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We consider geometrical problems on Gorenstein hypersurface orbifolds of dimension n > 4
through the theory of Hilbert scheme of group orbits. For a linear special group G acting on
C", we study the G-Hilbert scheme Hilb® (C") and crepant resolutions of C"/G for G the
A-type abelian group A, (n). For n = 4, we obtain the explicit structure of Hilb? ) (C4). The
crepant resolutions of C*/A, (4) are constructed through their relation with Hilb? 4 (¢4),
and the connections between these crepant resolutions are found by the “flop” procedure of
4-folds. We also make some primitive discussion on Hilb® (C™) for G the alternating group
2,1 of degree n + 1 with the standard representation on C"; the detailed structure of
Hilb™ (C3) is explicitly constructed.

2000 Mathematics Subject Classification: 14]J35, 14J30, 14M25, 20C30.

1. Introduction. The purpose of this paper is to study some geometrical problems
of certain Gorenstein hypersurface orbifolds of dimension 4. The main focus will be on
the structure of the newly developed concept of Hilbert scheme of group orbits and its
connection with crepant resolutions of the orbifold. For a finite subgroup G in SL,, (C),
the G-Hilbert scheme Hilb® (C") was first introduced by Nakamura et al. [6, 8, 9, 14];
one primary goal is to provide a conceptual understanding of crepant resolutions of
C"/G for n = 3, whose solution was previously known by a computational method,
relying heavily on the Miller-Blichfeldt-Dickson classification of finite groups in SL3(C)
[12] and the invariant theory of two simple groups, Iso (icosahedral group) and Higg
(Klein group) [11] (for the existence of crepant resolutions, see [19] and the references
therein). For n = 2, Hilb® (C?) is the minimal resolution of C? /G, hence it has the triv-
ial canonical bundle [8, 9, 14]. For n = 3, it was expected that Hilb® (C3) is a crepant
resolution of C3/G. Recently, the affirmative answer was obtained, in [7, 15], for the
abelian group G by techniques in toric geometry, and, in [2], for a general group G by
derived category methods bypassing the geometrical analysis of the G-Hilbert scheme.
With these successful results in dimension 3, a question naturally arises on the possible
role of the G-Hilbert scheme in crepant resolution problems of orbifolds in dimension
n > 4. For n > 4, it is a well-known fact that C" /G might have no crepant resolutions at
all, even for a cyclic group G and n = 4 (for a selection of examples, see, e.g., [17]). To
avoid many such complicated exceptional cases, we will restrict our attention only to
those with hypersurface singularities. In this paper, we will address certain problems
on two specific types of hypersurface Gorenstein quotient singularity C"/G of dimen-
sion n; one is the abelian group G = A, (n) defined in (2.19), and the other, group
G, is the alternating group A,,.; of degree n + 1 acting on C" through the standard
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representation. In the case G = A, (n), Hilb® (C™) is a toric variety, hence the methods
for toric geometry provide an effective tool to study its structure. For n = 4, we will
give a detailed derivation of the smooth toric structure of Hilb*"¥ (C*) and construct
the crepant toric resolutions of C*/A, (4) by blowing down the canonical divisors of
Hilb* ¥ (C4); in due course, the “flop” of 4-folds naturally arises in the process (see
Theorems 3.4, 3.5, and 4.1, whose statements were previously announced in [3]). We
would expect that the concept which appeared in the proof of these theorems will in-
spire certain clues to other cases, not only the A, (n)-type groups, but also nonabelian
groups A,,.1 (wWhich are simple groups for n > 4). Group 24 is a solvable group of or-
der 12, also called the ternary trihedral group. The crepant resolution of C3 /%, was
explicitly constructed in [1], and the structure Hilb™ (C3) over the origin orbit of C3 /2,
was analyzed in detail in [6]. Through the representation theory of 24, we will give the
direct verification that Hilb™ (C3) is smooth and a crepant resolution of C3/2,. Though
the conclusion is known by the general result in [2] using qualitative arguments, the
object of our detailed analysis is to reveal that there exist certain common features
in determining the structures of G-Hilbert schemes for certain abelian and nonabelian
groups G by the computational methods, in the hope that the approach could possibly
be applied to higher-dimensional cases. With this in mind, we will restrict our attention
only to the case 24, leaving possible generalizations, applications, or implications to
future work.

