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A subset of an abelian semigroup is called an asymptotic basis for the semigroup if every
element of the semigroup with at most finitely many exceptions can be represented as the
sum of two distinct elements of the basis. The representation function of the basis counts
the number of representations of an element of the semigroup as the sum of two distinct
elements of the basis. Suppose there is given function from the semigroup into the set of
nonnegative integers together with infinity such that this function has only finitely many
zeros. It is proved that for a large class of countably infinite abelian semigroups, there
exists a basis whose representation function is exactly equal to the given function for every
element in the semigroup.
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1. Additive bases for semigroups. Let N, Ny, and Z denote the positive integers,
nonnegative integers, and integers, respectively. Let X be an abelian semigroup, written
additively, and let A and B be subsets of X. We define the sumset

A+B={a+b:acA, beB} (1.1)
and the restricted sumset
AfB={a+b:ac A, beB, a=+b}. (1.2)

In particular, for A = B, we have

2B=B+B={b+b":b,b’ € B},

N 1.3
2AB=BiB={b+b' :b,b’ €B, b+Db'}. (1.3)
For every positive integer h we introduce the dilation
hxB={hb:beB}={b+---+b:becB}. (1.4)
—
h summands
Then,
2B=(2AB)U(2%B). (1.5)

Additive number theory is classically the study of sums of subsets of the semigroup
of nonnegative integers. In this paper, we extend the classical theory to a large class of
abelian semigroups.
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If X is a group and A, B < X, then we can also define the difference set
A-B={a-b:acA, beB}. (1.6)

We have —A={0}-A={-a:acA}.
Let B be a subset of the semigroup X. We associate to B two representation functions,
¥g(x) and 7z (x). The restricted representation function

f’B!X—>NOU{OO} (1.7)

of the set B counts the number of ways an element x € X can be written as a sum of
two distinct elements of B, that is,

7p(x) =card ({b,b’} <B:b+b' =x, b+Db"). (1.8)
The representation function
TB!X—>NOU{OO} (1.9)

of the set B counts the number of ways an element x € X can be written as a sum of
two not necessarily distinct elements of B, that is,

rp(x) =card ({b,b’} < B:b+b" =x). (1.10)

If every element of X can be represented as the sum of two distinct elements of B,
that is, if 2 A B = X, or, equivalently, if 7g(x) > 1 for all x € X, then the set B is called
a restricted basis for X. If 73(x) = 1 for all but finitely many x € X, then B is called a
restricted asymptotic basis for X.

Similarly, if every element of X can be represented as the sum of two not necessarily
distinct elements of B, that is, if 2B = X, or, equivalently, if vz(x) > 1 for all x € X, then
the set B is called a basis for X. If ¥g(x) = 1 for all but finitely many x € X, then the
set B is called an asymptotic basis for X.

A famous conjecture of Erdds and Turan [2] in additive number theory states that if
a set B of nonnegative integers is an asymptotic basis or a restricted asymptotic basis
for Ny, then the representation functions rz(x) and 7z (x) must be unbounded. This is
still an unsolved problem for the semigroup of nonnegative integers under addition, but
analogues of the Erdds-Turan conjecture do hold in some other abelian semigroups. For
example, let a and b be nonnegative integers and define axb = max(a, b). Then (Ny, *)
is an abelian semigroup with identity 0. If B is a nonempty subset of Ny, then 2B = B and
2AB =B\ {min(B)} in (Ny, *x). It follows that if B is an asymptotic basis or a restricted
asymptotic basis for Ny, then B must contain all but finitely many nonnegative integers.
Moreover, if card(Ng\B) = £, then 1g(n) = n+1—t and 73(n) = n—t for all sufficiently
large n, and so

limsuprp(n) = limsup#g(n) = co. (1.11)

Nn—oo n—oo

For the semigroup (N, -) of positive integers under ordinary multiplication, Erdos
[1] proved that if B is an asymptotic basis for the multiplicative semigroup N, then
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the representation function 7z(n) is unbounded. NeSetril and Rodl [6] gave a simple,
Ramsey-theoretic proof of this result, and Nathanson [4] and Pus§ [8] generalized Erdos’
theorem in different directions.

