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ON DEFINING THE PRODUCT » k. V!i§
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Let p(s) be a fixed infinitely differentiable function defined on R* = [0,) having the
properties: (i) p(s) > 0, (ii) p(s) = 0 for s > 1, and (iii) [gm Sn(x)dx = 1 where 5, (x) =
cmn™p(n2r?) and ¢y is the constant satisfying (iii). We overcome difficulties arising from
computing V!§, and express this regular sequence by two mutual recursions and use a
Java swing program to evaluate corresponding coefficients. Hence, we are able to imply the
distributional product » % . V1§ for k = 1,2,... and [ = 0,1,2,... with the help of Pizetti’s
formula and the normalization.

2000 Mathematics Subject Classification: 46F10.

1. Introduction. The sequential approach has been one of the main tools in dealing
with products, powers, and convolutions of distributions introduced by L. Schwartz in
1951 as linear and continuous functionals on the testing function space whose elements
have compact support. In 1972, Antosik, Mikusinski, and Sikorski gave a definition for
a product of distributions using a delta sequence. However, 52 as a product of § with
itself was unable to be defined. Fisher [2] has actively used Jones’ d-sequence of one
variable and the concept of neutrix limit of van der Corput [7] to deduce numerous
products, powers, convolutions, and compositions of distributions on R since 1969.
To extend such an approach from one-dimensional to m-dimensional, Li and Fisher [6]
constructed several “useful” §-sequences on R™ for noncommutative neutrix products
such as % - A§ as well as the more general v % - AL§, where A denotes the Laplacian.
Their methods of completing such products are totally based on the facts that A, is
computable and a bridge distribution (d*/dr*)d can act like AlS, except for a constant
difference.

To make this paper as self-contained as possible, we start with a fixed infinitely
differentiable function p(x) on R with the following properties:

i) p(x) =0;
(i) p(x) =0 for |x| =1,
(iii) p(x) =p(=x);
iv) [' p(x)dx =1.
The function 6, (x) is defined by 6,,(x) = np(nx) for n =1,2,... (due to Jones). It fol-
lows that {6, (x)} is a regular sequence of infinitely differentiable functions converging
to the Dirac delta function § (x) in the distributional sense.
Now let 9% be the testing function space of infinitely differentiable functions of a
single variable with compact support, and let %’ be the space of distributions defined
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on %. Then if f is an arbitrary distribution in %', we define
Sn(x) = (f*0n)(x) = (f(1),0n(x~1)) (1.1)

for n =1,2,.... It follows that {f, (x)} is a regular sequence of infinitely differentiable
functions converging to the distribution f(x) in %’.

The following definition for the noncommutative neutrix product f o g of two distri-
butions f and g in @’ was given by Fisher in [2].

DEFINITION 1.1. Let f and g be distributions in %’ and let g,, = g * d,. The neutrix
product fog of f and g exists and is equal to h if

N=lim (fgn,$) = (h,®) (1.2)

for all functions ¢ in %, where N is the neutrix (see [7]) having domain N = {1,2,...}
and range N/, the real numbers, with negligible functions that are finite linear sums of
the functions

r—1

n*n" 'n, nM"n (A>0,r=1,2,...) (1.3)

and all functions of n which converge to zero in the normal sense as n tends to infinity.

The product of Definition 1.1 is not symmetric, and hence, fog + go f in general.
Extending definitions of products from one-dimensional space R to an m-dimen-
sional space R™ by using appropriate delta sequences has recently been an interesting
topic in distribution theory. The following work on the noncommutative neutrix prod-
uct of distributions on R™ can be found in [6].
Let ¥ = (x?+---+x2,)"/2 and let p(s) be a fixed infinitely differentiable function
defined on R* = [0, o) having the following properties:
@) p(s)=0;
(ii)) p(s) =0fors >1;
({ii) [gm On(x)dx = 1;
where 8, (x) = c,nn™p(n?r?) and ¢y, is the constant satisfying (iii).
It follows that {6, (x)} is a regular 6-sequence of infinitely differentiable functions
converging to 6(x) in 9,, (an m-dimensional space of distributions).