This paper is organized as follows. In Section 2, we will summarize the main fea-
tures of the G-Hilbert scheme of group orbits and the results in toric geometry needed
in later discussions. We will also define group G which we will consider in this paper.
Sections 3 and 4 will be devoted to the discussion of the structure of Hilb®(C4) and
crepant resolutions of C*/G for G = A, (4). For simpler terminology to express ideas,
also for the description of the geometry of the flop of 4-folds, we will consider only the
case A;(4) in Section 3 to discuss the structure of Hilb™! @ (C*). The flop relation be-
tween crepant resolutions of C*/A; (4) will be examined in detail through HilbAt ™ (C4).
In Section 4, we will derive the solution of the corresponding problems for G = A, (4)
for a general positive integer 7, with much more complicated techniques but a method
much in tune with the previous section. In Section 5, we consider the case G = 4,1
acting on C" through the standard representation for n = 3. By employing the struc-
ture of the fiber in Hilbg‘4((C3) over the origin orbit of C3/2%4 as described in [6], we
give an explicit construction of the smooth and crepant structure of Hilb™ (C3) using
finite group representation theory, along a line similar to the previous two sections in
a certain sense. Finally, we give the concluding remarks in Section 6.

NOTATIONS 1.1. To present our work, we prepare some notations. In this paper, by
an orbifold we will always mean the orbit space of a smooth complex manifold acted
on by a finite group. Throughout the paper, G will always denote a finite group unless
otherwise stated. We denote

Irr(G) = {p: G — GL(V,) an irreducible representation of G}. (1.1)

The trivial representation of G will be denoted by 1. For a G-module W, that is, a G-
linear representation space W, one has the canonical irreducible decomposition
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W = @ enrc) Wp, where W, is a G-submodule of W, isomorphic to V, ® Wg for some
trivial G-module Wg. For an analytic variety X, we will not distinguish the notions of
vector bundle and locally free Ox-sheaf over X.

2. G-Hilbert scheme and toric geometry. In this section, we briefly review some
basic facts on Hilb® (C") (the Hilbert scheme of G-orbits) and toric geometry necessary
for later use, then specify groups G for the discussions of the rest of the sections of
this paper.

First, we will always assume G to be a finite subgroup of SL,,(C). Denote S¢ := C"/G
with the canonical projection, s : C"* — S, and o := 11 (0). As G acts on C" freely
outside a finite collection of linear subspaces with codimension greater than or equal
to 2, S is an orbifold with nonempty singular set Sing(S;) of codimension greater than
or equal to 2. In fact, the element o is a singular point of S;. By a variety X birational
over S;, we will always mean a proper birational morphism o from X to S; which is
biregular between X \ o1 (Sing(Ss)) and Sg \ Sing(S¢),

o:X— Sc,‘. (2-1)
One can form the commutative diagram via the birational morphism o as follows:

XXSG(:n —

ln lTTG (2.2)

X;SG

Denote by Fx the coherent Ox-sheaf over X obtained by the pushforward of the struc-
ture sheaf of X x5, C", Fy 1= 14 Ox« 56 - For two varieties X, X’ birational over S; with
the commutative diagram

X*(f)SG

],

X,O—HSG

(2.3)

one has a canonical morphism p* %y — Fx. In particular, the morphism (2.1) gives rise
to the Ox-morphism

O'*(ﬂg*@(n) — 9’7)(. (2.4)

Furthermore, all the above morphisms are compatible with the natural G-structure of
%y induced from the G-action on C" via (2.2). Then %y has the canonical G-decom-
position of coherent Ox-submodules Fx = D enr(c) (Fx)p, where (Fy), is the p-factor
of Fy. The geometrical fibers of #x and (%x), over x € X are defined by Fx , =
k(x) @y Fx, (Fx)px = k(x) Q¢ (Fx)p, where k(x) (:= Ox /) is the residue field
at x. Over X\ o~ (Sing(S¢)), Fx is a vector bundle of rank |G| with the regular G-repre-
sentation on each geometric fiber. Hence (¥x), is a vector bundle over X\ o~ (Sing(S¢))
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with rank equal to the dimension of V,,. For x € X, there exists a G-invariant ideal I(x)
in C[Z] (:= C[Z,...,Zy]) such that the following relation holds:

