KD?)])
to obtain
b(L) <le ¢+t ”Tl <l+1. (3.5)

This implies b(L) < [ since b(L) € Z.. Moreover, taking t = lexp[KD?/8 + KD?/(1—
eKDZ)], we obtain the desired lower bound of n from its definition.

Finally, let Q@ = A! and L = —A}; we have R = Ric—Hessy (cf. (3.7) and (3.10)) and
Il = d. Let n be defined by (1.5); we have n <log((d+1)/d). If —-KD? := D?infR > —n,
then KD? <log((d +1)/d) and hence

. log[(d+1)/(d+1/4)]
1+dexp[(log((d+1)/d))(1/8+1+d)]

n
(3.6)

_log[(d+1)/(d+1/4)] —n
1+d(1 +d-n)s

Therefore, if D?infR > —n’, then D?infR > —n and hence b(-A},) < d. Then the proof
is completed by noting that b, = b(fA},) since M is compact (see [7, Theorem 5.12]).
O

To prove Theorem 1.4, we fix p € [0,d] nZ,, and let Q = A? be the exterior p-
bundle over the oriented manifold M. We have [ = d!/ (p!(d—p)!). Consider —L = Al :=
d;d+ddj. We have (see [7]) d;; = 6 —iyv and hence

Al = AP —Lgy = —0-Lyy + R, (3.7)
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where A? := 6d+dd and % denote, respectively, the usual Hodge Laplacian and the cur-
vature term involved in the Weitzenbock formula on p-forms, and Ly = dix +ixd is the
Lie differentiation in the direction X. Moreover, (Aﬁ,l"o(Ap)) is essentially selfadjoint,
see, for example, [7, page 692].

Let {E;}4_, be a locally normal frame with dual {cw;} c A'. We have, for any differ-

J
ential form ¢,

a d

ivvdp = > igwvEpE (W AVE $) = Vyyd— > (VV,Ej)w;A (ir, VE; b),
i,j=1 i,j=1

(3.8)
d d
divyp = > Hessy (Ei, Ej)wi A (i, ) + > (VV,Ej)wi A (i, Vi, ).
i,j=1 i,j=1
Therefore,
d
Lyy = Z Hessy (Ei,Ej)wi /\iEj + Vyv := Hessy +Vyy. 3.9)
ij=1

Combining this with (3.7), we obtain

Al = —-0-Vyy + R —Hessy . (3.10)

Let Ci7 := nS_,D((A)™). By [7, Theorem 5.3], C;*¥ C T(AP). Let dl¢er (resp.,
dj ‘C;}‘"”) denote the restriction of d (resp., d:j) on Cf,° P We have the following general
result.

THEOREM 3.1. Let R = % —Hessy. If either
info(-A-VV+R)>0 or lim,  R>SupOes(A+VV), (3.11)
where we put sup @ = —oo as usual, then imd?P~! is closed and

2 s p+1 . — p
LAp (u) =1m (d;f) |@((d?j)p+l) GBll’ndp 1 |@(dp71) @kEI‘Au |9fJ(AE)’

o.p s * i p
Cy" =imd} |C:,0,p+1 @1md|c20,p—l ekerAj |"Jf(Af5>’ (3.12)
) N kerd’”\@(dp) B kerdlcﬁw
ker Ay, \@(Aﬁ) = fmdr 1] = imd] .
m g (dp-1) m C‘t;o,pfl

PROOF. By Theorems 2.1(1) and 2.3(3), each condition in Theorem 3.1 implies O ¢
UQSS(AE). Then the proof is completed by some classical results (see, e.g., [7, Theorem
5.10, Corollary 5.11] and [8, Corollary 10]). O

PROOF OF THEOREM 1.4. We have

(A-VU)eV = [AU - |VU|? +£|VU|?]eY, &> 0. (3.13)
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If (1.9) holds, then there exists € € (0,1) such that AU — (1 —¢)|VU|? - —c0 as U — oo.
By the proof of Theorem 1.2 in [25] (or the paragraph after it), we have

20U
mf{IMIVuI e Udx

[ w2 dx :0#£ueC5 (M), u=00n{Usn}}

(3.14)
>¢einf [(1-¢)|VU|]?~AU] —
Uzn

as n — . Since U + V is bounded, we have info (—(A+ VV)|{ysn}) — © as n — oo.
Therefore, gess (A+ VV) = & by Donnelly-Li’s decomposition principle, and hence « > 0.
The proof is completed by Theorem 3.1. |

Finally, we would like to introduce one more example to check Theorem 3.1, for which
Theorem 3.1 applies but Theorem 1.4 (hence [1, Theorem 5.1]) does not.

