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GEOMETRIC ASPECTS OF HIGH-ORDER EIGENVALUE PROBLEMS 1.
STRUCTURES ON SPACES OF BOUNDARY CONDITIONS
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We consider some geometric aspects of regular eigenvalue problems of an arbitrary order.
First, we clarify a natural geometric structure on the space of boundary conditions. This
structure is the base for studying the dependence of eigenvalues on the boundary condition
involved, and reveals new properties of these eigenvalues. Then, we solve the selfadjointness
condition explicitly and obtain a manifold structure on the space of selfadjoint boundary
conditions and several other consequences. Moreover, we give complete characterizations of
several subsets of boundary conditions such as the set of all complex boundary conditions
having a given complex number as an eigenvalue, and describe some of them topologically.
The shapes of some of these subsets are shown to be independent of the quasidifferential
equation in question.

2000 Mathematics Subject Classification: 34B05, 34L05.

1. Introduction. The study of regular spectral problems for linear ordinary differen-
tial equations (more generally, quasidifferential equations, to be abbreviated as QDESs)
originated from a series of seminal papers of Sturm and Liouville in 1836/1837, while
the singular case started with the celebrated work of Weyl in 1910 introducing the
limit-point and limit-circle dichotomy. Another important milestone in this area is the
Glazman-Krein-Naimark (GKN) theorem [18] of 1950, see also [4, 7, 8, 20] for gener-
alizations (which will be included in the theorem). This theorem gives a one-to-one
correspondence between the selfadjoint differential operators in a Hilbert function
space representing a given QDE and the unitary isometries on an appropriate finite-
dimensional subspace (or equivalently, certain Lagrange subspaces of some finite-
dimensional quotient space, see [5, 6]). In the regular case and some subcases of the sin-
gular case, the GKN theorem also yields a characterization of the selfadjoint operators
in terms of (linear) complex boundary conditions (BCs).

In this paper, we only consider regular problems. In this case, the GKN character-
ization of selfadjointness in terms of a complex BC can be simply expressed as the
algebraic condition

AEA! = BEB, (1.1)
where E is a fixed matrix, see (2.23), while A and B come from the coefficient matrix

(A | B) of the BC. Note that the coefficient matrix (A | B) is unique only up to left
multiplications by nonsingular n x n complex matrices, where n is the order of the
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QDE. If n = 2, then (A | B) can be chosen to equal

cosx —sin«x 0 0
( 0 0 cos B —sinB) (1-2)

with «x € [0,1T) and B € (0,17], or

(eiyk“ eiyklz -1 0 ) (1.3)

eky ek 0 -1

with y € [0,71), k11,k12,k21,k22 € R, and kj1ko2 — ki2koy = 1. Since the determinant 1
condition ki1k22 —ki2k21 = 1 can be explicitly solved, we see that the selfadjoint BCs
of order 2 are explicitly given by (1.2) and (1.3). It seems to us that order 2 is the only
order where the selfadjoint BCs are all explicitly known.

For some purposes (such as the situations where one wants to use all the selfadjoint
BCs close to a given selfadjoint BC in some sense), the forms of selfadjoint BCs given
by (1.2) and (1.3) are not convenient. The reason is very simple: selfadjoint BCs of the
form (1.3) can be close to a selfadjoint BC of the form (1.2). Actually, in [1, 9, 12, 14],

the subset
{(1 ro Z);r,seu@,zec} (1.4)
0 z -1 s

of (coefficient matrices of) selfadjoint BCs of order 2 and three similar ones proved to be
more suitable to such situations. Note that these subsets are open under the topology
on the set B of all selfadjoint BCs of order 2 induced from the Grassmann manifold
topology on the set of all complex BCs of order 2, each of them can be identified with
R%, and they together form an atlas of coordinate charts on %g (and hence %g is a
real-analytic manifold).

One of the main results of this paper is a successful generalization of the subsets
of selfadjoint BCs of the form in (1.4) to an arbitrary order, see Lemmas 3.10 and 3.17
together with Lemma 3.8, (3.22), and (3.45). For example, any selfadjoint BC of order 3
is in the open set

1 0 —%vv+ir 0 w “U-vzZ | xe[0,2m)
0 1 —eloy 0 el —ei®z |; r,seR (1.5)
00 u 1z —liaziis) wvizec

2

or one of three similar open sets. In this way, we not only explicitly solve the selfadjoint-
ness condition (1.1), but also obtain a manifold structure on the space of selfadjoint BCs
(see Theorems 3.11, 3.15, 3.18, and 3.21). To the best of our knowledge, for the orders
greater than or equal to 3, the selfadjointness condition is explicitly solved for the first
time. We believe that this explicit representation of the selfadjoint BCs is an important
preparation for an in-depth study of the dependence of the eigenvalues of a selfadjoint
problem on its BC for the orders greater than or equal to 3 (see, e.g., [1, 3, 9, 12, 14] for
order 2), and we plan to undertake this task in forthcoming publications.
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We would like to mention here that by a dimension count, a selfadjoint operator
corresponding to the QDE is generically represented by more than one selfadjoint BC
(see Remark 3.12 for details). Therefore, it is interesting to determine which selfadjoint
BCs represent the same selfadjoint operator.

Under our explicit representation of the selfadjoint BCs, one directly sees how many
algebraic equations in a selfadjoint BC can be only at the left-end point of the interval of
the QDE and how many only at the right-end point. The two numbers must equal each
other (see Corollaries 3.14 and 3.20). When these two numbers are fixed, one even sees
the dimension of the subspace of such selfadjoint BCs. In particular, separated selfad-
joint BCs only occur when the order n is even. The subspace BLS of such selfadjoint
BCs is a manifold of (real) dimension n?/2. The subspace of real separated selfadjoint
BCs is a submanifold of B5*° and has a dimension of n? /4 +mn/2. This shows that when
the order is even and greater than or equal to 4, almost all separated selfadjoint BCs
are nonreal. The existence of nonreal separated selfadjoint BCs for these orders was
first shown by Everitt and Markus in [5]. Using our representation of the selfadjoint
BCs, one can directly write down all these selfadjoint BCs.

Our method also applies to the singular case as long as the selfadjointness condition
can be expressed as algebraic equations of a form similar to (1.1). In particular, if the
two endpoints of the interval of a singular QDE are both of the limit-circle type, then the
selfadjoint BCs can be explicitly written down in the same way as in the regular case.
We remark that [5, 6] provide some new information about how many and/or what kind
of algebraic equations there are in a singular selfadjoint BC.

In the last section of this paper, Section 4, we first discuss some Lie group actions
on spaces of BCs. Then, for a given QDE of order n and each complex number A, we
show that there is a unique complex BC having A as an eigenvalue of geometric mul-
tiplicity n, and we find the BC. We also characterize the set of complex BCs having A
as an eigenvalue and the set of real BCs having a real number A as an eigenvalue. The
determination of these two sets uses the above Lie group actions. Moreover, we also
present a topological description of each of these two sets.

2. Notation and basic results. In this section, we introduce our notation and recall
some basic facts about QDEs and their boundary value problems (BVPs).

For any n,m € N, we use M, ,, (C) to denote the vector space of n x m matrices
with complex entries and M;; ,,, (C) its open subset consisting of the elements with the
maximum rank min{n,m}. We define M, ,, (R) and My, ,,, (R) in a similar way. When a
capital Latin or Greek letter stands for a matrix, the entries of the matrix will be de-
noted by the corresponding lower case letter with two indices. If A € M, ,,(C), then
Al and A* are the transpose and the complex conjugate transpose of A, respectively.
The general linear group GL(n,C) := M, (C) is a complex Lie group under the ma-
trix multiplication, while the special linear group SL(7,C) consists of the elements of
GL(n,C) with determinant 1 and is a Lie subgroup of GL(n,C). One defines GL(n,R)
and SL(n,R) similarly. Let J be an open interval, bounded or unbounded. Assume that
S is one of the spaces C", R", My, (C), and M, ,» (R). We denote by L(J,S) the space
of Lebesgue integrable S-valued functions on J, and ACj:(J,S) the space of S-valued
functions which are absolutely continuous on all compact subintervals of J.
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For the rest of this paper, we fix n € N satisfying n > 2 and J = (a,b) with
—0<a<b<+o. (2.1)
Assume that F € L(J,M; »(C)) satisfies

fiis1#0 aeonJforl<i<n-1,

2.2
fij=0 aeonjfor2<i+l<j=<n. (2.2)
We define Iy = L(J,C), 1% = y for y €Iy, and
Ii={yeli; Y'Y eACuw(U,0}, (2.3)
_ -1y _ 5 oo li-1]
plil = O =2 fuiy for y €T3, (2.4)
Siiv1
fori=1,2,...,n, where f, ,+1 = 1. We will set
Qy =i"y™ for y er,. (2.5)

The expression QY is called the quasi-differential expression in 7y associated with F.
For y € I;, where 0 < i < n, the function y!! is called the ith quasiderivative of y
associated with F. The subject of our study is the regular QDE

Qy=Awy on], (2.6)

associated with F and a weight w € L(J,C), where A € C is the so-called spectral pa-
rameter. By a solution of (2.6) we mean a function y € I, satisfying (2.6) a.e.