Fxx = k(x) @ Ocn(x) = CLZ]/1(x). (2.5)

@SG

We have (Fx),x =~ (C[Z]/I(x)),. The vector spaces C[Z]/I(x) form a family of finite-
dimensional G-modules parametrized by x € X. For x ¢ o~!(Sing(Sg)), C[Z]/I(x) is
a regular G-module. In particular, for X = S; in (2.5) and s € S, the G-invariant ideal
I(s) of C[Z] is generated by the G-invariant polynomials vanishing at o1 (s). Let 1(s)
be the ideal of C[Z] consisting of all polynomials vanishing at o~!(s). Then T (s)isa G-
invariant ideal with T(s) 2 I(s). For s = 0, we have I(0) = C[Z]o and I(0) = C[Z]§C[Z],
where subscript 0 indicates the maximal ideal of polynomials vanishing at the origin.
For a variety X birational over S; via o in (2.1), one has the following relations of
G-invariant ideals of C[Z]:

I(s)DI(x)DI(s), x€X, s=0(x). (2.6)
For x € X, there exists a direct sum decomposition of C[Z] as G-modules,
ClZl=Ix)*®I(x). (2.7)

Here, I(x)* is a finite-dimensional G-module isomorphic to C[Z]/I(x). Similarly, we
have G-module decompositions, for s = o (x) € Sg,

ClZl=I(s)t@I(s), C[Z]=1(s)*al(s), (2.8)

so that the relations T (s)* cI(x)* cI(s)* hold. Note that the above finite-dimensional
G-modules with superscript L are not unique in C[Z] because there is a choice involved,
nonetheless, we could choose them such that these inclusions are fulfilled. One has the
canonical G-decomposition of I(x)*: I(x)* = @ ecnr(c) I (x);, where the factor I(x) is
isomorphic to a positive finite sum of copies of V,,.

Now we consider the varieties X birational over S; such that %y is a vector bundle.
Among all such X, there exists a minimal object, called the G-Hilbert scheme in [8, 9,
14, 15],

O - Hilb® (C") — S. (2.9)

By the definition of Hilb® (C"), an element (i.e., closed point) p of Hilb® (C") is described
by a G-invariant ideal I (= I(p)) of C[Z] of colength |G|, and the fiber of the vector
bundle Fyy.6cn) Over p can be identified with the regular G-module C[Z]/I(p). For
simplicity of notation, we will also make the identification of the element p with its
associated ideal I and write I € Hilb®(C") in what follows if no confusion arises. For
any other X, map (2.1) can be factored through a birational morphism A from X onto
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Hilb® (C™) via OHilb:

X’AAAAfL444>.SG

|

OHilb

Hilb® (C") —— S¢

(2.10)

In fact, the ideal I(x) of (2.5) is a colength |G| ideal in C[Z], by which the map A is de-
fined. We will denote by X the normalization of Hile((C"), which is a normal variety
over S; with the birational morphism from X; onto S¢. As every biregular automor-
phism of S can always be lifted to one of Hile((C"), hence also to X, one has the
following result.

LEMMA 2.1. Let Aut(Sg) be the group of biregular automorphisms of Sg. Then
Hilb% (C"), X are Aut(Sg)-varieties over S¢ via Aut(S¢)-morphisms. As a consequence,
Xg is a toric variety for an abelian group G.

Now we are going to summarize some basic facts in toric geometry for the later
discussion when group G is abelian (for details, see, e.g., [5, 10, 16]). In this case, we
consider G as a subgroup of the diagonal group Ty of GL,, (C™) with the identification
To = C*", Regard C" as the partial compactification of Ty,

GcTycC™ (2.11)
Let T be the torus Tp/G and consider Sg (= C"/G) as a T-space,
T:=Ty/G, TcCSg. (2.12)

The combinatorial data of toric varieties are constructed from the lattices of 1-para-
meter subgroups and characters of tori T, Tp:

N (:=Hom (C*,T)) > Ny (:=Hom (C*,Ty)),

M (:=Hom (T,C*)) c My (:=Hom (T,,C*)). (2.13)

