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1. Introduction. Stochastic processes and stochastic differential equations on real
Banach spaces and manifolds on them were intensively studied (see, e.g., [2, 4, 5,
12, 13, 14, 34, 35, 36, 39] and the references therein). The stochastic processes con-
sidered there were with values in either real Banach spaces or manifolds on them.
The results of these investigations were used in many mathematical and theoreti-
cal physical problems. In particular, stochastic processes on some Lie groups were
studied. On the other hand, the development of non-Archimedean functional analysis,
non-Archimedean quantum physical theories and quantum mechanics poses problems
of developing measure theory, and stochastic processes on non-Archimedean Banach
spaces and manifolds on them [15, 16, 17, 37, 38, 40]. Some steps in this direction
were made in [1, 3, 7, 8, 9, 10, 19, 41]. In those articles, real-valued and complex-valued
stochastic processes were considered, also stochastic processes with values in non-
Archimedean fields and linear spaces over them, but with compact or locally compact
supports of transition measures, were considered. There, pseudodifferential stochas-
tic equations based on pseudodifferential operators in the sense of Vladimirov [40]
were also considered. These pseudodifferential operators are quite different from an-
tiderivational operators of Schikhof [37]. The latter serve as the non-Archimedean ana-
log of the indefinite integration, while the former serve as non-Archimedean analogs
of the classical pseudodifferential operators. There can be different variants of non-
Archimedean stochastic processes, depending on whether the time parameter is either
non-Archimedean or real, a space is of functions either complex-valued or with values
in a non-Archimedean field. Then transition measures may be either complex-valued
or with values in a non-Archimedean field. It totally gives eight variants. The case of
the non-Archimedean time and a space of functions with values in a non-Archimedean
space was not practically considered in [1, 3, 7, 8, 9, 10, 19, 41]. The present paper is
devoted to the latter variant and its meaning is primarily in its applicability for investi-
gations of unitary representations of totally disconnected nonlocally compact groups. It
also permits the construction of volume elements associated with transition measures
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on an infinite-dimensional over non-Archimedean field manifolds, quasi-invariant rel-
ative to the corresponding diffeomorphism group. Then such stochastic processes on
manifolds can be applied in the non-Archimedean quantum field theory and gauge
theory. The above-cited papers do not permit considering the quasi-invariant transi-
tion measures of stochastic processes and then such measures on nonlocally compact
spaces or groups.

In preceding works of the author, measures and stochastic processes on non-
Archimedean Banach spaces and totally disconnected topological groups with values
in non-Archimedean spaces were investigated [25, 26, 29, 30, 31, 32, 22, 23, 27]. Quasi-
invariant measures on groups and manifolds were used for investigations of their rep-
resentations [21, 24, 28].

In this paper, non-Archimedean stochastic processes and stochastic antiderivational
equations (with the non-Archimedean time parameter) on manifolds on Banach spaces
over non-Archimedean fields are investigated. Moreover, wider classes of stochastic
processes are considered in this work than in preceding works of the author [30, 31,
32, 33]. Analogs of Lévy processes were studied in [1, 8, 9, 19, 20, 41]. In [20], specific
classes of non-Archimedean Gaussian-type measures and Wiener-type processes were
defined and investigated, having more properties analogous to the classical case than
in preceding works. In this paper, Itd6 bundles on non-Archimedean Banach manifolds
are defined and investigated. For this specific transformation, formulas of stochastic
processes, which were not studied by other authors, are proved.

It is necessary to note that in this paper not only manifolds treated by the rigid
geometry are considered, but also much wider classes. For them, the existence of an
exponential mapping is proved. A rigid non-Archimedean geometry serves mainly for
needs of the cohomology theory on such manifolds, but itis too restrictive and operates
with narrow classes of analytic functions [11]. It was introduced at the beginning of the
sixties of the 20th century. Few years later, wider classes of functions were investigated
by Schikhof [37]. In this paper, classes of functions and antiderivation operators by
Schikhof, and their generalizations from the works [25, 26, 23], are used. The contents
of this paper do not intersect with the previous works cited above.

The results of this paper permit the consideration of stochastic processes on non-
Archimedean manifolds as well as more general classes of stochastic processes on
non-Archimedean Banach spaces and totally disconnected topological groups. Some
other principal differences of the classical and non-Archimedean stochastic analyses
are discussed in [30, 31, 32, 33]. All results of this paper are obtained for the first
time.

2. Stochastic processes on non-Archimedean manifolds. To avoid misunderstand-
ing, definitions and notations are given at first.

2.1. Definitions and notes. Let M be a C"-manifold on a Banach space X over a non-
Archimedean field K complete relative to its norm with an atlas At(M) := {(Uj,¢;) : j €
Apum}, such that U; is an open covering of M, ¢;: U;j — ¢;(U;) is a homeomorphism,
¢;(Uj) is openin X, ¢ o ¢J’-1 1 (U;nU) — ¢1(UjnUy) is a diffeomorphism of class
C" for each U; nU; # &, and the space C"(U,Y) of functions from an open subset
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U C X into a Banach space Y over K is defined in terms of difference quotients (see
[25, 26, 37]).

Since the derivative (¢;o qb;l)’ (x) is a linear continuous operator on ¢;(U;nU;) x X
of class C"! for each n > 1, and there exists a derivative of an inverse operator
(pjop ) (¥) on pi(U;nU) x X, then (¢ro¢p;') (x) € GL(X) for each x € ¢;(U; N
U;), where GL(X) is the group of invertible K-linear bounded operators of X onto
X. Therefore, for each n > 1, there exists a functor T such that T(¢; o d);l)(x) =
(¢p1,j(x),¢p; j(x)) for each x € (Py o (b;'l)(Uj NnUY, T(P;(Uj)) := ¢;(Uj) x X, where
¢uj:= (prodp;"). For n = 1, put TM = Ujcn,, TU; with the atlas At(TM) := {(U; X
X, Tepj):jeAm},suchthatTe;: TU; — ¢pj(U;) x X is ahomeomorphism, T ¢ ;| xjxx =:
Tx¢; is a bounded continuous operator on X by the second argument for each x € U;.
Thus TM = Uyxem TxM, where Ty : TxUj — Tg;x)$;(Uj) is a K-linear isomorphism
for each j € Yy, where T¢j(x)¢j(Uj) ={¢;(x)} xX. TM is called the total tangent space
of M, TxM is called the tangent space of M at x. The projection T := Ty : TM — M is
given by T (s) = x for each vector s € T, M, Ty is called the tangent bundle.

2.1.1. If M and N are two C'-manifolds on Banach spaces X and S over K with I = n,
where At(N) := {(V;,@;) 1 j € An}, and f: M — N is a continuous mapping, then by
definition, f € C"(M,N), if @0 fo ;' € C*(Wy,;,Y) for each Wy := ¢p;(f~1 (Vi) N
Uj) # . Anorm in C"(X,S) induces a complete uniformity in C"(M,N).If n = 1 and
f € C"(M,N), then there exists Tf:TM — TN and Tf € C"* ' (TM, TN).