Throughout this paper, we will always assume that F € L(J,M,,, (C)) satisfies (2.2);
and w € L(J,C) satisfies that

w isnota.e.0 onJ. 2.7)

Even though (2.7) will not be needed for every result, we include it in our assumptions
for the simplicity of our statements.
For any y € I,, we will also use the notation

y[O]
y[l]
Y = . . (2.8)
y[n_l]
Then, (2.6) is equivalent to its matrix form

Y' = (F+(-1)"AW)Y on/], (2.9)

where W = (w;j)nxn is the matrix such that wy,; = w and w;; = 0 otherwise. By the
theory of first-order linear DEs, for any solution y of (2.6), Y has finite continuous
extensions to the endpoints a and b (even when one or both of a and b are infinite).
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With the obvious topology on [—oo,+0o0], the following results are standard in the
theory of first-order linear DEs.

THEOREM 2.1. (i) For any xo € [a,b] and C € C", the differential equation (2.9)
always has a unique solution Y satisfying Y (xo) = C.
(ii) As a continuous function on [a,b], the above solution Y depends continuously on

(x0,C) € [a,b]x C". (2.10)

Let #(-,A) be the fundamental solution of (2.9) satisfying ®(a,-) = I, where I is the
identity matrix. We will call @ the principal matrix of (2.6). The following result is also
standard in the theory of first-order linear DEs.

THEOREM 2.2. For any x € R, the entries of ®(x,A) are all entire functions of A.

When n is even, say, n = 2k with k € N, and J is finite if k > 2, there is a special case
of the QDE (2.6), that is, the case studied by Naimark [18] and by Weidmann [19], see
also [2]: for any

1
7!fl!---yfk€]-'(]!(c)y (2.1].)
Jo
if we define
0 1 0 0
1
1
: 0 - - :
F= Jo , 2.12)
: A 0 1
0
o .0 . R |

Se O

then F belongs to L(J,M;, »(C)) and satisfies (2.2), thus, can be used as the coefficient
matrix of (2.6). In this case, the quasiderivatives of  associated with F are given by

YUl =W for j=0,1,..., k-1,
Yy = foy®, (2.13)
Yyl = (YUY — f oy for j=k+1,...,n.
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The quasi-differential expressions in y associated with F for n =2, n =4, or n = 6 are
of special interest:

Qy=—-(foy') +fiy ifn=2,
Qv =[(fo") -fiy'] -foy ifn=4, (2.14)
Qy ={[-(foy") + iy + o'} +f3y ifn=6,

while, in general, Qy is equal to
DM Loy ™) = iy ® 0T = oy Y = = i) = fiv). (2.15)
Note that (2.11) implies that
fo#0 ae.on/. (2.16)

We now turn to the BVP consisting of the general QDE (2.6) and a (linear two-point)
BC defined by

AY(a)+BY(b) =0, (2.17)

where A,B € M, ,(C) such that (A|B) € MZ’Zn((C). Note that equivalent linear algebraic
equations of the form (2.17) define the same BC. Each value of A for which the QDE
(2.6) has a nontrivial solution satisfying the BC (2.17) is called an eigenvalue of the
BVP consisting of (2.6) and (2.17) and such a solution is called an eigenfunction for
this eigenvalue. The vector space spanned by the eigenfunctions for an eigenvalue is
the eigenspace for the eigenvalue, while the dimension of the eigenspace is called the
geometric multiplicity of the eigenvalue. Since (2.6) has exactly n linearly independent
solutions, the geometric multiplicity of any eigenvalue is an integer not smaller than 1
and not larger than n.

THEOREM 2.3. A number A € C is an eigenvalue of the boundary value problem
consisting of (2.6) and (2.17) if and only if

A(A) :=det (A+B®(b,A)) = 0. (2.18)

REMARK 2.4. Actually, anumber A, € Cis an eigenvalue for (2.17) of geometric mul-
tiplicity m if and only if A+ B®(b,A,) has rank n —m; in this case, the eigenfunctions
are Zf‘zl cip1i(-,Ax), where the vector ¢ = (¢1 ¢2 -+ en )t € C" varies over the nonzero
solutions of

(A+B®(b,A))c=0. (2.19)
We will call the important function A, unique up to a nonzero constant multiple, the

characteristic function of the BVP consisting of (2.6) and (2.17). By Theorem 2.2, A is an
entire function. This yields the following corollary.
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COROLLARY 2.5. There are only the following four possibilities:
(i) the problem has no eigenvalue;
(ii) the problem has a finite number of eigenvalues;
(iii) the problem has an infinite but countable number of eigenvalues, and the eigen-
values do not have any accumulation point;
(iv) every complex number is an eigenvalue.

The analytic multiplicity (or just multiplicity) of an isolated eigenvalue is the order
of the eigenvalue as a zero of A. An eigenvalue is said to be simple if it has multiplicity
1, while the eigenvalues of multiplicity 2 are called double eigenvalues. When we count
the (isolated) eigenvalues of a BVP in a domain in C, their multiplicities will be taken
into account.

Let || - || be @ norm on My, , (C). A slightly different form of the following result has
appeared in [13]. It is a consequence of Theorem 2.1, the entireness of A, and Rouché’s
theorem in complex analysis.

THEOREM 2.6. Let @ C C be a bounded open set such that its boundary does not
contain any eigenvalue of the boundary value problem consisting of (2.6) and (2.17),
and m > 0 the number of eigenvalues of the problem in 9. Then, there exists a 6 > 0
such that the boundary value problem consisting of (2.6) and any boundary condition

CY(a)+DY(b)=0 (2.20)
satisfying
J[A-Cll+|[B-DJ <6 (2.21)

also has exactly m eigenvalues in R.

A coefficient matrix F is said to be E-symmetric if

FE+EF* =0, (2.22)
where
0 0 -1
. 2t _1)2
o R (2.23)
0 - :

The BC (2.17) is said to be selfadjoint if
AEA* = BEB*. (2.24)

Note that selfadjointness is well defined: the matrix (A | B) in (2.17) satisfies (2.24) if
and only if the coefficient matrix of any equivalent algebraic equation does. When w > 0
a.e. on J, the symmetry condition and the selfadjointness condition guarantee that the
BVP consisting of (2.6) and (2.17) can be identified with a selfadjoint operator in the
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weighted Hilbert space L2(J,C;w), see [17, 18, 19, 20]. From this we have the following
theorem.

THEOREM 2.7. Assume that F is E-symmetric, w is positive a.e. on J, and the boundary
condition (2.17) is selfadjoint. Then, the following conclusions hold.

(i) The boundary value problem consisting of (2.6) and (2.17) has a discrete spectrum
consisting of an infinite but countable number of all real eigenvalues.

(ii) When the order n = 2 is odd, the spectrum is unbounded both from above and from
below.

(iii) When the order n = 2k with k € N and the leading coefficient f x+1 is positive a.e.
on J, then the spectrum is bounded from below but not from above. Thus, the eigenvalues
can be ordered into a sequence

2\1SA2S/\3S---, (2.25)

approaching + oo so that the number of times an eigenvalue appears in the sequence is
equal to its multiplicity.

(iv) When the order n = 2k with k € N and the leading coefficient fi x+1 changes its
sign on J, that is, both the set {x € J, fxk+1(x) > 0} and the set {x € J, fik+1(x) <0}
have positive Lebesgue measures, then the spectrum is unbounded from above and from
below.

3. Spaces of boundary conditions. Recall that the (nth order) complex BCs are rep-
resented by systems of n linearly independent homogeneous equations on Y(a) and
Y (b) with complex coefficients. Two such systems

AY(a)+BY(b) =0, CY(a)+DY(b)=0 (3.1)

represent the same complex BC if and only if there exists a matrix T € GL(n,C) such
that

(C|D) = (TAI|TB). (3.2)
Thus, the space s1€ of complex BCs is just the quotient space

GL(n, ©) \Mn.2n (©). (3.3)

Here we put GL(n,C) on the left in the quotient to indicate that the corresponding
factors are on the left. The complex BC represented by the first system in (3.1) will be
denoted by [A | B]. Note here that square brackets, not parentheses, are used. Usual
bold-faced capital Latin letters, such as A, will also be used to denote BCs. We give the
space My, 2, (C) of nx 2n complex matrices the usual topology on C"*?", then M;‘L“Zn(([)
is an open subset of My, 2, (C). In this way, #4* inherits a topology, the quotient topology.