For convenience, Ny and N will be identified with the following lattices in R™ in this
paper. Denote by {e‘}!", the standard basis of R", and define the map exp : R" — Ty by
v (= S riet) — exp(r) := >;e2™/"1rigl The lattices N, Ny are given by

No=7" (:=exp '(1)), N=exp "G), (2.14)

and we have G ~ N/Ny. The lattice M, dual to Ny is the standard one in the dual space
R"™*. In what follows, we will identify M, with the group of monomials in variables
Z1,...,Zy via the correspondence

n n
I=>ie;eMy— 2z =[] Zk. (2.15)

s=1 s=1
The dual lattice M of N is the sublattice of My, consisting of all G-invariant monomials.
Among the varieties X birational over the T-space S;, we will consider only those X
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with a T-structure. It has been known that these toric varieties X are represented by
certain combinatorial data in toric geometry. A toric variety over S is described by a fan
3 = {0y | 0 € I} with the first quadrant of R" as its support, that is, a rational convex
cone decomposition of the first quadrant in R™. Equivalently, these combinatorial data
can also be described by the intersection of the fan and the standard simplex A in the
first quadrant:

A= {re[R”IZri=1, TjZOVj}. (2.16)
i

The corresponding data in A are denoted by A = {Ay | @ € I} with Ay := oxNA. Then
A is a polytope decomposition of A with vertices in AN Q™. Note that for oy = {0}, we
have Ay = @. Such A will be called a rational polytope decomposition of A, and we will
denote by X, the toric variety corresponding to A. If all vertices of A are in N, A is called
anintegral polytope decomposition of A. For arational polytope decomposition A of A,
we define A(i) := {Ax € A | dim(Ay) =i} for -1 <i <n -1 (here, dim(@) := —1). The
T-orbits in X, are parametrized by I_I?;IIA(i). In fact, to Ay € A(i) there associates
an (n—1—1i)-dimensional T-orbit, which will be denoted by orb(A ). A toric divisor in
X, is the closure of an (n —1)-dimensional orbit, denoted by D, = orb(v) for v € A(0).
The canonical sheaf of X, is expressed by the toric divisors (see, e.g., [5, 10, 16])

wXA=@xA( > (mv_l)Dv>, (2.17)

veA(0)

where m,, is the least positive integer with m, v € N. In particular, X, is crepant, that
is, wx, = Ox,, if and only if A is integral. On the other hand, the smoothness of X\
is described by the decomposition A to be a simplicial one with the multiplicity one
property, that is, for each Ay € A(n—1), the elements m,v for v € Ay N A(0) form a
Z-basis of N. The following results are known for toric variety over Sg; (see, e.g., [18]):
(1) the Euler number of X, is given by x(Xax) = |[A(n—1)|;
(2) for a rational polytope decomposition A of A, any two of the following three
properties imply the third one:

X, :nonsingular, wyx, =0x,, X(Xa) = IG]. (2.18)

In this paper, we will consider only two specific series of hypersurface n-orbifold S¢
for n > 2. The first type can be regarded as a generalization of the A-type Klein surface
singularity; the group G is defined as follows:

A,(n):={geSL,(C) | g:diagonal, g"*' =1}, r=1. (2.19)
The A, (n)-invariant polynomials in C[Z] (:= C[Z,...,Z,]) are generated by monomi-

als, X :=[[-, Z; and Yj:= Z;” (j=1,...,m).Thus Sa, ) isrealized as the hypersurface
in (Cn+1

n
Sarim : X" =[]>i, (01,0, 0n) €CL (2.20)
-1
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The ideal I(0) of C[Z] for the element 0 € Sa,n) is given by I(0) = (Z{“,...,Z{L“,
Z1,...,Zn), hence

I(0)* = @{czl | T=(i'...,i"), 0<i/ <7, 1‘[1’1—0}. (2.21)
j=1

For a nontrivial character p of A, (n), the dimension of I(0) is always greater than one.
In fact, one can describe an explicit set of monomial generators of I(0);. For example,
say I(0); contains an element Z' with I = (i',...,i"), i' = 0 and i* < i**!, then I(0); is
generated by ZX’s with K = (k',..., k™) given by

(2.22)

s r+1-i/+i5 ifis </,
is—iJ otherwise;

here, j runs through 1 to n. Note that some of the above n-tuples K might coincide with
each other. In particular, for v = 1, the dimension of I(0); is equal to 2 for p # 1, with
a basis consisting of Z!, Z!" whose indices satisfy the relations 0 < %, % <1, ¥+ =1
for1 <s<n.