2.1.2. Let H and X be two Banach spaces over a non-Archimedean field K. Let M
be a C!-manifold on X and let P be a manifold with a mapping 7 : P — M such that
7T is surjective and 1w !(x) =: Py =: Hy is a Banach space over K isomorphic to H for
each x € M, 1 is called a projection, 1-!(x) is called a fibre of 1T over x. Suppose
that P is supplied with an atlas At(P) = {(Uj,¢;,P¢;) : j € Am} consistent with At(M),
such that pryoP¢; = ¢;o1|py; on ' (U;) for each j, where pr, : U; x H — U; and
pr, :UjxH — H are projections, P¢; is bijective, Px¢pj = PP jlp, : Hx — {Ppj(x)} xH is
a Banach space isomorphism, P¢p;o (P \p(UmUj))*l 1 (UinU) xH — ¢ (U;nUp) xH
is a C"-diffeomorphism, [ > n. Two atlases are called equivalent if their union is an
atlas. (P,M, ) is called a vector bundle over M with fibre on H. P is called the total
space of 1r, and M the base space of 7.

Let (Py,M;,1;) and (P2, M>,1T2) be two vector bundles with spaces H; and H> for the
fibres of 11, and 13, respectively. Suppose that there are two C"-mappings F : M; — M
and PF : Py — P, such that 1, o PF = For on Py and the restriction PyF := PF|y,  :
H, x — H p(x) is aK-linear mapping. Then (F, PF) is called a morphism from (P;, My, 17;)
to (Pz,Mz,TTz).

2.1.3. A C™-vector field on M is a C"™-mapping ¥ : M — TM such that Ty o ¥ =id. If
F:M — N is a C"™-morphism and ¥ : M — TN is such that Ty o¥ = F, then ¥ is called a
vector field along F.

Suppose that K is spherically complete, then a topologically adjoint space H* of K-
linear functionals on a Banach space H over K separates points of H, H* # & (see [38,
Lemma 4.3.5]). The bundle of -fold contravariant and s-fold covariant tensors over M
isdefined by L(T*,...,T*,7,...,T;p) : L(T*M,..., T*M,TM,...,TM;KM) — M or shortly
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TV TIM — M, where T* and T*M are repeated » times, T and TM are repeated s times,
and p : KM = MxK — M is the trivial bundle over M. Here, L(«1,..., & ;B):L(Aq,...,Ay;B)
— M denotes a vector bundle over M, where (A;,M, «;) and (B,M, ) are vector bundles,
O‘]EI(X) = Hyx, k=1,...,7, B;{l(x) =Yy, L(A1,...,Ar;B) := Uxem L(H1 x, .., Hr x; Yx),
Hy x and Yy are isomorphic to Banach spaces Hy and Y, respectively, over K. For each
chart (Uj,¢;) of M, the bundle chart (Uj,¢j,L(Ay,...,Ay;B)¢;) is given by

L(A1pj(x),...,Arpj(x);B;(x)) : L(H1x,...,Hr x;Yx) — L(Hy,...,H;Y), (2.1)
such that for Yy € L(Hi x,...,Hy x;Yyx), its image is
L(A1¢pi(x),...;Bp;(x))¥x =B;(x)oW¥yo (A1p;i(x) 1 x---xAPj(x)7Y), (2.2)

Agpj(x)L: Hix — Hy is the K-linear isomorphism of Banach spaces as well as B¢ (x) :
Y — Yy, L(Hy,...,H,;Y) is the Banach space of all continuous mappings f : Hy X - -+ X
H, — Y such that f is K-linear by each variable z, € Hy, k=1,...,7.

If¥Y:M — kTM is a C™-mapping, such that k o ¥ = id, then ¥ is called a tensor field
(of type k), where (kTM,M,k(T)) is a tensor bundle over M. If (P,N,r) is a vector
bundle and F : M — N is a morphism, then a morphism 0 : M — P, with to 0 = F, is
called a section along F.

2.1.4. Let M be a C"-manifold on a Banach space X over a spherically complete non-
Archimedean field K and let %, M denote the set of all C"-vector fields on M, where
n=2.Letl = ;T:¢;(U;) 3y;~T(y;) €L(X,X;X) be a C" 2-mapping such that

(]52] iT(vj) =" +1T () o ((752} X ‘l);,)s (2.3)

for each two charts with U;nU; # &. This {;T'} is called the family of Christoffel symbols
;L onM.
A covariant derivation B,,_1M? 3 (¥,®) — Vy® € B,,_»M is given by

Vy®(y;) =@ (v;) Y (i) +T () (¥ (), @(¥)))s (2.4)

where ¥ (y;) and ®(y;) are principal parts of ¥ and ¢ on (Uj,¢;). If M with At(M) is
supplied with T', then M possesses a covariant derivation.

2.1.5. For a C"™-vector bundle (P,M, 1) on X x H, with n > 2, define a K-(linear) con-
nection as a bundle morphism K : TP — P such that oK = 170 Tp. This mapping K in its
local representation ;K = P¢; oKoTquJ‘.1 for bundle charts (Uj,¢j,P¢;) of (P,M,1)
and (TU;,T¢;,TP¢j) of (TP,P,Tp) is given by {U;,E} X (XX H) 3 (x,¥,®,2) — (x,z+
T(x)(®,¥)) € {x} x H. The Christoffel symbol ;I'(x) : U; — L(X,H;H) is of class of
smoothness C"~2. For it, the horizontal space Ty, is defined as the kernel of K|z,p :
TyP — Hy, q =1(Y).

For a section ¥ : M — P in (P,M, ), define the covariant derivation of ¥ in the
direction ® € T, M by

V¥ (x) =KoTyY . (2.5)



STOCHASTIC PROCESSES AND ANTIDERIVATIONAL EQUATIONS ... 1637

2.2. Let X be either finite-dimensional over a local field K space or of countable type
such that a sequence of subspaces S, is given by S, € S,41 and S,, # Sy1 for each
n e N, (U, S») = X, and a dimension dimg S,, =: m(n) of S,, over K is finite. Let U
be a clopen bounded subset in S,,. Consider an antiderivation operator P(l,s) on the
Banach space C((t,s—1),U — K) of functions f : U — K with definite partial difference
quotients having continuous extensions (see [25, 26, Section 1.2]), and denote P(l,s)
on U by Py(l,s), where t € [0,0),1 <s € Z,1=1[t]+1,[t]is an integer part of t. In
particular, C((t,0),U — K) is denoted here by C*(U,K).