THEOREM 3.1. The space si¢ of nth-order complex boundary conditions is a con-
nected and compact complex manifold of complex dimension n?.

PROOF. The space € is also the space of complex n-planes in C?"* through the
origin, so it is the well-known Grassmann manifold G, (C2"), see [10, 11]. O
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REMARK 3.2. Note that s4€\ {[I|0],[0] —I]} is not compact. This is the reason for
including in «€ the degenerated BCs [I|0] and [0| —I].

When n = 2, 3¢ has the following canonical atlas of local coordinate systems:
N, = {[IIB]; BEM;,(O)},

(1 ai. 0 b2
NEy = ; bi2,by €
13 { 0 an -1 bun| ai2,a22,b12,b2; € Cr,

[1 an b 0]
N14—{ 0 aw by -1 ;alz,azz.bll,buec},

. (3.4)
a;; 1 0 b]g .
N23_{_a21 0 -1 b22_’ a11,a21;b12yb22€(c ’
[ain 1 by 0]
N24—{;a21 0 by _li,an,am,bu,bnec ;
NS4 ={[AI-T]; Ae M2 (O)};
when n = 3, € has the following canonical atlas of local coordinate systems:
NE,3={lIIB]; BEM;3(0)},
1 0 a3z 0 b by ai3,azs3,ass,
NEo4=110 1 ax3s 0 ba boz|; biz,biz,ba, ..., (3.5)
0 0 as3 -1 b3 b3z| b2z,b3,b33eC

N456 {fa I AeM33(0),

and so forth. Coordinate systems of the form indicated by (3.4) and (3.5) are the so-
called canonical coordinate systems on s4€. In general, for each subset N ¢ Ny, with
exactly n elements, we will use N'§ to denote the corresponding canonical coordinate
system on €.

Given a BC [A | B], one can bring it into the standard form of the elements in a
canonical coordinate system using the Gauss elimination. More precisely, one applies
only row operations to the matrix (A | B) such that each of some n columns has exactly
one nonzero entry; all these nonzero entries in the left-half block equal 1 and are in the
top rows, while the ones in the right-half block equal —1 and are in the remaining rows;
and any two of these nonzero entries are in different rows. These columns of the new
matrix will be called the normalized columns, while the other columns will be called the
unnormalized columns. Such a procedure will be called a normalization of [A | B].

Similarly, the space «® of (nth-order) real BCs is just

GL(n,R) \Mn2n (R), (3.6)

and we have the following result.
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THEOREM 3.3. The space si® of nth-order real boundary conditions is a connected
and compact real-analytic manifold of dimension n?.

The space «® has an atlas of canonical coordinate systems similar to the canonical
coordinate systems on /¢, and their notation is clear.

Under the Grassmann manifold structures on ¢ and «®, different types of BCs (e.g.,
the coupled BCs, the degenerated BCs, and the separated BCs) are naturally related to
each other. Moreover, by applying Theorem 2.6 to each of the canonical coordinate sys-
tems on A, one deduces the following general version of the continuous dependence
of eigenvalues on BC.

THEOREM 3.4. Let% C C be a bounded open set whose boundary does not contain any
eigenvalue for a boundary condition A € 51, and m = 0 the number of the eigenvalues
for A in ®. Then, there exists a neighborhood 0 of A in A® such that there are exactly
m eigenvalues in R for any boundary condition in O.

REMARK 3.5. Theorem 3.4 implies that if A, is a simple eigenvalue for a BC A € A€,
then there is a continuous function A : 0 — C defined on a connected neighborhood 0
of A in A€ such that

i) AA) = Ay

(ii) for any X € 0, A(X) is a simple eigenvalue for X.
Any two such functions agree on the common part (still a neighborhood of A in %)
of their domains. So, by the continuous simple eigenvalue branch through A, we will
mean any such function.

In general, by a continuous eigenvalue branch we mean a continuous function A :
0 — C defined on a connected open set 0 C #¢ such that for each A € 0, A(A) is an
eigenvalue for A.

We may restrict our attention to the space #® of real BCs. There is a result for R
similar to Theorem 3.4. Moreover, the concepts of continuous eigenvalue branch over
AR and continuous simple eigenvalue branch over «(® have their clear meanings.

The concept of continuous eigenvalue branch has appeared in [13, 15, 16]. The fol-
lowing result illustrates the importance of the concept of continuous simple eigenvalue
branch in addition to implying existence of eigenvalues.

THEOREM 3.6. If the quasi-differential equation (2.6) has real coefficients, then the
values of a continuous simple eigenvalue branch over si® are either all real or all nonreal.

PROOF. See [15, Theorem 3.8]. O

Next, we consider the selfadjoint BCs. First, we want to show that they form a closed
subset of (€.

LEMMA 3.7. The space BC of complex selfadjoint boundary conditions is a closed
subset of A€, and the space BR of real selfadjoint boundary conditions is a closed subset
of AR. Hence, B¢ and B® are compact spaces.

PROOF. Let {[A;|B;]; i € N} ¢ BC such that [A;|B;] — [Aw|Bs] € AT as i — +.
We can assume that [Aw|Bs],[A1|B1],[A2]B2],... all belong to the same canonical
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coordinate system on (€. So, we can actually assume that (A« |Bw), (A1|B1), (A2|B2),...
are all in the standard form of that coordinate system. Thus, as i — +o, A; - A, and
Bi — B in My, ,(C). From A;EA] = B;EB; for each i € N, we then obtain ALEAY =
BoEBX*, that is, [A«|Bs] € RBC. Therefore, BC is closed. Similarly, BR is also closed.

O

Foreachm € N, set N, = {1,...,m}.Let Ae My, »(C) and i € N, \{(n+1)/2}. We will
say that B’s ith column and its (n + 1 —i)th column form a symmetric pair. Denote by
A® the matrix whose ith column is the (1 + 1 —i)th column of A, (n+1—1i)th column
is the ith column of A multiplied by (-1)"*!, and the other columns are the same as
those of A. The next result shows that in many canonical coordinate systems on ¢
checking the selfadjointness amounts to the same work.

LEMMA 3.8. Letie N, such thati+ (n+1)/2. Then, a boundary condition [A | B] is
selfadjoint if and only if [A"|B] is, and if and only if [A | BP] is

PROOF. For any m € N,, we set m’ = n+1—m. Now, let j,l € N,,. Then, the (j,1)-
entry of AEA* is given by

m#i, m#i’
S (D™ ajmam+ (-1 a;pan+ (-1)ia; @y
l<=m=zn
m#i,m#i’
= Y o™a®al) 4 (-Diag [CD ag]+ (-D (- ayJany
lsm=n

= Z aj m’alm’

(3.7)

which equals the (j,1)-entry of ADE(A®)*, Therefore, AEA* = ADE(A®)* and hence
[A | B] is selfadjoint if and only if [A® |B] is. Similarly, [A | B] is selfadjoint if and only
if [A]BD]is. -

For illustration, we list the following applications of Lemma 3.8: when n = 3,

1 0 a3 b bz 0 1 0 a3 O by by
1 ars b21 b22 0 S %C < 1 a3 0 bzz b21 (S %C,
|0 0 a3 b3 b3y -1 |0 0 aszz -1 b3 bz |
_au 0 1 0 b12 h13_ _1 0 al 0 blz blg_
any 1 0 b22 bzg S %C < 1 a» 0 bzz b23 (S %C, (3.8)
jasi 0 0 -1 b3 b33 |0 0 as -1 b3 b3
(a1, 0 1 by by 0] [1 0 ain 0 by by
a» 1 by by 0 |ent = 1 an 0 by by|e %C,
jasi 0 0 b3 b3y —1) |0 0 as -1 b3 bz
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and when n =4,
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1 0 a3 ais 0 bz 0 by
0 1 azx axs 0 by 0 by c B¢
0 O asy ass -1 b32 0 b34
0 0 as3z Aaa 0 b42 -1 b44
1 0 a3 ais 0 0 —bip by
- 0 1 axz anm 0 0 —by  boy E%C
0 0 az3 asz -1 0 —b32 b34 ’
0 0 a4z au 0 -1 —b42 b44
(3.9
1 a2 0 ays bll blz 0 0
0 ax»x 1 ap b21 bzz 0 0 E%(
0 asp 0 asq b31 b32 0 -1
0 as2 0 ass by by -1 O
1 0 -ar2 ais 0 0 —=bip -by
— 0 1 —dz2 A4 0 0 *b22 *b21 c %([
0 0 —-ax» asx -1 0 —b3p -—bzy ’
0 0 —as ass 0 -1 —byp -—by

and so forth.