DEFINITION 1.2. Let f and g be distributions in %,, and let
In(x) = (g% 6n)(x) = (g(x—1),6n(1)), (1.4)

where t = (t1,1t2,...,tm). The neutrix product f - g of f and g exists and is equal to h
if

N_}llllolo (fgn:d)) = (hl¢)l (15)

where ¢ € %, (an m-dimensional Schwartz space) and the N-limit is defined as above.
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With Definition 1.2, Li [4] shows that the noncommutative neutrix product ¥ % - vV§
exists. Furthermore,

1 m
-2k , — CAk+1
¥ Vé 2k+1(k+1)!(m+2)---(m+2k)i:Zl(XlA %), (1.6)
ri-2k.v§ =0,

where k is a positive integer and V is the gradient operator. By using Lemma 3.2,

(x; AF18) = =2(k+1)V(AKS), k=0, (1.7)

IVE

-
Il
[

in [5], we have

vV (AkS)

72k| =
TV S e 2) - (m 2k

(1.8)

2. The distributions 7* and p(x)x?}. We consider the functional +* (see [3]) defined
by

(rt, ) :I e (x)dx, (2.1)
RM

where Re(A) > —m and ¢(x) € 9,,. Because the derivative

a%(r",d)) = Jr"lnrqb(x)dx (2.2)
exists, the functional #* is an analytic function of A for Re(A) > —m.

For Re(A) < —m, we should use the following identity (2.4) to define its analytic
continuation. For Re(A) > 0, we could deduce

AP = A+ 2)A+m)r? (2.3)

simply by calculating the left-hand side, where A is the Laplacian operator. By iteration,
we find for any integer k that

AkyA+2k
A = . (2.4)
A+2)---(A+2k)A+m)---(A+m+2k—-2)
On making substitution of spherical coordinates in (2.1), we come to
(r, ) :J r"{J d)(rw)dw}rm’ldr, (2.5)
0 r=1

where dw is the hypersurface element on the unit sphere. The integral appearing in
the above integrand can be written in the form

J _ Prw)dw =0mSq (1), (2.6)
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where Q,, is the hypersurface area of the unit sphere imbedded in the Euclidean space
of m dimensions and S is the mean value of ¢ on the sphere of radius 7.

It was proven in [3] that S4 () is infinitely differentiable for + = 0, bounded support,
and

Sp(r) = Pp(0) +arr® +asr* + - - - + arr®* +o(r?) (2.7)

for any positive integer k. From (2.5) and (2.6), we obtain
() = QmJ rMmelSy (rdr, (2.8)
0

which indicates the application of Q,,x% with u = A+ m —1 to the testing function
S¢ (). Using the following Laurent series for x? about A = —k:

A (_1)k—15(k—1)(x) i i
X*_—(k—l)!(A+k) +x "+ (A+k)x“Inx + , (2.9)
we can write out the Taylor series for S¢ (+), namely,

Sp(r) = p(0) + %S;(O)rz teet ﬁsﬁﬁ’“ (014 ...

Ak (0)r2k (2.10)

:go 2kkim(m+2) - - - (m+2k—2)’

which is the well-known Pizetti’s formula.
Let u(x) be aninfinitely differentiable function on R* having the following properties:
@) u(x)=0;
(ii) p(0) =* 05
(iii) p(x) =0 for x > 1.
Let ¢p(x) be a testing function. Then the functional

1
(n(x)xt, ) = JO p(x)x e (x)dx (2.11)

is regular for ReA > —1. It can be extended to the domain ReA > -n—1 (A = -1,-2,...)
by analytic continuation following Gel’fand and Shilov (see [3]):

1
(L)X, ) = L H0X P (x)dx

gD (0)p (0 )
(k-1 (A+k)

k=1
1

+J u(x)x"[¢(x) —p0)—xPp' (0)—---—
0

xn—l
(n-1)!

qs("*“(())]dx
(2.12)

on applying the mean value theorem with 0 < 0x_; < 1 for 1 < k < n. This means that
the generalized function u(x)xﬁ is well defined for A = —1,-2,....
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We thus normalize the value of the functional (u(x)x?,¢) at —n by
(H(x)x ", )

S R ({0

Z (k=Di(-n+k) (2.13)

1
+J ux)x™- [cb(x) —p(0) —xp'(0) —---—
0

(n 1)'4)(” B (0)] *

3. An approach to V!§,. In order to derive V!§,, we define

D¥ = 2kn2kpM)(n2y2), k=0,1,2,...,

m (3.1)
X =2 xi
i=1
for a fixed function p.
Hence,
5 m a m
vDk = z S (anzkp(k) (nZTZ)) _ 2k+1n2(k+1)p(k+1) (n21,2) in
i=1 i=1 (3-2)
— ok nz(k+l)p(k+l)(n2T2)X — D+l .
It follows that
V(D¥XJ) = VD*XJ + D*V X/ = DD X7+l 4 m jDRXI-1, (3.3)

The following lemma will play an important role in computing the product % . V!§.