2.3. Definition and note. Now let U be a clopen bounded subset in X with dimg X =
co. For each f € Cy((t,s—1),U — K), there exists a sequence of cylindrical functions f;,,
such that f = >, f, and lim,, || fn”C((t,s—l),UnaK) = 0, where f, is a cylindrical function
on U such that f,,(x) = fn(rrnx), fn is a function on U,, := S, nU, 11, : X — S, is a
projection on S,,. For each t < o, there exists U of sufficiently small diameter 6 such
that || Py, (1,s) |l < 1 for each n, since it is sufficient to take S+ (j+m)! < 1 for each
jwith [j'|=0,...,l-1,j=j"+s"u,s €{0,1,...,s — 1} (see [25, 26, Definition 1.2.11]).
For U of diam(U) satisfying such condition, define Py (L,s) f := >, Pu, (L, S) fn.

For U as above, the space pCy((t,s),U — Y) :=Y @& Py(lL,s)Co((t,s —1),U — Y),
where Y is a Banach space over K, is defined as well as %Co((t,s),U -Y)=Yeo
Py(l,s)pCo((t,s—1),U—-Y) for s = 2.

LEMMA 2.1. An image Py (t,s)(C((t,s —1),U — Y)) denoted by poC((t,s),U - Y)
is contained in C((t,s),U — Y) and does not coincide with the latter space. The space
poC((t,s),U —Y) can be supplied with a norm denoted by || x ||y .s),p, relative to which
it is complete, and Py (L,s) : (C((t,s —1),U — Y),ll * llcts-1),u-v)) — (poC((L,s),U —
Y), % llu.t,s),p) 1S continuous.

PROOF. First, consider dimg X < co. If f € pC((t,s),U — Y), then 0%(P(t,s) f)(x) =
f(x) for each x € U (see [25, 26, Corollary 1.2.16]). On the other hand, there is g €
C((t,s),U — Y) for which 0% g(x) = 0 in the notation of [25, 26, Definitions 2.4.1 and
2.11 L], for example, locally constant g.

Now let X be infinite-dimensional, then from taking the limit of f,,, this statement
follows in the general case. Consider an image Py (l,s)(B(C((t,s—1),U - Y),0,1)) =V
of the closed ball in C((t,s),U — Y) containing 0 and with the unit radius. Let f €
pC((t,s),U — Y), then there exists g € C((t,s —1),U — Y), such that Py(l,s)g = f.
On the other hand, [|gllc(t.s-1),u—y) < o and there exists a constant 0 # ¢ € K, such
that cg € B(C((t,s—1),U — Y),0,1). Therefore, cf € V, since Py(l,s) is the K-linear
operator, that is, V is the absorbing subset. Since the ball B(C((t,s—1),U - Y),0,1) is
K-convex, then V is K-convex. Evidently, 0 € V.

Consider a weak topology on C((t,s),U — Y), then it induces a weak topology on its
K-linear subspace pC((t,s),U — Y). In particular, each evaluation functional h, (f) :=
f(x) is K-linear and continuous on the latter space, where x € U. In view of [25, 26,
Theorem 1.2.15], Py(l,s) is continuous from C((t,s —1),U — Y) — C((t,s),U — Y).
Therefore, V' is bounded-relative to the weak topology, since U is compact and V is
bounded-relative to a weaker topology generated by evaluation functionals. Let n be
a Minkowski functional on pC((t,s),U — Y) generated by V. It generates a norm in
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poC((t,s),U = Y),relative to which itis complete. Since V is the unit ball relative to this
norm and Py (1,s) 71 (V) is the unit ballin C((t,s—1),U — Y), then Py (L, s) is continuous
relative to this topology. ]

NOTE 2.2. In view of Lemma 2.1, the definitions in Sections 2.1.1, 2.1.2, 2.1.3, 2.1.4,
and 2.1.5 can be spread on Cy((t,s)) and IZJCO((t,s)) manifolds, that is, (¢;; —id) €
Co((t,s)) and (¢pj—id) € ,%Co((t,s),Wl,j — X), respectively, for each charts U; and U;
with Uy nU; # &, where ¢;(U;) are bounded clopen subsets in X of sufficiently small
diameter, as in Section 2.3, if X is infinite-dimensional over K.

NOTE 2.3. Consider the space of functions % M = Cy((t,s),M — K), then Vg(aV +
bw) = aV5V+ngW, Vs(fV) = S(f)V+fV5V, where S, V,W e %(t,s)M, and %(t,S)M
denotes the set of all Cy((t,s))-vector fields on M. Considering the foliation of M and
taking the limit, we get for a given chart (Uj, ¢;),

VsV(p Z{ZS (¢)) ( o ) ®;) +ZS’ )V )T () )}ek, (2.6)

where (¢j,e;) are basic vector fields on ¢;(Uj), S(pj) = XiSi(d)j)ei, I'(pj) =
Zi,lvkri’fl(qu)ei ®el ® ey, ei(ej) = 63'. for each i and j € «. Therefore, there exist a tor-
sion tensor T(S,V) = VgV -VyS—[S,V] and a curvature tensor R(S,V)W = VgV W —
VyVsW—=VsviW foreachS,Vand W e B M, such that T(S,V) = -T(V,S),R(S,V)W
= —R(V,$)W and T(¢;)(S,V) = T(p;)(S,V) — I[(p;)(V,5),T(p;) € L(X,X;X),
R(pj)(S, V)W = DI(p;) - S(V,W) — DI'(¢pj) - V(S,W) + I'(p;)(S,I'(p;)(V,W)) —
I['(pj)(V,I'(pj)(S,W)),R(¢p;) € L(X,X,X;X) analogously to [18, Lemma 1.5.3].

THEOREM 2.4. Let M be a %Co((t,s))-manifold with s = 2, then there exist a clopen
neighborhood TM of M in TM and an exponential Cy((t,s))-mapping exp: TM — M of
T™M on M.

PROOF. Let M be embedded into TM as the zero-section of the bundle Ty. Con-
sider the non-Archimedean geodesic equation V¢ = 0 with initial conditions c(0) = xo,
¢(0) = yo, x0 € M, Yo € TxyM, where c(b) is a,%Co((t,s))-curve onM,c:B(,0,1) —
For a chart (Uj, ¢;) containing a point x of M, let ¢pjoc(b):= y;(b), thus

w;" (b) +T (@ (b)) (¢(b), (b)) = 0. (2.7)

Since y; € ,%Co((t,s)), then there exists f € C((t,s —2),B — X) such that ¢; = y; +
Pp(l,s)(y2+Pg(l,s—1)f),whereB:= B(K,0,1), y1,y> € Y. Therefore, ; = ¥>+Pp(l,s—
1)f and y;"'s = f; consequently, f satisfies the equation

FD)+T (y1+P2(y2+P f)],) (24P f 1,2 +P f ) =0, (2.8)

where P2 := P3(l,s) and P! := P (l,s —1). Consider a marked point by € B. At first, there
exists v > 0 such that (2.8), and hence (2.7), has a unique solution in B(K, b, ). For
this, consider the iterational equation