We will see that the space of selfadjoint BCs in the even-order case is different from
that in the odd-order case. For example, the space of real selfadjoint BCs is connected
in the even-order case, while it has two connected components in the odd-order case.
So, now, we discuss these two cases separately.

SELFADJOINT BOUNDARY CONDITIONS OF AN EVEN ORDER. Letn =2k with k € N.
First, we have a fact on the ranks of the left- and right-half blocks in a selfadjoint BC.

LEMMA 3.9. For any [A|B] € 3¢, rank A > k and rank B > k.

PROOF. Letl=rankA, thenl > 1sincerank(A | B) =n and |detA| = |detB]|. Assume
that [ < k, then we can assume further that the last n — [ rows of A are 0. Thus,

c 0

0 0 (3.10)

AEA* = ( ) = BEB*
for some [ x I matrix C, and the last n—[ rows of B are linearly independent (so, rank B >
n —1). Normalize [A | B] so that n — [ columns of B are normalized. Note that after
this normalization, the last n — [ rows of A can remain 0, which will be assumed. We
normalize [A | B] such that the number of symmetric pairs of unnormalized columns
in B is minimum. Since n — [ > k, there is an integer j € Ny such that both B’s jth

column and its (n+ 1 — j)th column are normalized. We can assume that
bi,j =bnni1-j=-1. (3.11)

For each integer m € N, \ {j,n+1—j}, we have the following: if one of B’s mth column
and its (n+1—m)th column is normalized, then either by 5 +1-m = 0 or by, », = 0; if both
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of these two columns are unnormalized, then we must have by, , = 0 by our choice of
the normalization. Thus, the (k,n)-entry of BEB* is given by

n
Z (_1)n+1imbk,n+lfmbn,m = (_1)jbk,jbn,n+1—j = (—l)j, (3-12)
m=1

contradicting (3.10). Therefore, rank A > k. Similarly, rank B > k. O

Direct calculations show that the selfadjointness equation AEA* = BEB* can be eas-
ily solved (which we will do in general soon) if every symmetric pair of columns in A or
in B has one (and hence only one) normalized column. Naturally, one wonders if every
selfadjoint BC can be normalized into such a form. The next result gives an affirmative
answer.

LEMMA 3.10. Every [A | B] € BC has a normalization such that each symmetric pair
of columns in A or in B has one (and hence only one) normalized column.

PROOF. Since rank A > k, we can begin the normalization of [A | B] by normalizing
k columns of A. Note that the nonzero entries of these columns are in the first k rows.
We can assume that the number of symmetric pairs of unnormalized columns in A is
minimum. If that minimum number is 0, then for each integer j € Ng, one of A’s jth
column and its (n+ 1 — j)th column is normalized, and hence

. (C D
x-S ) o

for some k x k matrices C, D, and H. Otherwise, for each integer j € Ny such that both
A’s jth column and its (n+ 1 — j)th column are unnormalized, we must have

aij=ain+1-j=0 (3.14)

fori=k+1, k+2,...,n, and hence (3.13) also holds. Thus, we can always assume that
(3.13) holds.

Note that the last row of AEA* is just a rearrangement of the last row of A, with
some entries signs changed. If the lower half of B now has a rank less than k, then
we can assume that the last row of B is 0, and hence so is BEB*. Then, AEA* = BEB*
implies that the last row of A is also 0, which is impossible. So, the rows in the lower
half of B are linearly independent.

We now continue the normalization of [A | B] by normalizing exactly k columns
in B without destroying the k normalized columns in A used above and such that the
number of symmetric pairs of unnormalized columns in B is minimum. If the minimum
number is not 0, then k > 2 and, for some integer m € N, both B’s mth column and
its (n+1—m)th column are normalized. Hence, we can assume that

briim =bunsi-m =—1. (3.15)

Thus, we must have by, j = 0 for each j # m such that B’s jth column is normalized,
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by, = 0 for each j # n+1—m such that B’s jth column is normalized, and by, =
br+1m+1-j = 0 for each integer j € Ny such that both B’s jth column and its (n+1—j)th
column are unnormalized. So the (k+1,n)-entry of BEB* is (—1)™. By (3.13), AEA* #
BEB*, contradicting the selfadjointness. Therefore, after our normalization, [A | B]
does not have any symmetric pair of unnormalized columns in B.

Similarly, A does not have any symmetric pair of unnormalized columns after the
above normalization of [A | B]. O

A subset N C Ny, with exactly n elements is called a preferred subset if for any
i € Ng, exactly one of i and n+1—1iisin N and exactly one of n+iand 2n+1—-1iisin
N.If N is a preferred subset of N, then the canonical coordinate system N f, on AC is
called a preferred coordinate system. For example, when n = 2, NT3, NT,, N5 3, and N5,
are preferred, while N§, and N (3C‘4 are not. With this concept in mind, Lemma 3.10 just
says that every selfadjoint BC is in a preferred coordinate system on (€.

By Lemma 3.8, solving the selfadjointness equation AEA* = BEB* in any preferred
coordinate system on #€ is equivalent to solving it in N, where

1=1{1,2,....k,n+1,n+2,...,3k}. (3.16)
If we set

(1 Ay (0 By

A—(O AL)’ B—(_I BL>, (3.17)

where Ay, Ar, By, BL € My (C), then

(=1)XAyEr + ExAf  ExAf
AEA* =
( (-1)*ALEx o )’
(3.18)
sege— [ O (~1)**1ByEy
- \—ExB§ (=1)**'B Ey —ExBf*
since
0 Ex
E=<(—1)"Ek 0) (3.19)

with Ej having its clear meaning. Note that E,;l = (-D*1E = E{.So, in NE, the selfad-
jointness condition is equivalent to that

AyEy and B Ey are Hermitian, By = ExA[ Eg. (3.20)
For each subset N C Ny, with exactly n elements, set

05 = NG N BE. (3.21)



GEOMETRIC ASPECTS OF HIGH-ORDER EIGENVALUE PROBLEMS 661

Let Hy be the space of k X k Hermitian complex matrices. Then,

of = [1 CEx 0 EpAfEx

. - 4k2
- 0 A —I DEy :|! C,DeHy, AL € Mk,k((c) ~R (3.22)

and hence is a local coordinate system on %BC. For each preferred subset N of N»,,, we
have similar conclusions about @}%. For any two preferred subsets M and N of Ny,
@j@ N @}% + @, and the transformations between them are rational. In conclusion, we
have proved the following results.

THEOREM 3.11. The space BC of 2kth-order complex selfadjoint boundary conditions
is a connected, compact, and real-analytic 4k?-dimensional real submanifold of s(C. It
has an atlas of 2%* local coordinate systems with rational transformations among them.

REMARK 3.12. The space of selfadjoint extensions of the minimal operator corre-
sponding to the QDE (2.6) is parameterized by the unitary matrices in dimension 2k
and has a dimension of 4k? — 1, see [18]. Thus, generically, a selfadjoint extension is
represented by a 1-parameter family of selfadjoint BCs.

If N is a preferred subset of Ny, then @f, is called a canonical coordinate system on
RBC. As illustrations, we give the elements in the typical canonical coordinate system @ﬁc
for the first two even values of n:

1 a, 0 ax
[0 P bzz} (3.23)

with a12,b2> € R and a;; € Cif n =2, and

1 0 a3z au 0 0 -au azn
0 1 a3 -aiz O 0 as3  —asg

.24
0 0 a3 azs -1 0 b33 b3y 3.24)
0 0 ass ass O -1 byz —bs3

with ai3,a33,a34,a43,a44,b33 € C and ai4,a23,b34,b43 € R if n = 4. In general, C €
My x (C) makes CEy € Hy if and only if

cij= (1) G T Vi, j e N, (3.25)
that is, if and only if C has the form

C1,1 Tt Cl,k-1 C1,k

C2k—1 —Cl,k-1
) (3.26)
Ck-1,1 .

Ck1 —Ck-11 - (=DFleg
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while ExA[ Ey is given by

(‘Dkﬂan,n e (_1)3ak+2,n (—l)zakﬂ,n
PR P o (3.27)
(D T - DM@ (CDRaG e
(—1)2kan,k+1 e (_1)k+2ak+2,k+1 (—1)k+lak+1,k+1

As a consequence of our analysis for Theorem 3.11, we have the following fact which
is a refinement of Lemma 3.9.

COROLLARY 3.13. For any 2kth-order complex selfadjoint boundary condition[A | B],
rank A =rankB > k.