The story is very different for the abelian group Z of integers. There exist subsets B
of integers such that 2B = Z and the representation function 7 (x) is bounded. Indeed,
Nathanson [5] has constructed “dense” bases B for the integers such that 3 (x) = 1 for
all x € 7. Similarly, there exist subsets B of integers such that 2AB =7 and #3(x) =1
for all x € Z. A special case of a theorem in this paper is that there is no constraint on
the restricted representation functions of restricted asymptotic bases for the integers,
nor on the representation functions of asymptotic bases for the integers. This means
that for any function

f:Z — Nou {oo} (1.12)
such that
card (f71(0)) < oo, (1.13)

there exists a set B < Z such that 73(x) = f(x) for all x € Z. Indeed, we prove that if G
is any countable abelian group such that 2 *x G is infinite, then every function

f1G — Ngu {oo}, (1.14)

with card(f~1(0)) < o, is the restricted representation function 73 of some set B ¢ G,
and is also the representation function 73 of some set B’ < G.

In this paper, we study the more general case of additive abelian semigroups of the
form X = S & G, where S is a countable abelian semigroup and G is a countably infinite
abelian group. A semigroup of the form S & G, where S is a semigroup and G is a group,
will be called a semigroup with a group component. The main result of this paper states
that if X = S G is an abelian semigroup with a group component G such that $+S =S
and 2 x G is infinite, then essentially every function is the representation function of
a restricted asymptotic basis for X. A special case of this theorem for groups was
obtained by Pus [7].

2. Representation functions of semigroups with a group component. Let S be a
countable abelian semigroup, and let G be a countably infinite abelian group. Both S
and G are written additively. We do not assume that S is infinite. We will describe the
representation functions of asymptotic bases and restricted asymptotic bases for the
additive abelian semigroup

X=SoG=1{(s,9):s€Sand g € G}. (2.1)

For x = (s,g) € X, we have the projection map 1 : X — G defined by m(x) = g.
We begin with a simple lemma about abelian groups with finite dilation.
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LEMMA 2.1. Let h > 2 and let G be a countably infinite abelian group. The dilation
h x G is finite if and only if

G=Goo | PGal, (2.2)

dlh
a=2

where G is a finite abelian group and G, is a direct sum of cyclic groups of order d.

PROOF. Let G be a group of the form (2.2). If the positive integer d divides h and
if T; is a cyclic group of order d, then h xI; = {0} and so h x G4 = {0}. It follows that
h* G = h * Gy is finite.

Conversely, suppose that h * G is finite. Let y € G. For k > 1 we have hky = h(h¥1y),
and so

{hky:k=1,2,3,...} chxG. (2.3)

Since h * G is finite, there exist positive integers j < k such that h/y = h*Xy, and so y
has finite order. Therefore, G is a torsion group.

Let m be the least common multiple of the orders of the elements of the finite set
h* G. Then, (mh)y = m(hy) =0 for all y € G, and so G is a group of bounded order.
Since an abelian group of bounded order is a direct sum of nonzero cyclic groups [3,
Theorem 6], we can write

G=ED, Tu, (2.4)

where I; denotes the cyclic group of order d. Let y; be a generator of the group Iy,.
Since h x G is finite, it follows that hy; = 0 for all but finitely many i. The set

Ip = {iZ ].:h}/ii()} (2.5)
is finite, and
Go=ED,., (2.6)

is a finite abelian group. If hy; = 0, then y; has order d for some divisor d of h, d > 2.
For every divisor d of h with d > 2, we define

I;=1{i>1:y; has order d},

(2.7)
Ga = 69ieI,,ird'

The set U4 n1q is infinite, and (2.2) holds. This completes the proof. O

Let I° = @;2,I» denote the direct sum of an infinite number of cyclic groups of
order 2.
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LEMMA 2.2. Let G be a countably infinite abelian group. Then 2 * G is finite if and
only if

G =Gy @r??o (2.8)

for some finite abelian group G.
PROOF. This is the special case of Lemma 2.1 for h = 2. O

We consider semigroups S with the property that S +S = S. Equivalently, for every
s € S there exist s’,s” € § such that s = s" +s”". Every semigroup with identity has this
property, since s = s +0. If S is any totally ordered set without a smallest element, and
if we define s; + 5, = max(sy,s2), then S is an abelian semigroup such that s = s+ s for
all s € S, but S does not have an identity element.