Smir (D) +T (1 +P2(y2+P fin) | ) (2 + P fm | V2 + P fim | },) =0, (2.9)
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where f,, is a sequence of functions. From I’ € Cy((t,s —2)), since M is the }%Co((t,s))-
manifold, it follows that f,,+1 € C((t,s—2)) for each f,, € C((t,s —2)). Then

Jm1(t) — fm () = r(yl+P2(y2+P1fm)|t)(y2+P fm|t!3’2+P fm‘t
T(v1+P*(v2+P i) | ) (072 + P fn1lt, 2 + P frn1 1)
—T(y1 +P? (2 + P fm) ) (2 + P frnoile, 72 + P fin—ilt)
I( (

V1 +P? ¥2 +P1fm71) |t)(y2 +P1fm—1|t1y2 +P1fm71|t)-

+
(2.10)

+

In view of the ultrametric inequality, bilinearity of I'(x)(a, b) by a, b, continuity by x,
and continuity of P! and P2 for each xo € M and each t; € B(K,0, 1), there exist v > 0
and € > 0 such that

[|Fms1 = fmll < CEXITI||fm — fm_1l| for each t € B(K,ty,7) and each ||yo|| <€,
(2.11)

where C > 0 is a constant related to P! and P2. There exists 0 < ¥ < o such that ||P!| <
1, IP?|| < 1,and P?P! f € Gj C U; for each f € G, since t and s are finite (see above),
where G i is a clopen subsetin Uj, ||[I'l| is anorm of I on Gk x X2 as a bilinear operator
on X for each x € G . In view of continuity of I and boundedness of ¢ ;(U;) for each j,
itis possible to choose a locally finite covering G x subordinated to Uj;, such that ||I'l| is
finite on Gj k, k € N. Therefore, choosing Ce?|IT|l < 1, we get a convergent sequence on
B(K,to,v) X Gk xB(X,0,6), and due to the fixed point theorem, there exists a unique
solution in B(K,to,7). In view of compactness of B(K,0,1), there exists a solution on
it. Let f and g be two functions providing solutions @/ = P2P1f and y9 = P2Plg
of the problem on B(K,0,1), then P2P! f(t;) = P2P'g(t;), P' f(t;) = P'g(t;) for a finite
number of points ty = 0, t1,...,t € B(K,0,1), such that on each B(K, t;,7;), a solution is
unique for a given initial condition, 0 < 7; < 1 for each j, and U, B(K, t;,7;) = B(K,0,1).
This implies that

T(P?(y2+P'f)],) (2 +P f|,, 2+ P f]))

(2.12)
—T(P?(y2 +P (f+c1) | ) (2 + P (f +c20) | v+ PH(f +c20) ) = c1u

for each I and each ¢t € B(K,t;,77). On the other hand, P'c and P?c are not locally
constant for a constant ¢ # 0, ['(¢p;)(a,b) is bilinear by (a,b) X2 and satisfies (2.3),
hence (2.12) may be satisfied only for ¢, = ¢z = 0 for each [; consequently, a solution
is unique.

Since f € Co((t,s—2)), then ¢; € pCy((t,s)) for each j, since @ = y1 +Pp(l,s)(y2 +
Pg(l,s—1)f). Moreover, cus(t) = cs(at) for each a € B(K,0,1) such that |aS(¢;(q))] <
€, since dcs(at)/dt = a(dcs(z)/dz)|s—a:. In view of continuity of P2 and P! and T
operators, for each xo € M, there exist a chart (Uj, ¢ ;) and clopen neighborhoods V;
and V,, ¢pj(x9) € V1 C Vo C ¢;(Uj) and 6 > 0, such that from § € TM with TyS =q €
qb;l(V]) and |S(¢j(q))| < 6, it follows that the geodesic cs with ¢s(0) = S is defined
foreacht € B(K,0,1) and cs(t) € d)]l (V). Due to paracompactness of TM and M, this
covering can be chosen locally finite [6].
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This means that there exists a clopen neighborhood TM of M in TM such that a
geodesic cg(t) is defined for each S € TM and each t € B(K,0,1). Therefore, define
the exponential mapping exp : TM — M by S — cs(1), denote by exp, := exp l MM
a restriction to a fibre. Then exp has a local representation (xg,»¢) € V1 XxB(X,0,6) —
Y;(1;x0,10) € Vo C ¢;(Uj). From (2.7) and (2.8) , it follows that exp is of Co((£,s))-class
of smoothness from TM onto M. |

COROLLARY 2.5. IfM is a $Cy((t,s)) n C®-manifold with s > 2, then exp € C*(TM,
M).

NOTE 2.6. If M is an analytic manifold, then exp: TM — M is a locally analytic map-
ping. Theorem 2.4 gives an exponential manifold mapping for a wider class of mani-
folds than that treated by the rigid geometry.

2.4. Note and definitions. Let M be a C®-manifold and let Ty : TM — M be the
tangent bundle, 6 : M x H — M a trivial bundle over M with a Banach space fibre H over
K. There exists the bundle L, (0,Ty) over M with the fibre L;, (H,X), where » > 1,
and the spaces L, (H,X) were defined in [27] and [31, Section 2].

Let M be a C*-manifold with functions ¢, ; satisfying [31, Conditions (4.13)]. Suppose
that w is a stochastic process with values in H, and & a stochastic process with values
in X, such that A{w : w(t,w) € CO\ C'} = 0, where H and X are Banach spaces over
a local field K (see [31, Definition 4.1]; here X has another meaning than X in [31,
4.1 Remark and definition]). Let a € L2(Q, %,A;CO(Bg,L1(Q,%,A;C°(Bg,X)))) and E €
L"(Q,%,A;CO(Bg, L(L1(Q, F,A;CO(Bg, H)), L1(Q, F,A;C° (Br, X))))),

E(tlw) = EO(w) + (pua) (uy w! E) |u:t + (pw(u,w)E) (u,w,g) |u:t! (213)

where 1 <7,s,g <o, 1/r+1/s =1/q, w € L*(Q,%F,A;CY(Br,H)), £ € L1(Q,F,A; C°(Bg,
X)). Since H and X are isomorphic to ¢o(xy,K), and co(xx,K), then L, (X,H) has
the embedding into L, ,(H,H) for ax C oy, and Ly, (H,H) has an embedding into
Ly, (X,X) for ag C ax. Inclusions Range(E) C X, Range(w) C H, and Range(§) C X
reduce this case to [30, Theorem 3.3]. In view of [31, Lemma 2.2 and formula (4.14)],

d¢p(E(t,w)) = J(p,a,E)adt + J(Pp,a,E)Edw, (2.14)

where

[

J(p,a,E):= Y [ml]t > (T) P ymip™ Vo (a®t@ESM D) |, . (2.15)
=0

m=0

For stochastic processes of type (i) in Theorem 3.4 [30], it is necessary to consider
the following generalization of [31, Theorem 4.7].