PROOF. By Lemma 3.8, we can assume that [A | B] € @‘HC. Using (3.17), from (3.20) we
obtain that rank Ap = rank B} = rank By, so rank A = k + rank Ay = k + rank By = rank B.
O

In a linear system representing a BC, usually there are equations involving only Y (a),
equations involving only Y (b), and equations involving both Y (a) and Y (b). They will
be called equations at a, equations at b, and coupled equations, respectively. In order
to reach the minimum number of coupled equations, we need to apply row operations
to the system so that the nonzero rows of the Y (a)-coefficient matrix and of the Y (b)-
coefficient matrix are linearly independent and the two sets of rows have the minimum
overlap. In the form given by (3.22), we need to apply row operations to the last k rows
of the matrix (A | B) so that the nonzero rows of A; are linearly independent (and at
the same time giving up the form of the I block in A), and then to the first k rows of
(A | B) so that the nonzero rows of ExA[ Ej are linearly independent (and meanwhile
loosing the form of the —I block in B). For example, the minimum number of coupled
equations in the selfadjoint BC

10 0 0 0 O O O 1 0 0 0 O 0 0 O

o010 0 O 0 1 -1 _ 01 0 0 O 0 1 -1 (3.28)
0010 -1 0 0 O 0010 -1 0 0 O ’
o010 0 -1 0 O o0 o0 o0 1 -1 0 O

is 2. Thus, by Lemma 3.8 and the fact that rank A; = rank (ExA;* Ex), we have proven the
following results, special cases of which have appeared in [5, 6].

COROLLARY 3.14. The minimum number of coupled equations in a complex selfad-
joint boundary condition of an even order is always even. In any form of the boundary
condition achieving this minimum number, the number of equations at the left-end point
is equal to the number of equations at the right-end point. Moreover, for any even integer
m satisfying 0 < m < 2k, there are 2kth-order complex selfadjoint boundary conditions
whose minimum numbers of coupled equations are m.

By Lemma 3.8 and (3.22), the space 9735,'5 of 2kth-order complex separated selfadjoint
BCs is a connected, compact, and real-analytic 2k?-dimensional real submanifold of %C.
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It has an atlas of 22¥ local coordinate systems with rational transformations among
them. The canonical coordinate systems on %(Zc,f are @}CV’S = 9735;5 N0, where N varies
over the set of preferred subsets of Ny,,.

All the above arguments can be restricted to the space «® to obtain results about
the real selfadjoint BCs. Here we first state the following theorem.

THEOREM 3.15. The space B® of 2kth-order real selfadjoint boundary conditions is
a connected, compact, and real-analytic (2k? + k) -dimensional submanifold of s4®. It has
an atlas of 22 local coordinate systems with rational transformations among them.

As in the complex case, the canonical coordinate systems on %R are @j'S =RBRAN }'5,
where N varies over the set of preferred subsets of Ny,.

The only other thing that we mention is the space 935; of 2kth-order real separated
selfadjoint BCs. By Lemma 3.8 and (3.22), %fl’f is a connected, compact, and real-analytic
(k? + k)-dimensional submanifold of ®R. It has an atlas of 22¥ local coordinate systems
with rational transformations among them. The canonical coordinate systems on %y;°
are @}'S‘S = 9]35,‘(8 N @j'S, where N varies over the set of preferred subsets of Na,,.

SELFADJOINT BOUNDARY CONDITIONS OF AN ODD ORDER. Letn =2k +1 with k €
N. Now, for any nth-order complex selfadjoint BC [A | B], each of A and B has a middle
column—its (k+ 1)th column which does not belong to any symmetric pair.

As in the even-order case, first we have the following two lemmas on the ranks of the
left- and right-half blocks in a selfadjoint BC and normalizations of selfadjoint BCs.

LEMMA 3.16. For any (2k+1)th-order [A | B] € B, rank A = k+1 andrankB = k+1.
Therefore, there is no separated selfadjoint boundary condition of an odd order.

PROOF. Here we only show that rank A > k + 1, while similar arguments give that
rankB > k + 1.

Let | = rank A, then [ > 1. To reach a contradiction, we assume that [ < k. We can
assume further that the last n — [ rows of A are 0. Hence, (3.10) holds for some [ x [
matrix C, and the last n — [ rows of B are linearly independent.

If bigxs1 =0fori=1+1,1+2,..., n, then a normalization of B as that in the proof of
Lemma 3.9 implies a contradiction, since the middle column of B cannot be normalized
and n —1 > k + 1. Thus, we must have that b;,.; # 0 for some integer i satisfying
l+1<i=<n.

Now, normalize B such that its middle column is normalized (first), and the number
np of symmetric pairs of unnormalized columns is minimum for such a normalization.
By part of the arguments in the proof of Lemma 3.9 (putting the nonzero entries of the
symmetric pair of normalized columns used into the right rows), we must have that
(I = k and) ng = 0. We can assume that b, x+1 = —1. Then, the (n,n)-entry of BEB*
equals (—1)¥*1, still contradicting (3.10). Therefore, we have shown that rank A > k + 1.

O

LEMMA 3.17. Every odd-order [A | B] € BC has a normalization such that the middle
column of A is normalized and each symmetric pair of columns in A or in B has one (and
hence only one) normalized column.
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PROOF. If the middle column of A is zero, we normalize k columns of A such that
the number of symmetric pairs of unnormalized columns is minimum. Then,

. (C D
AEA (H 0 (3.29)

for some k x k matrix C, k X (k + 1) matrix D, and (k + 1) X k matrix H. If b;y+1 =0
fori=k+1, k+2,..., n,then we normalize k + 1 columns of B such that the number
of symmetric pairs of unnormalized columns is minimum, and obtain a nonzero entry
in the lower right (k+ 1) x (k+ 1) block of BEB*, which is impossible. So, we can as-
sume that by .1 # 0. Then, we normalize k + 1 columns of B with its middle column
normalized, and the number of symmetric pairs of unnormalized columns is minimum
for such a normalization. We can assume further that by x+1 = —1 and the minimum
number is 0. Then, the (n,n)-entry of BEB* is (—1)**!, which is impossible. Therefore,
the middle column of A is nonzero.

Normalize k + 1 columns of A such that its middle column is normalized and the
number n, of symmetric pairs of unnormalized columns of A is minimum for such a
normalization. Then,

AEA* = = BEB* (3.30)

T D0
o a ™
o o T

for some k x k matrices C, D, and H, k x 1 matrix 13, 1 X k matrix ﬁ, and constant d.
Moreover, the last row of AEA* is just a rearrangement of the last row of A, with some
entries signs changed. As in the even-order case, the last k rows of B are then linearly

independent.
If the rank of
brizi ... bryok brioksz ... briom
(3.31)
bn,l e bn,k bn,k+2 e bn,n
is less than k, then we can assume that
bn,l == bn,k = bn,k+2 =" =Unn~= 0. (3.32)
Thus, by k+1 # 0, and hence the (n,n)-entry of BEB* is
(=1)*'byii1bnis1 #0, (3.33)

contradicting (3.30) above. Therefore, we can always normalize k columns of B such
that its middle column is unnormalized and the number ng of symmetric pairs of
unnormalized columns is minimum for such a normalization.

If ng > 0, then k > 2, and there is an m € Ny such that both B’s mth column and its
(n+1—m)th column are normalized. We can assume that

th,m = bn,n+l—m =-1. (3.34)
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Thus, the lower right 2 x 2 block of BEB* is

(=D 1 bo k1 b2k k1 (=" bog ks1bpgsr + (=1)™
(=DM + (=D by 1 bok ki (=D by ks1bp ki

) #0, (3.35)

contradicting (3.30). Therefore, ng = 0, and

0 K
BEB* =
(L M

) + (=D Y (bigs1bjk+1) nxen (3.36)
for some (k +1) x k matrix K, k X (k+1) matrix L, and k X k matrix M.