EXAMPLE 3.2. Let M be oriented noncompact with a pole o, and p the Riemannian
distance function to o. Assume that the Ricci curvature is bounded below by —k for
some k > 0, and the sectional curvatures are nonpositive. Take V € C2(M) such thatV =
—c1p% + ¢, outside aneighborhood of 0, where ¢; > 0, § = 1, and let c» € R be such that
is a probability measure. By Hessian comparison theorem, we have limsup,_ ., Hessy <
0. Moreover, by Laplacian comparison theorem, one has limsup,_..,Lp < Vk(d—1) —c
for 6 =1 but limsup,_..,Lp = —o for § > 1, where L := A+ VV. Then, by Example 2.7
and Theorem 3.1, we have O ¢ oess(Aﬁ) and hence the decompositions in (3.12) hold
provided at least one of the following is fulfilled:

(1) 6 > 1 and % is bounded below.
(2) 8 =1 and liminf,_ % > —(1/4) (c; —VR(d—1))*".

Appendix

Spectrum estimates on Hilbert bundles. Let (E,%,u) be a complete measure space
and H := {(Hy,{-,-)y) : x € E} a family of separable real Hilbert spaces (i.e., a Hilbert
bundle over E). Assume that there is a (possibly finite) sequence {e;} C [[ycg Hx such
that for p-a.e. x € E, {e;(x)} is an orthonormal basis in Hy. Set

M= {f € [ [ He: (f,e;) is F-measurable for allj}, (A.1)

X€E

where (f,e;)(x) 1= (f(x),e;(x)),. We call Ml the space of %-measurable sections of H.
For p = 1, let LE(u) = {f € M : |f] € LP(u)}, where L? (u) denotes the LP-space of
real-valued functions. As usual, we denote p(u) = [pudy for u € L' (u) and regard f =
g in LY, (p) provided f = g p-a.e. Then L (1) is a Hilbert space with the inner product
(f,g)L%I(“) = u((f,g)). We refer to [24] for more information on Hilbert bundles.

Recall that A ¢ L}, (p) is said to be LP-uniformly integrable if

}%Sup{“(|f|pl{\f\>y}):fEA}=0. (A.2)
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A linear operator P on LY, (u) is called L?-uniformly integrable if {Pf: u(|f|?) <1} is
so0. Moreover, denote by o (P) and 0ess (P), respectively, the spectrum and the essential
spectrum of a linear operator P.

Let (€,%(€)) be a positive-definite symmetric closed form on L% (u), and let P; and
(L,%(L)) denote, respectively, the associated contraction semigroup and its generator.
It is well known that I is selfadjoint and negative defined on L,Zi (u), and (cf. [17] or [18])

€(f,9)=-u((f,Lg)), fed@),gepl),

d « -~ . . (A.3)
aptf=LPtf=Pth, t>0, fE@(L)

We will study the essential spectrum of L by using the following Poincaré-type in-
equality:

u(1f12) < v&(f, ) +BOu(f)?, FeD@), r>r, (A.4)

where 1y > 0 is a constant and S is a positive function defined on (79, ). We may
assume that f in (A.4) is decreasing since the inequality remains true with S replaced
by B(r) :=inf{B(s) : s € (y,7]} for ¥ > ry. A key step of the study is the following
lemma, which extends Lemma 3.1 in [14] and hence an earlier result due to Wu [30, 31].