NOTE 2.7. Consider a € L®(Q,%,A;CO(Bg,L4(Q,%F,A;C°(Bg,X)))) and E € L*(Q, F,
A;CO(Bgr, L(L1(Q,%,A;CO(Bg,H)),L4(Q,%F,A;CO(Bg, X))))),a=a(t,w,&),E=E(t,w,E&),
teBr,we, & e L1(Q,F,A;CO(Bg, X)), Eo e L1, F, X)), w GL“(Q,@,A;CS(BR,H)),
1 < g < o, where a and E satisfy the local Lipschitz condition (see [30, Theorem 3.3,
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condition (LLC)]). Suppose that & is a stochastic process of type

E(t,w) =& (w)

[} m
+ Z Z Pypim-1,y, uw)l[am bt (U, (U, w)) o (I®h®a®(m7”®E®l)]) |u:t!
m+b=1l=

(=}

(2.16)

such that a,,—i; € CO(Bg, X B(L4(Q, %, A;C®(Bg,X)),0,R2), Ly (X®™; X)) (continuous and
bounded on its domain) for each n, [, 0 < R, < o, and

lim sup ||@n-11f|co (Br, XB(L4(Q,5,A;C0 (Br,X)),0,R2),Ln (X1, X)) = =0 (2.17)
n—o 0<l<n

for each 0 < R; < R when 0 < R < o, or for each 0 < R; < R when R = oo, for each
0 <Ry < oo,
Moreover, suppose that a function f satisfies the conditions

fu,x) e C*(TxH,X) (2.18)

and

lim max |[(®"f) (t,x;h,.. hn;Cla---1gn)|\CO(TxB(K,O,r)lXB(H,O,l)"*le(K,O,Rl)"*l,X) =0

N—o O<l<n
(2.19)

for each 0 < Ry < o, where h; = e, §; € B(K,0,r) for variables corresponding to
t €T =B(K,ty7),and hj € B(H,0,1), C; € B(K,0,R;) for variables corresponding to
X €H.

Analogously, a, E, a;, for € with values in M are considered, substituting C%(Bg, H)
on C%(Bg,M).

THEOREM 2.8. If conditions (2.17) are satisfied, then (2.16) has the unique solution in
Br. If, in addition, conditions (2.18) and (2.19) are satisfied, then

f(£,&(t,w)) = f(to,&o)
+ > ((m+b))™"

m+b=1,0smeZ,0<beZ

b\ , A
x > (mn: )(Pumml,w(u,w)t[(5<m+h)f/aubaxm)(u,g(u,w))

o (Al n, ®- - @Al ny)
(I®b®a m-—1) E®l ])|u:t’

(2.20)

wherely+---+lpy=m+b-Lni+---+ny, =1 11,...,Ln, n1,...,ny, are nonnegative
integers.

PROOF. The first part of the theorem follows from [30, 3.4] and embeddings of
Section 2.4. Since 0y o O (t) = 0y 0 Oy j(t) for each n = m, j > 0, and oy (f) = to,
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then from [31, Formula (2.4)], it follows that

ﬁul+b’wmal+b,m o (I®b ®a®l®E®m) Zj:“ = arpm(tn)
o ((tn1— tn)®b ® (a(ty)(tns1 — tn))®l
® (E(tn) (w(tner) —w(tn)))™™),
(2.21)

where other arguments are omitted for shortening the notation. Therefore, the second
part of this theorem follows from [31, Formulas (4.15)] and (2.16). d

NOTE 2.9. Let conditions (2.16), (2.17) (2.18), and (2.19) be satisfied and ¢ = f inde-
pendent of t. Then, due to [31, Lemma 2.2] and Theorem 2.8 above, formula (2.14) is
valid with new operator J,

[

J(p,a,E):= > [m!]7t > ﬁul,wm—ldﬁmm°(a11,n1,---,azm,nm)°(a®l®5®<m4)),

m=0 ll ..... lm

(2.22)

where i+ -+l =Lni+---+ny,=m-1L

DEFINITION 2.10. Let (IT, M, 1r) be a bundle on a manifold M with fibres X & L (H, X)
for each x € M and with transition functions J(¢,a,E) : (a,E) — (J(P,a,E)a,J(Pp,a,
E)E), where ¢ = ¢;,; for each pair of charts (Uj,¢;) and (U, ¢;) with U; nU; # &,
acX,E€L(H,X), J(¢,a,kE) is given by either (2.15) or (2.22).

2.5. Definition and note. Lett € T C K, where K is a local field and T is clopen in K.
Let also (Uj,¢;) be a chart of a manifold M on a Banach space X over K, x € U; C M,
(a,E) € T~ (x) (see Definition 2.10). By 4. (a,E) is denoted a collection of M-valued
stochastic processes &, such that & € U; with probability 1, where ¢; o is a solution
of either (2.13) or (2.16) for each j. Then, 4y (a,E) is called the germ of the diffusion
process at the point x defined by a pair (a,E). It is, in addition, with a given family of
sections aj, of bundles (I1j4m, M, T4, ) With fibres L1 (X®M+ X)) such that Almx €
1t} (x) in Note 2.7. Therefore, Section 2.4 is the particular case of Note 2.7.

A section A of the vector bundle (IT,M, ) is the non-Archimedean analog of Itd’s
field over M.

THEOREM 2.11. Let ¢ and @ be two functions satisfying-conditions of either Section
2.4 or Note 2.7 such that Dom(¢) D Range(y). Then

JW(X)(¢1a,E)OJX(W!a1E):JX((bDW’a!E)a (2-23)
Jx(id,a,E) =id. (2.24)

PROOF. Since ajmx € Liym (X®H™;X), then Jx(P,a,E)ajmx o (A @E®™) = aj.x 0
(Ux(p,a,E)a)® @ (Jx(p,a,E)E)®™) for each 0 < I, m € Z, and x € M, where a = ax,
E =Ey, (ax,Ex) € w1 (x). Each of the derivatives ¢ and y/™ is an m-polylinear op-
erator on X. Therefore, (¢po )™ (x) =3 4...s1,om1<p<mRp° (Qr, ® - -®Qy,), where
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Ry and Q; are the b-linear and [-linear operators corresponding up to constant multipli-
ers to ¢ (2)[z=y ) and ¢V (x). Then 34 Q1 (Ak&1, ..., AkEl) = pu‘j,l,wlj,z Qlj(a@’lj,l ®
E®%2) for nonnegative 1;; and L, with L;; +1;» = l;, and &;(t,w) = Pyaly- for i =
L..oyljn, &i(t,w) = PyEly-y for i = Ljy +1,...,1;. Moreover, >, Qi (Ar&1,...,A &1,
Elj) = pulfvl,w’J-Z Qlj(amfv‘ ® E®Li2)v for nonnegative l;; and Lo, Lj1 +1j» = 1; -1,
and &;(t,w) = Pyaly_¢ for i = 1,...,1;1, &(t,w) = PyEly_¢ for i = Lz +1,...,1; - 1,
Elj = v, where either v = a or v = E. Therefore, ¢ : 4 (a,E) — G4 (Ja,JE), where
J=J(¢,a,E). Inview of [31, Theorem 4.7] and Theorem 2.8, formulas (2.15) and (2.22)
satisfy the equality

Jx(p,a,E) = ¢’ (82), (2.25)

where £ is a stochastic process being the solution of either (2.13) or (2.16), x € M,
&Y € T M. On the other hand, (¢p(y)(x)) = ¢’ (Y(x)) - @' (x) for each x € Dom(y).
Therefore, from & € Dom(y) and Range(y) € Dom(¢), formula (2.23) follows. From
id" = I, where I is a unit operator, formula (2.24) follows. O

2.6. Remark and definition. Apart from the classical case, here the bundle associ-
ated with the operator J(¢,a,E) in general is not quadratic. It may be polynomial only
in a particular case given by [31, Theorem 4.5].