Then, by some arguments similar to those in the previous paragraph, we must also
have n, = 0. O

As in the even-order case, a subset N C Ny, with exactly n elements is called a
preferred subset if k+1 € N; and for any i € Ng, exactlyoneof i and n+1—iisin N
and exactly one of n+i and 2n+1—1iis in N. If N is a preferred subset of Ny, then
the canonical coordinate system N jf, on A€ is called a preferred coordinate system. For
example, when n = 3, NT, 4, N§,6, NS5, and NS5 are preferred, while NT, 5, N, 5,
N5 N 560 NS5, NS 56 and N5 ¢ are not. With this new definition, Lemma 3.17 just
says that every odd-order selfadjoint BC is in a preferred coordinate system on s4C.
By Lemma 3.8, solving the selfadjointness equation AEA* = BEB* in any preferred
coordinate system on s is equivalent to solving it in N j]C, where

J=1{1,2,...,k+1,n+1,n+2,...,3k+1}. (3.37)
If we set
I 0 Ay 0 by By
A=(0 1 Am|, B=|10 bu Buj, (3.38)
0 0 A -1 by B

where Ay, Ar,By,BL € M« (©), by,by € M1 (C), Ap, By € My 1 (O), and by is a constant,
then

(- YAGE + Ex Al ExAfy  ErAf

AEA* = (-1 1 ApER (—1)k+1 o |,
(=) 1AL Ex 0 0
0 0 (-1)*ByEx
BEB* = 0 0 (—1)*BmEx (3.39)

—ExBf —ExBf; (—1)XB Ex—E\B}

bubi  bubw  bubi
+ (=) byb{ bubu  bubj |,
bib¥  biby  biby
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since

0 0 Fx
E= 0 (-1 0o |. (3.40)
(—D)k1E, 0 0

So, AEA* = BEB* can be rewritten as

AvEx+ (AuEr) " = byby;, Ay = (=1)*'bybjEx, (3.41)
By = (—1)k+1bubf_kEk —EkAfEk, bM S §1, (3.42)
By = (-1)**'byb*Ex,  BiEx+ (BLEx)™ = bLb;". (3.43)

In particular, both AyEx — (1/2)byb{; and BLEx —1/2b.b|* are skew-Hermitian matrices.
For each subset N of N,,, with exactly n elements, set

05 = NG NBE. (3.44)

Let Wi be the space of k x k skew-Hermitian complex matrices. Then, the elements of
Of are given by

_1\k+1
I 0 CEk+%bUbﬁjEk 0 by (~D)X'bybfEy - ExAf Ex
0 1 (—1)** by Ey 0 by (—1)**1byb; Ey (3.45)
(_1)k+1 N
0 0 Ar -1 bL DEk""TbLbLEk

with C,D € Wy, AL € Mk'k((C), buy,b, € Mk,l((c)a and by € St. Thus,
0F =~ R¥#¥*+4k i s1 (3.46)

and hence is a local cylindrical coordinate system on B¢. For each preferred subset N of
N>, we have similar conclusions about @j%. For any two preferred subsets M and N of
N>y, @jﬁ N @}S + @&, and the transformations between them are rational. In conclusion,
we have proved the following results.

THEOREM 3.18. The space B of (2k + 1) th-order complex selfadjoint boundary con-
ditions is a connected, compact, and real-analytic (2k + 1)2-dimensional real submanifold
of AC. It has an atlas of 2% local cylindrical coordinate systems with rational transfor-
mations among them.

There is also a remark in the odd-order case similar to Remark 3.12 in the even-order
case. We omit the details.
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If N is a preferred subset of N, then @}E, is called a canonical cylindrical coordinate
system on BC. As illustrations, we give the elements in the typical canonical cylindrical
coordinate system @f for the first two odd values of n:

1 0 —%blb_l-FiT 0 bl —(lig'g—blb—g
0 1 Db 0 by —bob3 (3.47)
0 0 ass -1 b3 —%b3b_3+i5

with 7,s € R, as3,b1,b3 € C, and b, € S if n =3, and

1 0 0 ars %b1E+ir 0 0 b as-bibs —ais+bibs

010 %bzbiﬂ:s @a+bby 0 0 by —asi—babs Qg +baby

001 ~byb3 b1 b3 0 0 b3 ~b3bs b3by

0 00 m ass -1 0 by by %b4b_4+ix

0 00 asa ass 0 -1 bs %lb5b_5+iy b_44+b5b_4_
(3.48)

with ai14,d44,a45,a54,a55,b1,02,b4,b44,b5 € C, 7,5,x,y € R, and b3 € S if n =5.In
general, given v = (viv2 - vi)t € My1(C), a k X k complex matrix C makes CEy —
(1/2)vv* € Wy if and only if

cij= (D e i+ (CD) v Vi j €N, (3.49)

that is, if and only if C has the form

(-nk
c11 Clk-1 5 V1V +11
(-Dkt — —
—— VU + i1 Crre 1+ (—1)*vo1y
Ck-1,1
= VkUk +17% Cro11 + (= 1D)2uiTia (=D¥err+ (=Dfveoy

(3.50)
with r1,72,...,7 € R, while

DMV Ec= (-Tk - (CDMr (-DR) (3.51)
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and (—1)k*'byb Ex — ExAjf Ey is given by

(_l)kan,n tet (_l)zak+3,n —Ak+2n
-D*'an - (—1)%ars3.2k (-1)%ais2.2k
(D% 'anin - (CDMagiee (CDRaoree

L 7 7 (3.52)

-biby -+ (=D bibris  (=1)*b1biso

~byby, -+ (=D)*'bybyis  (=1)*bobyss
+ } . ) ,

—bxby, -+ (“D¥bibrys  (=DKbibgs

where we have abbreviated the middle column of B as (b1 bz -+ bn )L,
As a consequence of our analysis for Theorem 3.18, we have the following fact which
is a refinement of Lemma 3.16.

COROLLARY 3.19. For any (2k + 1)th-order complex selfadjoint boundary condition
[A|B], rank A =rankB > k + 1.

PROOF. By Lemma 3.8, we can assume that [A | B] € @jf. Since by # 0 by (3.42), we
can apply only row operations to [A | B] such that by = 0. Then, [A | B] has the form

ay AU 0 0 BU
1 Av O by Bu|, (3.53)
0 A -I b, B,

where ay is a k x 1 matrix. Now, AEA* = BEB* implies that ExAj = (—1)*ByEx. So,
rank A; = rank By, (3.54)

and rank A = k+ 1 +rank A;, = k+1 +rank By = rank B. O

By Lemma 3.8, (3.53), (3.54), and the discussions right before Corollary 3.14, we have
the following results that are similar to those in Corollary 3.14.

COROLLARY 3.20. The minimum number of coupled equations in a complex selfad-
joint boundary condition of an odd order is always odd. In any form of the boundary
condition achieving this minimum number, the number of equations at the left-end point
is equal to the number of equations at the right-end point. Moreover, for any odd integer
m satisfying 1 < m < 2k + 1, there are (2k + 1)th-order complex selfadjoint boundary
conditions whose minimum numbers of coupled equations are m.

Finally, we restrict our attention to the space ®® of real selfadjoint BCs of the odd
order n. Let N be a preferred subset of N,,,. By Lemma 3.8 and (3.42), if [A | B] € 05N &R}
has the normalized form corresponding to (3.45), then (A, B are real, and) by+1 k+1 = =1.
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Thus,

0% . =t {[A| Bl € 05N B%; by.1xs1 = +1 when [A | B] is normalized} ~ R?****
(3.55)

are local coordinate systems on %R. There are 22¥*! such local coordinate systems on
AR, to be called the canonical coordinate systems on RBR.

THEOREM 3.21. The space BR of (2k + 1) th-order real selfadjoint boundary conditions
is a compact and real-analytic (2k? + k) -dimensional submanifold of AA®. It has an atlas
of 2%+ Jocal coordinate systems with rational transformations among them and exactly
two connected components.

PROOF. The only thing left is to determine the number of connected components in
BR.If [A | B] € O}, is in the form (3.53), then from ExA{ = (—1)*ByE; we obtain that

detA =detA; = (—1)¥detBy = (—1)*by detB. (3.56)

Hence, on each canonical coordinate system on %R, either we always have that detA =
detB or we always have that detA = —detB. On the other hand, if [A | B] € ®R has
detA # 0, then detB # 0, and [A | B] can be normalized into the form in (3.45), that
is, either [A | B] € OF, or [A | B] € 0} _, depending on detA = (—1)kdetB or detA =
(—1)k*1detB. So, all the canonical coordinate systems always satisfying det A = detB
overlap, and all the other canonical coordinate systems also overlap. When two canon-
ical coordinate systems overlap, their common part is open and hence must have a BC
[A | B] with detA # 0 by dimension counting. Thus, on any two overlapping canonical
coordinate systems, either we always have that detA = detB or we always have that
detA = —detB. So, the canonical coordinate systems always satisfying detA = detB
form a connected component of B®, and all the other canonical coordinate systems
form another connected component. Therefore, B® has exactly two connected compo-
nents. O

We will denote by ®B® the connected component of B® containing @j'f,, and BT the
other component of Bk,

4. Group actions and A-hypersurfaces. In this section, we first discuss some Lie
group actions on spaces of BCs. Then, for a given QDE of order n, we characterize
the set of complex BCs that have a complex number A as an eigenvalue of geometric
multiplicity n, the set of complex BCs that have A as an eigenvalue, and the set of real
BCs that have a real number A as an eigenvalue. The determination of the latter two
sets uses the Lie group actions to be discussed. Moreover, we also present a topological
description of each of the latter two sets. Finally, we give an example to indicate that
the set of real selfadjoint BCs having a real number A as an eigenvalue is complicated
in general.