THEOREM 2.3. Let S be a countable abelian semigroup such that for every s € S there
exists',s" € S withs =s"+s". Let G be a countably infinite abelian group such that the
dilation 2 x G is infinite. Consider the abelian semigroup X = S & G with projection map
m:X —G. Let

fiX —Nou{o} (2.9)
be any map such that the set
Zy=m(f71(0)) (2.10)
is a finite subset of G. Then, there exists a set B € X such that
7p(x) = f(x) (2.11)
for all x € X, where vg(x) denotes the number of sets {b,b’} < B, such that b + b’ and

b+b" =x.

Note that Theorem 2.3 is not true for all abelian semigroups. For example, let N be
the additive semigroup of positive integers under addition, and X = N& Z. For every set
B c X we have 73(1,n) =15(1,n) =0 for every n € Z.

PROOF. We will construct inductively an increasing sequence By < B> < - - - of finite
subsets of X such that the set B = |J;,_, B, has the property that 73(x) = f(x) for all
xeX.

Since the dilation 2 * G is infinite and the set Zy = 7t(f~1(0)) is finite, we can choose
an infinite subset U of G such that Un Zy = &, and if u,u’ € U and u # u’, then
2u +2u'.

Let {x;};>, be a sequence of elements of X such that, for every x € X,

f(x)=card{i e N:x; = x}. (2.12)
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Let x; = (51,91) € S®G = X. Then, f(x;) > 1. Since U is infinite, we can choose 1, € U
such that

2U1 * g1. (2.13)
Choose s1,s;" € S such that s; = 57 +55. We define
Bl:{(Siigl_ul)v(si,lul)}' (214)

Then, (s7,g1 —u1) # (s7,u1) and

2ABy ={(s1,01)} = {x1}. (2.15)
Then,

R 1 if x =x,

T (X) = {O otherwise, (2.16)
and so

7p () = f(x) VxeX. (2.17)

Let n = 2, and suppose that we have constructed finite sets

BicByc---<B, 11X (2.18)
such that
7, ,(x) < f(x) VxeX, (2.19)
and, fori=1,2,...,n—1,
7p, , (xi) = card{j < n—1:x; =x;}. (2.20)

Let xy, = (Sn,gn) € X. If 7, , (xn) = f(xy), then we set B, = B,_;. Suppose that
78, (xn) < f(xn). Since U is an infinite subset of the group G, and 11 (B;,—1) and (2 A
B,,_1) are finite subsets of G, we can choose an element u,, € U satisfying the following
conditions:

(1) 2un # gn,

(i) un € TBy-1)UHgn} —T(Br1)),
(i) un & T(Bu-1)+ {gn} —T(2ABy_1),
(iv) uy & T(Bp-1) + {gnt — Zo,

(V) Un é 77(2 /\Bn—l) _Tr(Bn—l),
i) un & Zo—1(Bu-1),

(Vi) 2uy & (Bp-1) + {gn} —TT(By-1).
Choose s,,,s,, € S such that s, = s, +5,,, and let

By = Bn-1 U{(Sp,gn—Un), (s, un)}. (2.21)
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It follows from (i) and (ii) that

(S7,Gn —un) # (55, un),

Bt 1 (Shu G ) (55 10n)} = 0. 222
Therefore,
2ABy =2AByu1U (Bno1+ {($:9n —Un), (Sy,un) }) U {xn} (2.23)
It follows from (iii) and (iv) that
(Bn-1+{(s3,9n—un)})N2ABy_1 =0 (2.24)
and that
f(x)=1 VxeEBy1+{(s),9n—un)} (2.25)
Similarly, (v) and (vi) imply that
(Bn-1 +{(s/ , un))) N2 ABp_1 = @ (2.26)
and that
f(x)=1 Vx€Bu1+{(s,,un)}. (2.27)
It follows from (vii) that
(Bu-1+{(sn,gn —un)}) 0 (Bn-1+{(s,un)}) = @. (2.28)
Conditions (ii) and (iii) imply that
Xn & Bno1+ {(S5,9n —Un), (S5, uUn) }- (2.29)
Therefore,
Pp, (Xn) =7g,  (xn)+1=card {j <n:x; =xn},
P () = {ﬁ;nl (x) forxe (2ABy-1)\{xn}, (2.30)
1 for x € By 1+ {(s),,gn —Un), (s, un)},

hence 73, (x) < f(x) for all x € X.