Let f = exp, where exp := exp™ is the exponential mapping for M. Consider 9 ¢ (a,
E) a stochastic processes germ at a point y = 0 in the tangent space T,yM. Then
expi% 0 (a,E) = Gx(J(expy,a,E))(a,E) is a stochastic processes germ at x € M.
Therefore, ¢;oexp; 9,0 (a,E) =Gy x) (J(Pjoexpy,a,E))(a,E) for each chart (Uj,¢;)
of M. The germ exp} 90 (a,E) is called a stochastic differential bundle.

COROLLARY 2.12. To a functor J, there corresponds a bundle (JM,M,1t;), and a fibre
JM = Trj1 (x) may be identified with the space 6, (J™) of stochastic processes germ. To a
morphism f : M — N of manifolds, there corresponds a bundle morphism§(f) = f * f*,
where f*€:= f(E).

PROOF. If f:M — N is a manifold morphism, then 9 is transformed as (ax,Ey) —
(@} Efxy), where af = J(f,a,E)ax, Efy) = J(f,a,E)Ex, and af,, ;. (£, f¥E) =
aimx(t,€) for each x € M. The stochastic process &) satisfies the antiderivational
equation

gg = Zpul,wmal,m,xo (aﬁ?[@E?m) (226)

Lm
and its differential has the form

dgd = Z lpul—l‘wmal,m,x o (al"V @ ES™)a,dt

Lm

+ > Py ymordpmyx o (a2 @ ESMV ) Exdwy.
Lm

(2.27)
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Hence

®l m
FEUL W) Z o @ o (W (L, ))) o (@f ®Ff )|, (228)
Therefore, f* : expy* (d&2) — exp}(y, (f*dEY), where

0 5 f N L
SHAEY = D 1Pyt yym @ 1y i) © (af(x) ®E7y) )af(x)dt

Lm

A ; ;e ; (2.29)
+> mMPyiymt A f ) © (af(x) ®Ey )
Lm

®(m-1)
)E}:x)df(wx)

for f-related mappings exp™ and exp™. |

THEOREM 2.~ 13. Letexp:TM — M be the exponential mapping of a manifold M. Then
J(exp,a,E): J™ — JM s a bundle morphism. If (U, $) is a chart of M, then

J(exp ) al EY) (a,EY) = (Sal,SEY), (2.30)

where S := (d[¢poexp, o[’ (x)]™ (z)/dz)lz £0-

PROOF. The first statement of the theorem follows from Theorem 2.11 and Corollary
2.12. Consider the mapping F(z) := [¢poexp, o[¢'(x)]"']1(z) for a chart (TU;, Tej) of
TM, where ¢ = ¢ ;. The mapping F is the local representation of exp in terms of coordi-
nate mappings. Hence J(expg(x),af,Ef) =[dF(z)/dz] |z=§§3= where £2 is a solution of
either (2.13) or (2.16) in T, M. In particular, F'(0) =id and F" (0) - (v,v) = -T'(x) (v,v),
but in general £ may be nonzero. |

DEFINITION 2.14. Let AU be a section of the bundle (IT, M, r). Consider the differen-
tial

d&(t,w) = eng(t‘w)(g(ag(t,w)aEE(t,w)) (2.31)

and the corresponding antiderivational equation

E(t,w) =expg<t,w){ D Puich ym@pstmg o) (U, E (U, w))

Lb,m (2.32)

(I®h ®a§’(lt ©) ®E§(7t'fw)) lu=t }

Suppose that there exist a neighborhood Vy > x and a stochastic process belonging to
the germ exp, (9(ax,Ex)) = 9x(J(expy,dx,Ex))(ax,Ex) such that Ps {w : & (t,w) €
Vi, t #5} =1, where Py (W) :=P(W:&(s,w) = x), W € F. If this is satisfied for vg -

a.e. x € M, then it is said that £(t,w) possesses a stochastic differential governed by
the field U, where vg() () := Po E71(s,*). An M-valued € satisfying (2.32) is called an
integral process of the field AU (t).
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DEFINITION 2.15. An atlas At(M) = {(Uj,¢;) : j} of amanifold M on a Banach space
X over K is called uniform if its charts satisfy the following conditions:

(U1) for each x € M, there exist neighborhoods U2 c Ul c U, such that for each
¥ € U, there is the inclusion U2 c U};

(U2) the image ¢ ;(U2) C X contains a ball of the fixed positive radius ¢;(U2) >
BX,0,r):={y:yeX, lyl=rk

(U3) for each pair of intersecting charts (U, ¢,) and (U, ¢>), transition mappings
b1 = 1o d)}l are such that sup, ll¢; ;I < C and supy [l (x) || < C, where
C = const > 0 does not depend on ¢; and ¢ ;.

REMARK 2.16. Consider a measurable space (M,¥), where & is a o-algebra on M.
Define a random mapping S(t,T;w) : M — M for each t,7T € T by x —» S(t,T;w;x) =
S(t,T;w)ox. Suppose that

(1) the mapping x X w — S(t,T;w;x) is £ X F-measurable for each t,T € T;

(2) the random variable S(t,T;w;x) is F-measurable and does not depend on ¥
for each t, T, x. Moreover, let also all other conditions of [30, Definition 3.8] be
satisfied (with the notation S(t,T;w) here instead of T (t,s;w) there).

PROPOSITION 2.17. Let& be a stochastic process given by (2.16) and let alsomax (||a(t,
w,x) —a,w,x)|, |E(t,w,x) —Ew,w,x)|]) < |t —v|(C; +Callx||?) for each t and
v € B(K,to,R) A-almost everywhere by w € Q, where b, C1, and C, are nonnegative
constants. Then & with probability 1 has a C°-modification and q(t) < max{M| & |*, |t —
tol(C1+C2q(t))} foreacht € B(K,to,R), where q(t) := supy_;,<ji—o MIE(w, ) |I* and
N3 s> b=0. Moreover, if A{w : w(t,w) € CO\C'} = 0, then for A-a.e. w, there exists
& and A{w : E(t,w) € CO\C} =0.