Given

G H
(K L)eGL(Zn,[R), (4.1)
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where G,H,K,L € My, ,(R), the well-defined map
[A|B]— [AG +BK|AH +BL]

is a diffeomorphism of #® (onto itself). Thus, the group GL(21,R) acts o
right.
For K = C or R, consider the real Lie subgroup

(4.2)

n A® from the

GX = {M e GL(n,K); MEM* = E} (4.3)
of GL(n,K). The Lie algebra of G¥ is
9K = (M e gl(in,K); ME+EM* = 0}. (4.4)
Direct calculations show the following: for n = 2k with k € N,
I 0o\ (I 0 0 -I
_ —1Ik
(0 (—1)kEk> E(o (—l)kEk> (Ik 0 ) -5
which implies that G§k is a conjugate of the real symplectic group
B . 0 —Ii . 0 —Ii
Sp(2k,R) = {M e GL(n,R); M (Ik 0 )M = (Ik 0 ) }, (4.6)
and G$, is a conjugate of the symplectic group
_ ) 0 —Ix « (0 I
Sp(2k) = {M e GL(n,C); M (Ik 0 )M = (Ik 0 ) } 4.7)
while for n = 2k +1 with k € N,
—1Ix 0 0
TET=| 0 (=DK1 o], (4.8)
0 0 Iy
where
I 0 Jx
T = 0 1 0 4.9)
(-D*Ex 0 (=D)k1Dy
with
0 0 1 -1 0 0
1 0 0 (-1)2
Jk = , Dy = , (4.10)
0 0
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which yields that G%Rk .1 1s a conjugate of the special pseudo-orthogonal group

- (-, 0\ , (-, 0
SO(p,q)—{MeGL(n,[R),M(O Iq)M—<O Iq)}, 4.11)

and G, ,, is a conjugate of the special pseudo-unitary group

_ . _IP 0 * _ _Il” 0
SU(p,q) = {Me GL(n,Q); M( 0 Iq)M = ( 0 Iq) } (4.12)

where p = k+ (1+(-1)¥)/2 and g = k+ (1 - (~1)¥)/2. Therefore, G} and G§ are con-
nected. Moreover,

GE =Sp(2,R) = SL(2,R),

4.13
GS =Sp(2) = {zK; z€ S', K € SL(2,R)}, @13

which have been used in [15].
The subgroup

{ (g 2); G,L¢e GE} (4.14)

of GL(2n,R) actually acts on B® as onto diffeomorphisms, and also on B®$ as onto
diffeomorphisms when n is even. Moreover, for any G € GL(n,R), the action of

diag(G,I) =: (g (I)> (4.15)

on AR leaves N }'f, invariant, where N = [ if n is even and N = J if n is odd, and it also
leaves the space s4®$ of separated real BCs invariant; and for any ¥ € GR, the action
of diag(¥,I) on BR leaves the open and dense subset @j'% of BR invariant, where N = [
if n is even and N = ] if n is odd. When there is no confusion, the image of a real BC
[A | B] under the action of diag(G,I) will be abbreviated as [A | B].G, while the image
of a subset & of A® will be written as ¥.G. Note that when n is even, B%3,G = BRS for
any G € GR.

PROPOSITION 4.1. Ifn is odd, then (B%).G = BR and (BR).G = BR for any G € GR.

PROOE. Our claim is true for G = I. Fix an arbitrary G € GR. The connectedness of
G and the openness of %% imply that (B%).G < B%. Hence, the claim is true for G.
O

Similarly, the Lie group GL(2n,C) acts on #* from the right, the real Lie subgroup
{diag(G,H); G,H € GS} (4.16)

of GL(2n,C) acts on B¢, and the meanings of [A | B].G and ¥.G in this general situation
are obvious. Note that when n is even, B3%5.G = B for any G € GS.

We will always let (2.6) be the given QDE. Recall that its matrix form is (2.9). We have
the following results about the values of its fundamental matrix .
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PROPOSITION 4.2. (i) For any A € C and x € [a,b], ®(x,A) € GL(n,C).
(ii) Assume that F is E-symmetric and w is real-valued, then ®(x,A) € G$ for any
AeRand x € [a,b].

PROOF. (i) This is because @(-,A) is a fundamental solution of (2.9).
(i) Under our assumptions, F + (—i)" AW is 4%-valued for every A € R. Thus, the claim
follows from the fact that ®(a,A) =1 € GS. O

Now, we start our discussions on various sets of BCs having certain eigenvalues. First,
generalizing [15, Theorem 4.1], we have the following result.

THEOREM 4.3. Let A € C. Then, among all the complex boundary conditions, [® (b,
A)| =11 is the unique one that has A as an eigenvalue of geometric multiplicity n.

PROOF. The proof is very similar to that of [15, Theorem 4.1], and hence we omit it.
|

We will call the complex curve
A— [@(b,A)|-I], AeC, (4.17)

in N jf, C o€ the complex characteristic curve for the QDE (2.6) and denote it by &€,
where N = {n+1,n+2,...,2n}, while the analytic real curve

A—[®(b,A)-I], AER, (4.18)

will be called the real characteristic curve for the QDE and given the notation %%. Note
that R ¢ N} c s® if F+ (—i)"AW is real-valued for every A € R. Moreover, 3% c 0§ ¢
BC when F is E-symmetric and w is real-valued.

Theorem 4.3 implies that any complex BC not on %€ only has eigenvalues of geomet-
ric multiplicities less than or equal to n — 1. Note that s¢¢ has complex dimension n?,
while @€ ¢ #€ is just an analytic subset of complex dimension 1. So, it is very rare for a
complex BC to have an eigenvalue of geometric multiplicity n. Moreover, B¢ has (real)
dimension n? > 4. Thus, it is also very rare for a complex selfadjoint BC to have an
eigenvalue of geometric multiplicity n. Similarly, since ®® has dimension 2k? + k > 3 if
n =2k or n = 2k + 1, it is still very rare for a real selfadjoint BC to have an eigenvalue
of geometric multiplicity n.

Next, we want to determine all the complex BCs that have a fixed A € C as an eigen-
value. Let ‘é§ be the set of these BCs, that is,

€$ = {[A|B] €4S det(A+Bd(b,A)) =0}. (4.19)

Then, %”f has its obvious meaning. For K = C or R and A € K, we will call %"f the A-
hypersurface in s{¥. When A € R such that ¢(b,A) is real,

€R =¢R.d(b,A) = {[A®(b,A)|B]; [A| B] € €®}

4.20
={[A1B2(,A)']; [A| B] e €"}, e
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where
¢® = {[A | B] € 4®; det(A+B) = 0}. (4.21)
Similarly, for any A € C,

¢¢ =¢C.p(b,A) = {[A®(D,A)|B]; [A | Bl €€}

4.22
= {[A|B&(b,A)']; [A|B] €€C}, .

where
¢C = {[A| B] € 4%; det(A+B) =0]. (4.23)

Therefore, we have proven the following generalization of [15, Theorem 4.3].

THEOREM 4.4. (i) The complex characteristic curve determines all the eigenvalues for
each complex boundary condition in the explicit manner given in (4.22) and (4.23); when
F + (—1)"AW is real-valued for every A € R, the real characteristic surface determines
all the real eigenvalues for each real boundary condition in the explicit manner given in
(4.20) and (4.21).

(ii) Each %% is the image of €< under a diffeomorphism of si¢ given by a Lie group
action, which sends €® to the corresponding %;\R when both A and & (b, ) are real.

REMARK 4.5. From the point of view of differential topology, the subsets €$, A € C,
of s4€ are the same as €. This means that the shapes of the sets %§ do not depend on
the actual QDE in question. There are similar statements about the subsets €%, where
A € R such that @ (b, A) is real, of #R.

REMARK 4.6. The subsets €$, A € C, of (€ are solely determined by @ (b,A), and
no more information about the QDE is needed. Moreover, the way in which &(b,A)
determines %jﬁ is independent of the QDE in question. In other words, the eigenvalues
for the complex BCs are determined by the QDE via an intermediate and geometric
object—the complex characteristic curve %C. There are similar statements about the
subsets %“f, A € R, of 4R and the real characteristic curve &® when F + (—i)"AW is
real-valued for every A € R. These observations imply the following generalization of
[15, Corollary 4.6].