LEMMA A.1. Assume that u is a probability measure and p > 1 is fixed. Let P be
a bounded linear operator on LY, (1) with transition density p(x,y), that is, for u-a.e.
x,y €E, p(x,¥y):Hy, — Hy is a bounded linear operator such that

Pf(x) =Lv(x,y)f(y)u(dy), felh. A5)

Suppose that for p-a.e. x € E,
2
S (] Ipx e yudy) <, (A.6)
J

where p(x,y)* is the adjoint operator of p(x, ). If {Pf : || flle < 1} is L? -uniformly in-
tegrable, then P(A) := {Pf: f € A} is relatively compact in L, (1), for any LP -uniformly
integrable set A C L}, (u).

PrROOF. We will use the following Bourbaki theorem (see [6, page 112]). “A bounded
set in the dual space B' of a separable Banach space B is compact and metrisable with
respect to the weak topology o (B',B).” If P(A) is not relatively compact in L}, (), then
there exist € > 0 and a sequence {f,},_; C A such that [P f, _me”LZw) >&n#+m.
Since P is bounded and A is L?-uniformly integrable, we may take K > 0 such that

1P fuk = Pfmillp = €/2, n#m, (A7)



40 F.-Z. GONG AND F.-Y. WANG

where f k = fuly s, <k;- We fix a version of f;, for each n and let % be the y-completion
of the o-field o ({{fux,e;):n,j=1}) which is y-separable. Let

M= {f € ]_[ Hy:{f,e;) is ¥ -measurable for all j > 1} c M. (A.8)

x€eE

Let LY (1) be defined as LY, (u) for % and Jl’ in place of & and J, respectively, which
is separable since ¥’ is u-separable. For f € L},(u), let u(f1F) := 2 ;u(f,e;)|F ey,
where u(-|%") is the conditional expectation with respect to y under %’. By Bourbaki
theorem with B = L}, (u)’, there exists f € L (u)’ such that Jfn;x — f weakly for some
n; 1 oo, that is, for any g € L}q(u)', one has u({fn, x,g)) — u({f,g)). Noting that for
any g € Ly (u) and any f’ € Lj(u)’, one has u((f",g)) = u({(u(g|F'), f')), we obtain
U fnk:9)) = u((f,9)) for all g € Ly (). Then for p-a.e. x,

|PF(x) =P fn,x()]|2

= S P,k f(x)=Pf(x),e(x))2
J

’ A9
- Z(L <fn,',K(y)—f(y),V(x,y)*ej(x))yy(dy)> (A.9)
J
2

<(K+1f1)S (| 1pee, ) *e;(x) |, udy)
(e )

By (A.6) and the dominated convergence theorem, we obtain, for u-a.e. x,

Tim |PFOO =P fu () 5 = 3 1m p((fae— o006, ) e5(00)° =0, (A10)
1 J 1

Since {|P fy, x|” : i = 1} is uniformly integrable and p is a probability measure, P fy,, x —
Pfin Lﬁ(u). This is a contradiction to (A.7). O

Directly following an argument in [14] (see also [29, Theorem 3.1]), we obtain the
following result.

THEOREM A.2. Assume that u is a probability measure. If 0ess(—L) C [15t,0) for
some vy = 0, then (A.4) holds for some B € C(ry, ). Conversely, if P; has transition
density satisfying (A.6) for each t > 0, then (A.4) implies Oess(—L) C [ro’l, ).

Next, we turn to estimate eigenvalues of L. Let A = inf 0ess(—L), where we put inf @ =
. Assume that o (—L)N[0,A) # @, where o (—L) denotes the spectrum of —L. We list all
eigenvalues of —L (counting multiplicity) in [0,A) as follows: A} <Ay < --- <A, < ---
We will follow the line of [29] where the eigenvalues estimation was studied on real-
valued function spaces.

LEMMA A.3. LetA and {A,} be as above. Assume that P, has transition density p; (x,y)
and there exists | € N such that dimH, = I, y-a.e. x. Let { f;} be the family of normalized
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eigenvectors for {A;}. Then

lLIIﬁt/z(-,y)llipu(dy) e Mty | | (A.11)

iz1
for any n < #{i:A; <A}

PROOF. Let x € E be such that [ = dimH, and {e;(x)} is an orthonormal basis in
H,. The proof is then similar to that of Lemma 2.2. O

THEOREM A.4. In the situation of Lemma A.3, assume that p is a probability measure.
If there exists t > 0 such that

Cttyi= [ Il (e ) fopit@xon(dy) < o, (A.12)

then Oess(L) = @ and hence A = o; equivalently, (A.4) holds for vo = 0 and some § €
C(0,00) by Theorem A.2. Moreover,

n

1
Ap > ?log—lc(t),

(A.13)

Consequently, #{i: A; < A} < IC(t)eM for each A = 0.