LEMMA 3.1. The expressions V2 p(n?r?) and V21 p(n?r?) must be in the following
forms, respectively:

v21+1

1
v2p( Z ml-iptix2i (3.4)
Z l ]+1Dl+JXz] 1 (3_5)

where {b } and {c } are constant coefficients with conditions bJ = cﬁll 1 for j =

0,1,2,. andl—O,l,Z

PROOF. We use an inductive method to show Lemma 3.1. It is obviously true for
(3.4) as L = 0. Indeed, V°p(n2r?) = p(n?r?) = Z?:o b?mO*fDO*J'XZJ = D% = p(n2r?).
Setting [ = 0 in (3.5), the left-hand side is Vp (n2r?) = DX whereas the right-hand side
is equal to

0+1
> cim IOt xA L — DX, (3.6)
j=1

Hence, Lemma 3.1 holds for [ = 0.
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By an inductive hypothesis, we assume Lemma 3.1 has been established for [ =
0,1,2,...,k. Hence we need only to show the case when [ = k + 1 by using our assump-
tions:

v2(k+1)p(n21,2) — V(V2k+1p(1’121’2))

— C}<+1mk—j+lv(l§k+jx2j—l)

j=1
k+1
_ C§+1mk—1+1(D~k+J+1X21+m(2j_1)Dk+jX21—2)
Jj=1
k+1
_ Z (C;c+1mk—j+lljk+j+1X2j+CJI;+1m(2j_1)mk—j+1Dk+jX2j—2)
Jj=1
— C]l(cillmk+1—(k+1)Dk+k+1+1X2(k+l)
k+1
4 (Cﬁll+(Zj_1)C§+1)mk—j+2Dk+1X2j-2+C{<+1mk+1Dk+1_
j=2

(3.7)

By setting bt} = cff} =1, ¥ = c¥*l+ (2j-1)ek*! for 2 < j <k+1,and b§*' = cf*,
we come to

V2(k+1)p(n21,2) _ bl]zﬂmk+(k+1)—1Dk+k+1+1X2(k+1)

k+1
+ Z b?j%mk—j+2D~k+JXzJ—2 +b’(§”mk+1l§k+1
j=2 (3.8)
k+1
_ Z Pkt k—i+1 Pk+1+j x 2]
j ,
Jj=0

which completes the first part of Lemma 3.1.
As for V2k+D+15(5n292) we have the following by hypothesis:

vZ(k+1)+1p _ V(Vz(k+l)p(1’l21’2))

-V (kil b§+1mkj+1Dk+l+jX2j)
Jj=0
k+1
_ Z b§+1mk—j+1v(Dk+l+jX2j)
Jj=0
k+1
_ bg+lmk+lka+l + Z b§+1mk—j+lv(Dk+l+jX2j)
j=1
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_ b16+lmk+1Dk+2X

k+1
+ Z (b}g+1mk—j+1D*k+j+2X2j+1 +2jb§+1mk—j+2Dk+j+1X2j—l)
j=1
_ b(l§+lmk+1f)k+2x+2bll<+lmk+lﬁk+2X
k+1
+ Z bk+ +2ka+1) k- J+2Dk+]+1X2J—1

+ bllz_ﬂmk+1—k—1Dk+k+1+2X2(k+l)+1.

(3.9)
By denoting c§*? = bX*1 +2jbk*!, cf "2 = 2b{*! + b§*!, and ¢f13 = bt} = 1, we finally
get
k+2
v2k+3p _ Z C}<+2mk—j+2Dk+j+1X2j—1, (3.10)
j=1
which has the form in Lemma 3.1. O

LEMMA 3.2. The coefficient {b;} in Lemma 3.1 can be recursively obtained by the
following relations, which are used to compute {CJl-+1} in (3.5):

byt =2bt +bh, B =0,

bi=1, j=0,1,2,..,

Bt = bl , 20— 1)bl, + (i = 1) (bh, +2jb}), 2
bi*h = 4l+bj | +1.