COROLLARY 4.7. (i) Let A, and Az be two complex numbers. If there is a complex
boundary condition having A and Ay as eigenvalues of geometric multiplicity n, then
any complex boundary condition having one of A, and A as an eigenvalue must have
both of them as eigenvalues.

(i) When F + (—1i)" AW is real-valued for every A € R, the result in (i) is still true if only
real boundary conditions and real eigenvalues are considered.

For an example illustrating this corollary, see [15, example after Corollary 4.6].

REMARK 4.8. Theorem 4.4 raises the following question: how can one determine the
QDE (2.6), that is, its coefficient function matrix F and its weight function w, using the
geometric properties of the complex or real characteristic curve?
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REMARK 4.9. Note that each ‘6% is an algebraic variety in {€ = Gonn (Q). Thus, if
2 <i<?2n?and Gy,...,G; are in GL(n,C), then the intersection of €¢Gy,...,€%G; is
generically of (real) dimension 2n? —i—1;if G1,Go,..., and G,,,2 are in GL(n,C), then
the intersection of €©.G1,€%.Go,..., and €€.G,,2 is generically empty. Hence, given
a QDE, it is very “rare” for a fixed set of 2n? complex numbers to be eigenvalues of
a complex BC at the same time. Similarly, given a QDE with F + (—i)"AW being real-
valued for every A € R, it is also very “rare” for a fixed set of n2 + 1 real numbers to be
eigenvalues of a real BC at the same time.

Now, we give a topological description of the sets %% c A% A e C, and %;\R c AR,
A € R. For this purpose, we only need to look at €€ and €&, by (4.20) and (4.22).
We first consider ¢®. Note that

ERNNR 2 on = {[A+I|=I]; A€My, (R), detA =0} (4.24)

can be regarded as a cone in M, , (R) with vertex A = 0 and generating set
FR = {AeMpn(R); 1 <rankA <n-1, [All:2 =1}, (4.25)
that is,

ERNNE nioon={[EA+I|-I]; A€ F®, £ =0}. (4.26)

.....

Let 1 < m < n— 1. The matrices in My, (R) with rank m can be divided into disjoint
subcollections parameterized by the subspace of R" spanned by the rows of such a
matrix. Fix an orthonormal basis {vy,...,v,,} of an m-dimensional subspace V of R"
consisting of row vectors. For any m linearly independent column vectors

C11 Cim
C21 Com

a=| . |,.,Cn= oy 4.27)
Cnl Cnm

we have an element

ci1iVi++--+CimVm

C21Vy+ -+ ComVm
(4.28)

CniVi+ -+ CnmVm

of the subcollection corresponding to V, and every element of the subcollection can be
uniquely written in this form. To get a linearly independent vector, just pick a nonzero
vector; to get two linearly independent vectors, first take a nonzero vector ¢; and then
pick anonzero vector not in the subspace spanned by c¢;, and so on so forth. The square
of the norm of the element given by (4.28) is ||c1||§,. +oee 4 Hcmllfw. Forl<l<n-2,
topologically,

§1’L—1 \ Rl _ §n—1 \§l—l ~ Rn_l \ |Rl_1 ~ §n—1—l < R¥ x Rl_l ~ §n—l—1 % Rl. (4.29)
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Thus, topologically,
¥ Gr(R") xS
UG (R™) xS™ I xR* x (S" 1\ R)
UG3(R™) X S™ I xR* x (S" 1\ R) x R* x (S 1\ R?)
U UGy 1 (R") xS xR x (S" 1\ R)
XRT XX (STTVRT )X R x (ST 1\ R"2) (4.30)
=~ Gp (R™) x §™!
UGz (R?) xS I x §" 2 x R?
UG3(R™) xS 1 xS 2 x S" 3 x R?
U+ UGp_ (R?) xS 1 x -+ - xS x RM*~n=2)/2

ERNNT, o \NR 2 on) =1IIB]; BEMyu(R), detB=0, det(I+B) =0};  (4.31)

since detB = 0 and det(I + B) # 0 when B = 0, while detB # 0 and det(I + B) = 0 when
B = —1I, we see that none of the polynomials detB and det(I + B) is a factor of the other,
and hence the part of %’;R \N,Hl n2,..0m in Nl 5 has a dimension less than that of ¢R.

..........

..........

ERNNE o { lim [EA+1|—1I7; AE@R}. (4.32)
E—+o0
Let A be the matrix given by (4.28) and assume that its i;th row a;,,...,i,nth row a;,,

are linearly independent. Then, there is a matrix C*+ € Mj;_,, ,, consisting of row vectors
annihilating c;,...,¢;, (corresponding to row operations bringing the remaining n —m
rows of A all to 0) such that for any & € R,
Eail + iil _iil
[EA+I|-1]= : aE (4.33)
&a;, +1ij, [—ij,
ct —C+

where i; is the ith row of I for 1 < i < n. Thus,

ail 0 A% 0
lim [EA+I|-I1]1=]| - o= S, (4.34)
E—+o0 aim 0 Vi 0

ct|-C* Cct|-C*

that is, the limit is uniquely determined by the subspaces V and spang{ci,...,Cpn}.
Hence, topologically,

ENNE i on = GLHR™)Z UG (R U= - - UGy (R™)?. (4.35)
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Next, we consider €€. As above,

€N iz, on = {TA+II=I1; A € My (C), detA =0} (4.36)

.....

can be regarded as a cone in M, , (C) with vertex A = 0 and generating set
FC={AeMpu(0); 1 <rankA <n—1, [All o2 =1}, 4.37)
and topologically,

FC = Gy (C") x 21!
UG (C") x S I RY x (S2 1\ Q)
UG3(C") x SP I xR X (S 1\ C) xR x (§2"~ 1\ C?)
U- UGy 1 (CY) xS X RT x (S 1\ Q)
XRY X o x (SPINC3) X R x (§2 1\ € 2) (4.38)
~ G (CM) « §2n-1
UG, (C") x §2 1 x §2n73 x R3
UG3(C") x §2 1 x §2173 % §21-5 x R8

Us UG (C?) xS2 1.+« x §3 x R =21,

For a topological manifold M, a topological M-bottle is a quotient space N that one
obtains from M x [0, 1] via modeling M x {0} by an equivalence relation on M to form
a subset of N, to be called the top of N, and modeling M x {1} by another equivalence
relation on M to form a topological submanifold of N, to be called the bottom of N.
In this case, M x (0,1) is called the side of N. With the concept of topological bottle in
hand, what we have proven above can be summarized in the following theorem.

THEOREM 4.10. (i) The hypersurface €R in si® is a topological F® -bottle with a point
top and a bottom given by (4.35), while the map gluing its side to its bottom is specified
by (4.34). Moreover, a topological description of FR is given by (4.30).

(ii) The complex hypersurface €€ in si€ is a topological F©-bottle with a point top and
a bottom

ENNG 1z on = GL{C) UG (CM) U+ UGy (CY)7, (4.39)

.....

while the map gluing its side to its bottom is also specified by (4.34). Moreover, a topo-
logical description of FC€ is given by (4.38).

Finally, for each real number A, we can consider the subset of BCs in 3% (or &%)
that have A as an eigenvalue, to be called the A-subset in B® (or BC). When n is odd, we
define the A-subsets in %R and %% similarly, and each A-subset in %R is the union of the
corresponding A-subsets in B® and BR. When F is E-symmetric and w is real-valued,
by Proposition 4.2(ii), we can characterize the A-subsets in B¢ using ¢ N % just as we
characterized €5 using ¢C. There is a similar statement for the A-subsets in %® when
n is even. It is quite involved to characterize the A-subsets in B® when # is odd, and
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it is even more involved to describe the A-subsets in B¢ or ®® topologically. We plan
to do these in a forthcoming publication. Here we only give an example showing that
when n is odd, the A-subsets in %% are complicated in general, even their dimensions
can differ for different values of A.

EXAMPLE 4.11. Let n = 3. Consider the QDE
Qy =2Ay on(0,1), (4.40)

with E-symmetric coefficient matrix

(4.41)

o]
Il
oS O O

1
0
0

oS = O

Since F is real, so is ¢(1,0). Thus, by Proposition 4.1, (3%).4(1,0) = B, Hence, by
Theorem 2.3, 0 is an eigenvalue for each selfadjoint BC in %%, that is, the 0-subset in
AR is BR and hence has dimension 3. Direct calculations show that the characteristic
function for the general BC

1 0 —%dz 0 d -c—de
0 1 —d 0 1 —e (4.42)
0 0 c -1 e f%ez
in BR is
A(A) =0+p(c,d,e)A +higher terms in A, (4.43)

where p is a polynomial of degree 4. So, when A # 0 is real and sufficiently close to 0,
the A-subset in %% has a dimension less than or equal to 2.
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