The second type of group G is the alternating group %,,.1 (of degree n + 1) acting on
C" through the standard representation. The representation is induced from the linear
action of the symmetric group 5,1 on C"*! by permuting the coordinate indices, then
restricting on the subspace

n+1
V—{(Zl,...,zml)e(tn*ll sz—o}:(". (2.23)
j=1

We denote by C[Z] (:= C[Z,...,Zn:1]) the coordinate ring of the affine (1 + 1)-space
C"*1, and their elementary symmetric polynomials oy := Dlzig< e <ip<n+l Ziy - -Zik for
1 <k <n+1. The &,,-invariant polynomials in C[Z] are generated by the above o}’s
and 6 := [];;(Z; - Z;) with a relation §* = F(01,0v,...,0m+1) for a certain polynomial
F.Infact, Fisa (quasi-)homogeneous polynomial of degree n(n + 1) with the weights
of o and 6 equal to k and n(n + 1)/2, respectively. Denote by sk, d the restriction
functions of oy, §, respectively, on V. Then s; is the zero function and V/5§,,,1 = C" via
the coordinates (s»,...,Sx+1). The orbifold Sx,,, (= V/2%,.1) is a double cover of C":

Sap, — C"=V/5,,1. (2.24)
Then V/$,.1 can be realized as a hypersurface in C**! with the equation

Sapey 1A% =Fu(s2,eeySns1), (d,S2,...,8n41) € T (2.25)
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where F,, ($2,...,5n41) 1= F(O,sz,...,snﬂ). The polynomial F, (s2,...,S,+1) has a lengthy
expression in general. Here, we list the polynomials F,, for n = 3,4:

F3(52,53,54) = —45355 — 2753 + 165354 — 1285357 + 14455554 + 25653,
Fi(52,53,54,85) = —4535252 — 275452 + 165353 + 144555753 — 1285354
+2565] — 7253535455 + 1085355 — 63052555455 — 1600535355 (2.26)
+56052535555 + 165353555 — 90053 5452 + 2250575452

+2000525252 + 1085352 + 825575252 — 3750525355 + 312552,

3. A (4)-singularity and flop of 4-folds. We now study the A;(n)-singularity with
n > 4. The set of N-integral elements in A is given by

ANN={e/|1<j<nju{v |1<i<j<n}, (3.1)

where v/ := (1/2) (el +e/) for i = j. Other than the simplex A itself, there is only one
integral polytope decomposition of A invariant under all permutations of coordinates,
and we will denote it by E. E(n — 1) consists of n + 1 elements: A; (1 <i < n) and
¢, where A; is the simplex generated by e and v’/ for j # i, and ¢ is the closure
of A\UL, Aj; equivalently, ¢ equals the convex hull spanned by v®/’s for i # j. The
lower-dimensional polytopes of E are the faces of those in Z(n —1). Xz has the trivial
canonical sheaf. For n = 2,3, Xz is a crepant resolution of S4, (n). For n = 4, one has the
following result.

LEMMA 3.1. For n = 4, the toric variety Xz is smooth except for one isolated singular-
ity, which is the 0-dimensional T -orbit corresponding to ¢.

PROOF. In general, for n > 4, itis easy to see that for each i, the vertices of A; form a
Z-basis of N; for example, say i = 1, it follows from |A; (n)| = 2"~1 and det(e!,v12,...,
v1m) =1/2""1 Hence Xz is nonsingular near the T-orbits associated to simplices in A;.
As ¢ is not a simplex, orb(¢) is always a singular point of Xz. For n = 4, the statement
of smoothness of Xz except orb(¢) follows from the fact that for 1 < i < 4, the vertices
viJ (j# 1) of Xg, together with (1/2) Z?zl e/, form an N-basis. O

REMARK 3.2. For n > 4, the following properties hold for 0-dimensional T-orbits of
X_:_.