(3.11)

IA
~.
IA

PROOF. We can deduce Lemma 3.2 from the following identities obtained in the
verification of Lemma 3.1:

l L il
ctt=bt  +2jbt,
ci™! = 2b} + by,

=1, j=1.2,.., (3.12)

+1 _ Ll+1
by =

’

bl =i+ 2j-1Delt, 2<j<l+1. .

At the end of this paper, we have attached a nicely structured Java application pro-
gram to compute {b;} and {cﬁ-} by using the Java swing package. One only needs to
enter values of j and [ in order to find the corresponding coefficients (this work is
mainly due to my research assistant Jeff Liu).

4. The main results. In this section, we utilize the results of V!§,, obtained in Section
3 to derive the distributional product % . V!§.
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THEOREM 4.1. The noncommutative neutrix product v = - V2.5 exists. Furthermore,

b;ml’j(—l)l+szjAk+l+j5
(k+1+j)R2k+lvi(m+2l+2j) - (m+2k+2l+2j-2)’ (4.1)

,’,—Zk . V216 _ Zl:

j=0
T_2k+1 ) v216 — 0,

where k =1,2,...and1=0,1,2,....
In particular, we let I = 0 to get
NKS
k2km(m+2)--- (m+2k-2)

B AkS
kRkm(m+2) - (m+2k-2)’

r=2k.5 =bIm°(-1)°

(4.2)

which is identically equal to the result obtained by Li and Fisher in [6].

PROOF. From (3.4), we have

(r kv, ) - |

r*v2s, pdx
Rm

!
- cmnmJ rk ( > bﬁ.mlfﬁ”jX21> Pdx
RM -
j=0
l . . .
=> cmnmJ r*pim! DX pdx
J=0 Rk
!
S bﬁ_ml—Jch’ Pkl 2D em (140) (n20:2) X2i b dx
: RrM
Jj=0

_ ibﬁ.ml*fz”fnz”””mcmj rkp WD) (n2r2) X21 b dix

J=0 R

l 1/n

_ Z b§ml—j21+jn2(l+j)+mcm9m JO Tm—k—lp(l+j) (nZVZ)SWj (r)dr,

=0

! (4.3)

where @; = X2/ ¢.

Using Taylor’s formula, we obtain

Sy (r) = o S‘(l’ij)'(o)ri i S‘(!’I;+Zl+2j)(0) pkr2lr2j St(llkiJrZHZjH) (917’) phrale2j+l
i = i! (k+21+2j)! (k+21+2j+1)!
= Il +12 +I3,

(4.4)

where 0 < 0; < 1.
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Substituting I, I, and I3 into (4.3) above, we have three corresponding parts, namely,
Ty, T», and T3, respectively. Following the techniques used in [1, 4] and the normaliza-
tion of (2.13), we can show that

N‘}HE%TFO’ N_}liI?oT3:O’ 4.5)
fork=1,2,...and 1 =0,1,2,....

On making the change nr = t, it follows from above that

T2:21+jn2(l+j)+mc Q Jl/nrmklp(l+j)(n21,2)S‘(I’Ij+21+zj)(0)rk+zl+2jd1,
o (k+20+27)! £6)

B S&}IZ+2l+2j) (0)

1
_ m21+‘icm9m L gme2Le2i-1 5 (040) (12) gy

Integrating by parts, we get

1 1
) ) 1 ) )
L grr2be2i=1 o) (42) g = 5 JO pm2be2i=2 o (1) (42) g2 — ..

(_1)l+j 1 ;
= (m+2l+2j-2)---(m+2)m- | p(t3)t™ ldt.
2L+ 0
4.7)
Therefore,
(k+21+27)
T =(—1)l+~7m(m+2)---(m+21+2'—2)%7(0) (4.8)
2 J= 2t 2 '
It follows from Pizetti’s formula in (2.10) that
Sy, o) AR (0) (4.9)
Qk+21+2)!  (k+1+j)Rk+im(m+2) - - - (m+2k+21+2j-2)° ’
which completes the proof of Theorem 4.1. |