PROOF. In view of Theorem 2.8 applied to f(t,x) = x*, we have

f(&,&(t,w)) = f(to, &)
+ Z Z (pukl,w(u,w)l |: (i) Es_k (u,E(u,w))

|u:t’

(2.33)

o (Al ® - ®ayn,)e° (a®*-b ®E®l)}

where I1 +---+ Iy = k-1, n; +---+mng = L. From the conditions of Note 2.7, and in
particular (2.17), it follows that

MIEE @I = max (Mgl [t -told(P) (Cr+C: sup Mg ))

lu—tol<lt-tol

(2.34)

since |t; —to| < [t —to| for each j € N, and M||§(t,w) - &(v,w)[* < [t —v[(1+C +
C2d(PS) SUP 1y <max(lt—to L lv—to) MIIE (W, ) [I¥) since [t; —v;| < [t —v|+ p/ for each
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jEN,where0<p <1,

da(P;)

= sup max

L ok
(3D (k—f>
(@#0,E0, f#0,ai 0, j=Lyk) 52k=120 okx

(2.35)
o (Al ® - ®ayn,) o (a®* P @E®) H

1

k-1 l k ’
(Nt y s NENE 0 g 1 aony 1F N s i Ty Il 1)

hence d(ﬁi) < 1, since f € C® as a function by x and (®°g)(x;h1,...,hs;0,...,0) =
D3g(x)-(hy,...,hs)/s! for each g € C* and due to the definition of ||gl|¢s. Considering
in particular polyhomogeneous g on which d(ﬁi) takes its maximum value, we get
d(ﬁi) = 1. From conditions on w, a, a, and E, it follows that &(t, w) with probability
1 has a CY-modification (see [30, Theorem 3.4]), £ € L1(Q, %, A;CO(Bg,H)).

The last statement of this proposition follows from [31, Lemma 2.2]. O

THEOREM 2.18. Suppose that M is a manifold which either satisfies the conditions of
Corollary 2.5 or is analytic, At(M) is uniform (see Definition 2.15). Let a, E, am,, and
w corresponding to a section AU satisfy the conditions of Note 2.7 with A{w : w(t,w) €
CY9\ C'} = 0. Then there exists a unique up to stochastic equivalence random evolution
family S(t,T;w) for a solution E(t,w) of (2.32).

PROOF. Consider a solution of the non-Archimedean stochastic equation

E(t, (,U) = eng(t,w) { Z pum+h,wlam+b,l,§(t,w) (M,E(u, w))

m,b,l

(2.36)

!
o (I®P ® a8t w) ®Eg i) | u_t}

corresponding to (2.31). On each chart of the uniform atlas At(M) of M fields {am, :
m,l}, a, E, and w are A-a.e. bounded due to the conditions of Note 2.7. For each two
charts (Uj,¢;) and (U, ¢;) with UjnU,; # @, a transition mapping ¢ := ¢ is bounded
together with its derivatives, hence I' is bounded on each U; since the covering {Uj : j}
of M can be chosen locally finite due to paracompactness of M [6].

In view of [30, Theorem 3.4], Corollary 2.12 and equation (2.30) have a unique solu-
tionon M. Let (a, E) be a section of the bundle (II, M, 17) and a, ,, sections of the bundles
(IMj4m, M, T14m) (see Definition 2.10 and Section 2.5). Consider a family T, (x) of func-
tions of the class C!(M,K) on M such that §,(x) =0if x ¢ UL, C,(x) =1if x € U; of
the uniform atlas (see Definition 2.15), then ax := €y (x)ax, Ex := Ty (x)Ex, afm‘x =
Cy (x)aim are local fields. Then, there exists the local evolution family S, (¢, T;w) for
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each local solution (i.e, with local coefficients)

Y (t,w) = engy(t’w){ D Pumeb i@ ey (1) (12 E (1, )

mbil (2.37)

b v em y el
o<I® ®(a§y(t,w)) ®(E§y(t,w)) )‘u:t ’

due to [30, Theorem 3.4] and Theorem 2.8 above. Therefore, S, (t,T;w) o x € U} for
each x € U32,. Glueing together local solutions with the help of transition functions ¢y ;
of charts with nonvoid intersections U; N U; leads to the conclusion that a stochastic
process & is a solution of the stochastic antiderivational equation (2.36) on M, if and
only if, for each t € T for vg)-a.e. x € M, it coincides Py x-a.e. with some local solution
of this equation inside UZ, since {UZ:x € M} is a covering of M.

Consider a local representation £% := ¢ (%), then there exists the corresponding S
generated by d€? such that S?(t,T;w) o E?(T,w) = P(S(t,T;w) o« E(T,w)) for each t,
TeTcK, pei{p;:j}l

In view of Proposition 2.17, there exists § > 0 such that P{w : Sx(t,T;w)ox ¢ U2} <
P{sup|l¢p(Sc(t,T;w)ox)|| > 1} <C|t—7]| for each t,T € T, such that |t — T| < §, where
C > 0 is a constant. Consider a family Y of all finite partitions g of T into disjoint
unions of balls B(K,t},7}), where t} € T, 0 < 1! < €4, 0 < €4 < 6 for each q € Y.
Let g < v if and only if g C v, then Y is ordered by this relation. Consider a linearly
ordered subsequence Yy := {gx : k € N} in Y with limy . sup{rjqk 1 j € qx} =0, and forit,
define & (t,w) := Sg, | (t,,w) (£, t1;0) 0 &1 (£, ) for each k and t € B(K,t},+}") for each
t; € qx-1 and each k = 1, where v = qi_1, E(to,w) = x, & (t;,w) = E(t;,w) for each
t; € q1. Also define Sk(t,to;) o x = Sg,_ (1), (L, t1;0) 0 Ex—1(£7). Consider z(s,w) :=
Sy(s,t;w) oy € U3 for each s € B(K,t{,r}). For each t € B(K,t,r), the equality
Sy (t,t;w) 0y = S2(5.0) (t,5;0) 0 2(s, w) is satisfied since S, (¢,t;w) 0y =S, (t,s;0) 0
Sy (s, t,‘f;a)) oy due to the existence of a local solution.