This construction produces a sequence {B;,},_; of finite sets with the property that
the infinite set B = {J;,_, B, satisfies 73(x) = f(x) for all x € X. This completes the
proof. |
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THEOREM 2.4. Let G be a countably infinite abelian group such that the dilation 2 x G
is infinite. Let f : G — NoU {c0} be any map such that the set

Zo=f71(0) (2.31)

is a finite subset of G. Then there exists a restricted asymptotic basis B of order 2 for G
such that vg(x) = f(x) forall x € X, where 73 (x) denotes the number of sets {b,b'} < B
such thatb + b" andb+Db’ = x.

PrROOF. This follows immediately from Theorem 2.3 with S = {0}. |

By the same methods we can prove the following theorems about unrestricted repre-
sentation functions. In the unrestricted case, there are additional conditions that must
be satisfied for the proofs to work. It suffices to replace 2 x G by 12 % G in the statements
of Theorems 2.5 and 2.6.

THEOREM 2.5. Let S be a countable abelian semigroup, such that for every s € S there
exist s’,s" € S withs =s" +s". Let G be a countably infinite abelian group such that the
dilation 12 x G is infinite. Consider the abelian semigroup X = S & G with projection map
T:X —G. Let f: X — NoU {o} be any map such that the set Zo = f~1(0) is finite. Then,
there exists a set B < X such that

rp(x) = f(x) (2.32)

for all x € X, where vg(x) denotes the number of sets {b,b’} = B such thatb+Db’ = x.

THEOREM 2.6. Let G be a countably infinite abelian group such that the dilation 12 x G
is infinite. Let f: G — NgU {0} be any map such that the set Zy = f~1(0) is finite. Then,
there exists an asymptotic basis B of order 2 for G such that rg(x) = f(x) forall x € X,
where vg(x) denotes the number of sets {b,b’} < B such thatb+b’ = x.

3. Bases for groups of exponent 2. Let X = S & G be an abelian semigroup with group
component G. If 2 x G is finite, then it is an open problem to classify the representation
functions of asymptotic bases and restricted asymptotic bases for X. We know from
Lemma 2.2 that G = Go@I3°, where Gy is a finite abelian group. Replacing the semigroup
S with S @ Go, we see that it suffices to consider semigroups of the form X = SeI°.
Even the special case § = {0} and X =I5 is a mystery. If x,x" € [, then x + x’ = 0 if
and only if x = x’, and so, for any subset B of I;°, we have 75(0) = 0, r(0) = card(B),
and 75(x) = rg(x) for all x # 0.

The following result shows another constraint on the representation functions of
asymptotic bases for I5y°.

LEMMA 3.1. Let G =TI, be an infinite direct sum of cyclic groups of order 2. Let B be
a subset of G, and let 7g(x) be the restricted representation function of B. If ¥g(x) > 2
for some x € G, then there exist elements v,z € G such that 7g(y) = 2 and 73(z) > 2,
and the elements x, v, and z are distinct.
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PROOF. If 7g(x) = 2, then there exist distinct elements a, b, c,d € G such that
x=a+b=c+d. 3.1)

Since every element of G has order 2, we have

y=a+c=a-c=d-b=>b+d,

z=a+d=a-d=c-b=b+c, (3.2)

and so 73(y) = 2 and 73(z) > 2. The elements x, y, and z are distinct. This completes
the proof. 0

THEOREM 3.2. Let G =1,°, and let f : G — Ny U o be a function, such that f(x) > 1
for all x € G, and f(x) = 2 for exactly one or two elements of G. There does not exist a
set B in G such that 7g(x) = f(x).

PROOF. This follows immediately from Lemma 3.1. a

It is not hard to construct a basis B for I;° such that rz(x) =1 for all x # 0, but it is
an open problem to describe all representation functions for this group.
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