PROOF. If C(t) < oo, then Py, is L?-uniformly integrable. By Lemma A.1, Py, is com-
pact and hence gess (L) = @. Next, by (A.11) we obtain IC(t) = ne nt, O

A natural way to apply the above results is to compare % and p; with the correspon-
dences on the L2-space of functions, so that known results on functions can be used.
The next result is implied by [3, Theorem 16] (see also [23] for related results), and the
final one is a result on the existence of transition density for operators on L%,(u).

THEOREM A.5. Let (€,%(€)) be a symmetric closed form on L%(u) which is bounded
from below. Assume that the associated semigroup P; is positivity-preserving. Then the
following two statements are equivalent:

(1) |Pf| <Pi|f]| forallt >0 and f € Ly (u);
() if f € D(€), one has |f] € B(€) and €(|f,1g]) < |€(f,g)| for all £, g in a core
of L such that (f,g) ;2 ) = H(Lf1-191).

PROPOSITION A.6. Assume that u is a probability measure. Let P be a bounded linear
operator on L (u) and p a nonnegative measurable function on E x E such that

Pusz(-,ym(y)u(dy) (A.14)

provides a bounded linear operator P on L?(u). If L := #{e;} < « and |Pf| < P|f| for
any f € L%,(u), then P has transition density p satisfying ||p(x,y) llop < Ilp(x,y).

If, in addition, E is a metric space and for eachx € E, p(x,-) and p(x, -) are continuous
and locally bounded on the support of u, that is, for any y in the support of u and any
unit w € H,, there exists e € A withe(y) = w such that, in a neighborhood of y, one has
lel=1andp(x,-)e(-), p(x,-) are bounded and continuous, then ||p (x,y)llop < p(x,¥).
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PROOF. For any i,j € N with i,j <, let u/ be a set function on % x ¥ defined by
p(A) = JA (ei(x),P(Lae;) (X)) pu(dx), AcFxF, (A.15)
1

where A; = {x € E : there exists v € E such that (x,y) € A} and A(x) = {y € E:
(x,¥) € A}. Since P is bounded, it is easy to check that u'/ is a signed measure. More-
over, by Jordan’s decomposition theorem and that |Pf| < P|f| for any f € L%(u), we
have |t/ | := (u¥/)* + (u7)~ < puxu. Then u'/ is absolutely continuous with respect to
px p with density p¥ satisfying |p¥| < p. Define p(x,y) : Hy — Hy by

l

px,y)w= > plx,y){w,e;(y)),ei(x), weH,. (A.16)
ij=1

It is easy to check that [|[p(x,y)llop < Ip(x,y) for any x,y € E and p is a transition
density of P. Indeed, for any f,g € L (u), we have

S [ (P((Feen) dgienedan

i,j=1

(gypfhi,(u)

Z J (f.e;) () (g,ei) (x)u" (dxdy)
o (A.17)

5 j P (6, ) (£,0,) (1) (g,e:) ()u(dx)u(dy)

i,j=1

_ <g,Lﬁ(',y)f(J’)U(dy)>L§,(u>

Next, let the additional conditions hold. For x € E, y in the support of u, and any
w € H, with |w|, =1, let e € Jl be such that e(y) = w, |le| =1, and p(x,-)e(-) and
p(x,-) are bounded and continuous in a neighborhood N,, of y. Let { f,,} be a sequence
of nonnegative continuous functions with supports contained in N,, such that f,u — 6,
weakly as n — o, We have

H [P (x, z)e(z)]fn(z)u(dz)‘ P(fne)(x) ]y < Pfu(x)
(A.18)

= JEP(x,z)fn(z)u(dz).

By letting n — o, we obtain |p(x,y)w|x < p(x,y). Therefore, [|pllop < p since we may
take p(x,-) = 0 outside of the support of u. O
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