Put Y0 := Jgey, Ok, where Oy := Nicqy, Qk,1, where Qp 1 := {w : Sg, (1,0) (5, 11) 0 &k (t1, W)
S Uék(tl’w), s € B(K,t/,1)}. From the existence of a local solution, it follows that
Sk(t,to) o x = Si(t,ty) o x for each k > [ and each w € Q;. In view of Theorem 2.13,
there exists limg, ey, Sk(t,to;w) = S(t,to;w). For each two linearly ordered subsets A;
and A, in Y, there exists a linearly ordered subset A in Y such that A D A UA», hence
this limit does not depend on the choice of Yy. Events Qi,; and Q,; are independent
in total for each I # j: P(Qx1 N Qxj) = P(Qk,1)P(Qx ;). Since K is a finite algebraic
extension of the corresponding Q,, then there exists n € N such that K as the Q-
linear space is isomorphic to Q. Choose Y, such that for each g € Yy, the supremum
SUPje gy 7k =18, < p~* and card(t; : t; € qr N B(K, to, p*)) =1 My < p*"K. In view of the
ultrametric inequality from || (w) +B(w) || = &, it follows that max (|x(w)|, |B(w)]) = &
for each two random variables « and B. Therefore, from Proposition 2.17 applied to
¢ (&) — (&), and the inclusion &(t,w) € Li1(Q,F,A;CO(T,M)), it follows that P{Qy :
t € TNBK,to,p*)} = (1—Cep*)P™™, where limg Cx = 0, since £(t,w) is uniformly
continuous on T N B(K, ty,p*) for A-a.e. w. Therefore, P{QY : t € TnB(K,ty,p*)} =
limg exp(—Cysn) = 1 for each given s € N.
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From S*(t,to;w) o x = SK(t,s;w) o SK(s,t;w) o x and taking the limit by g € Y, it
follows that S satisfies the evolution property S(t,to;w) ox = S(t,5;w) 0 S(s,to;w) 0 Xx.
Then S (t,to;w) o x is a measurable function of x, since it is a superposition S (t, to; w) o
x = Sk(¢,ty;w) o x of locally measurable functions. |

COROLLARY 2.19. Let the conditions of Theorem 2.18 be satisfied and let f be a func-
tion on T x M such that each f o d)J’-l satisfies conditions (2.18) and (2.19) on its domain.
Then, a generating operator of an evolution family S(t,T;w) of a stochastic process
n(t,w) = f(t,&(t,w)) is given by the equation

A(t;w)n(t,w) = Z (m+Db)!)" Z<m+b>

m+b=1,0smez =0
0O<beZ

X Z {b(ﬁuMm-l—l,w(u,w)l[(%)(M,E(M,CU))

L1+ +lm=m-1
Nny+---+nm=1

° (all,nl ®:--- ®alm,nm)

° (I®(b—1) ®a@(m—l) ®E®l)]> |u=t

+(m— l)( e m 11 (o)l [(%)(ué(u,w))

°© (allxnl ® - ®ALy,ny)

|u=t

° (I®h ® a@(m—l—l) ®E®l)]a)

+ l(pub+m—lyw(u‘w)l—1 [(M) (u,&(u,w))

ouboxm

° (alhm @ ®al‘mvnm)

° (I®b ®a®(m7l) ®E®(lil)):|Ew,u(ua w)> |u:t}'
(2.38)

PROOF. In view of Theorem 2.18, there exists a generating operator S(t,T;w) of an
evolution family. For each chart (Uj,¢;), the stochastic process f o ¢J’.1(§) is given
by (2.20). Consider the covariant differentiation (Vf/dx)-h = V,f on the manifold
M, where h € T, M. For a random variable belonging to L(Q,%,A;C' (M, X)), its de-
rivative and partial difference quotients ®! f o qb;l(x;h;b) are naturally understood
as elements of the corresponding spaces L1(Q,%,A;C O(WJ',X )) such that each limit
limy_y, g(x,w) = c(w) is taken in LA(Q,F,A;CO(M, X)), where W;:={(x,h,b) € Ujx
XxK:x+bh € U;}. In other words, it exists if and only if limy_x, [|g(x, w) —c(w) |l 1a =
0, where ¢ € L1(Q,%,A; X). Then f(t,E(t,w)) = limg f(t,S¥(t,to;w) o x). For each chart,
put f;(t,*) := f(t,(,b;l(*)(bj S, ), where S, (t,T;w)y does not leave for A-a.e. w € Q
aclopen subset Ujin M foreachtand T € T;, T; C T, U; T; = T, T} is a clopen subset in
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T. Then define f(t,S*(t,T;w)x), - h = fL.(t,5%(t,T) o x) Ak (t, T;w)h and take the limit.
From [31, Lemma 2.2], the statement of this corollary follows. O

REMARK 2.20. In the particular case in Section 2.4, formula (2.38) simplifies. When
the family of T, together with all its covariant derivatives along a and Ew’, is equiuni-
formly bounded on each U}, then (2.38) can be written in another form using the identity
VLE (R, hm) = Vi, (V- (e i) = X2 (V) - (R e sy, Vi, b,
his1,..., ), in particular with h; € {a,Ew’}.

In a weak topology, C°(T,co(x,K)) is isomorphic to co(e,K)T. Let 0 : K — R be a
continuous surjective quotient mapping, such that 0(B(K,0,1)) = [0,1]. Then, for each
EeL1(Q,F,A;co(0,K)T), there exists 0(E) € L1(Q, F, A; co(x, R)?T)) that induces a sur-
jective mapping 0* from L1(Q, F, A;co (o, K)T) onto L1(Q, F, A;co (x, R) ), Therefore,
for each stochastic process n in L4(Q, %, A;co (e, R)?T)), there exists a stochastic pro-
cess € in L9(Q, %, A;co(x,K)T) such that 0(Z) = n. On the other hand, K is a projective
limit of discrete rings Sn» isomorphic to the quotient of K by the equivalence relation
associated with disjoint subsets x; +m"B(K,0,1) in K, j =0,1,2,..., xg := 0, T €K,
|7t] = max{|x|: |x| <1, x € K}. Therefore, L1(Q, %, A;co(x,K)T) is isomorphic as the
topological space to projective limit of modules L9(Q, %, A;co (&, Sqn )57 ) over discrete
rings Sy». Since simple functions are dense in L%, consequently, & is equal to the projec-
tive limit of stochastic processes with values in discrete modules ¢ (,Sn) over rings
Snn. This opens a possibility of approximation of stochastic processes by stochastic
processes with values in discrete modules. Certainly, there is not any simple relation
between classical and non-Archimedean stochastic equations, so, if & satisfies definite
stochastic antiderivational equation relative to w, it is a problem to find a classical sto-
chastic equation which 6(&) satisfies relative to either 8(w) or a standard stochastic
process (Wiener, Lévy) and vice versa.

Theorem 2.18 and Corollary 2.19 are applicable in particular to totally disconnected
Lie groups over non-Archimedean fields of characteristic zero.

In [29], wide classes of nonnegative (in particular also quasi-invariant) measures v on
non-Archimedean Banach spaces Y were considered, as well as having abundant fami-
lies of compact subsets of positive measure. Then v induces a (quasi-invariant) measure
u on a manifold M modelled on Y (see [21, Theorem 3.2], which can be generalized to
the class of manifolds considered here). If f € L1 (M,u,C), then A(dx) = f(x)u(dx)
is a measure on M. In particular, f, and hence A with a compact support, can be con-
sidered, but with losing its quasi-invariance property. Therefore, stochastic processes
having transition measures of compact supports are particular cases of those consid-
ered herein.
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