THEOREM 4.2. The noncommutative neutrix productv =% - V2*1§ exists. Furthermore,

I+1 C§+1ml—j(_1)l+jX2j—lAk+l+j5

=2k g2l+1§ —
reevee mjgl(k+l+j)!2’<+l+i(m+2l+2j)---(m+2k+2l+2j72)’ 4.10)

y2k+l Rl — 0,

where k =1,2,...and1=0,1,2,....
In particular, we let I = 0 to get

XAk+16
(k+D)Rk1(m+2)---(m+2k)
XAk+16
Tk DRI (M +2) - (m+2k)

r 2%.v5 =cimO(-1)0*!
(4.11)

which is obviously identical with the result obtained by Li in [4].
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PROOF. The proof immediately follows the above. O

From our result, we can easily derive the product V¥»~".V!§ where V = >, 0/0x;.
The author leaves this for interested readers.

Appendix
YAk APPENDIX
This program computes coefficients
*/

import javax.swing.*;
import java.awt.*;
import java.awt.event.*;

public class algorithm
{
public Component createC()
{ final JTextField up=new JTextField("™");
final JTextField Tow=new JTextField("");
final JTextField valueB = new JTextField("");
final JTextField valueC = new JTextField("");
JButton buttonl = new JButton("Find ");
JButton button2 = new JButton("Clear");

valueB.setEnabled(false);
valueB.setFont(new Font("Dialog",Font.BOLD,14));
valueC.setEnabled(false);
valueC.setFont(new Font("Dialog",Font.BOLD,14));

buttonl.addActionListener(new ActionListener()
{ public void actionPerformed(ActionEvent e) throws NumberFormatException
{ String ut=up.getText();
String lt=low.getText();
try
{ Tong x= Integer.parseInt(ut);
long y= Integer.parseInt(1t);
if(y<0 || x<y)
{ if(y==1 && x==0)
valueB.setText("0");
else
valueB.setText("Undefined!");
valueC.setText("Undefined!");
}
else
{ valueB.setText(""+findB(x,y));
if(y<l)
valueC.setText("Undefined!");
else
valueC.setText(""+findC(x,y));
}
}

catch(NumberFormatException ne)
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{ valueB.setText("Invalid input!™);
valueC.setText("Invalid input!™);
}
}
b

button2.addActionListener(new ActionListener()
{ public void actionPerformed(ActionEvent e)

{
up.setText("");
Tow.setText("");
valueB.setText("");
valueC.setText("");
}

IDH

JPanel pane = new JPanel();
pane.setBorder(BorderFactory.createEmptyBorder(50,50,50,50) );
pane.setlLayout(new GridLayout(5, 2));

pane.add(new JLabel("Enter Up Index (u): "));
pane.add(up);
pane.add(new JLabel("Enter Low Index (1): "))

pane.add(low) ;

pane.add(new JLabel("b Cu , 1) :"));
pane.add(valueB);

pane.add(new JLabel("c Cu , 1) :"));
pane.add(valueQ);

pane.add(buttonl);

pane.add(button2);

return pane;

3

public static long findB(long up,long Tow)
{ if(up==Tow)

return 1;
else if(low==0&&up>0)
{ ifCup==D)
return 1;
else

return 2*findB(up-1,1)+findB(up-1,0);
}
else if(low>0&&up>Tow)
{ if(up-Tow==1)
return 4*Tow+findB(Tow, low-1)+1;
else
return findB(up-1,Tow-1)+2*Tow*findB(up-1,Tow)+
*Tow+1)*(findB(up-1,Tow)+2* (Tow+1) *findB(up-1, Tow+1));
}
else
return 0;

}

public static long findC(long up,long Tow)
{ it (low>0&&1ow==up)
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return 1;
else 1if(low==1&&up>Tow)
return findB(up,0);
else
return findB(up-1,Tow-1)+2*Tow*findB(up-1,low);
}

public static void main(String[] args)
{
JFrame frame=new JFrame("algorithm:");
algorithm app = new algorithm();
Component contents = app.createC();
frame.getContentPane() .add(contents, BorderLayout.CENTER);
frame.addwWindowListener(new WindowAdapter()
{ public void windowClosing(WindowEvent e)
{ System.exit(0);
}
b;
frame.pack();
frame.setVisible(true);

[»;; algorithm: H=] E3

Enter Up Index {u): 5
Enter Low Index (I): 3
biu,l): 630
ciu,l): 378

Find | | Clear
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