(1) Denote Xp; 1= orb(Aj) € Xg for 1 < j < n. The inverse of the matrix, spanned
by vertices of Aj, (v,...,vI "1 el vtli [ y™i)~1] gives rise to affine coordinates
(U1,...,Uy) centered at X, such that U; = Zi2 (i+j)and U; = Zj/Z; -~ 'Z.i"'Zn-
Hence I(xx;) = (Zj,ZiZ, i+ j)+1I(0), and we have the regular A, (n)-module structure
of (C[Z]/I(XAJ):

CIZ1/1(xa;) =P {CZ" 1= (ir,...,in), ij =0, ix = 0,1 for k = j}. (3.2)

(2) We will denote x4 := orb(¢) in Xz. The singular structure of x, is determined by
the A; (n)-invariant polynomials corresponding to the M-integral elements in the cone
dual to the one generated by ¢ in Nk. So the A; (n)-invariant polynomials are generated
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X4 &3
!
F} Fs I
AA X
F{ 2 ’
1 o)
Fp &1
F oo
7 ’
Fy &y

FIGURE 3.1. Dual pair of octahedron and cube: faces Fj, F} of octahedron are
dual to vertices «;, (x; of cube. The face of the cube in gray color corresponds
to the dot “@” in the octahedron.

by Xj:=Z? and Y, := Zy -+ - Zj- - - Zn/ Zj. Hence I(xo) = (Zy -+ - Zj -+ - Zn)1<j=n +1(0).
Note that for n = 3, the Y;’s indeed form the minimal generators for the invariant
polynomials, which implies the smoothness of Xz. For n > 4, x, is a singularity not of
the hypersurface type. For n = 4, the X;, Y; (1 < j < 4) form a minimal set of generators
of invariant polynomials, hence the structure near x, in Xz is the 4-dimensional affine
variety in C® defined by the relations

XiVi=X;Yj, XiXj=YiYji, (Xi,i)1<ies €C5, (3.3)

where i + j with {i’,j’} the complementary pair of {i,j}.

For the rest of this section, we will consider only the case n = 4. We are going to
discuss the structure of Hilb*' (C*) and its connection with crepant resolutions of
Sa, ). The simplex A is a tetrahedron and ¢ is an octahedron; both are acted on by the
symmetric group $4. The dual polygon of ¢ is the cube. The facets of the octahedron ¢
are labeled by Fj, F} for 1 < j <4, where F; = 0 nAj and Fj = {3}, xie' € 0 | x; = 0}.
The duals of F;, FJ’v in the cube are vertices, denoted by «;, 0(3 as in Figure 3.1.

Consider the rational simplicial decomposition Z* of A, which is a refinement of E
by adding the center c := (1/4) 231.:1 e/ as a vertex with the barycentric decomposition
of ¢ in E (see Figure 3.2). Note that ¢ ¢ N and 2¢ € N. For convenience, we will use the
following convention.

NOTATION 3.3. Let G be a diagonal group acting on C[Z]. Two monomials m,, m;
in C[Z] are said to be G-equivalent, denoted by m; g my or simply by m; ~ my, if
m;/m; is a G-invariant function.

THEOREM 3.4. ForG = A;(4), Hilb® (C*) ~ Xz«, which is nonsingular with the canoni-
cal bundle w = Ox_, (E), where E is an irreducible divisor isomorphic to the triple product
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FIGURE 3.2. The rational simplicial decomposition £* of A for n =4, r = 1.
of P1,
E =P xP! x P!, (3.4)

Furthermore, for {i, j,k} = {1,2,3}, the normal bundle of E, when restricted on the fiber
PL(=~ PY), for the projection E to P* x P! via the (i, j)th factor

pi E— P'xP!, (3.5)
is the (—1)-hyperplane bundle
Ox_. (E) ®@”"i ~0p1(—1). (3.6)

PROOF. First we show the smoothness of the toric variety Xz+. The octahedron ¢ of
2 is decomposed into eight simplices of £* corresponding to faces Fj, FJf of ¢. Denote
by C; (resp., CJ’v) the simplex of £* spanned by ¢ and F; (resp., FJ'-); X¢j, Xc; are the
corresponding 0-dimensional T-orbits in Xz+. The smoothness of affine space in Xz«
near xc;, X/ follows from the N-integral criterion of the cones in Ny generated by
Cj, C}. The coordinate system is given by the integral basis of M which generates the
cone dual to the cone spanned by C; (CJ’-). As examples for Cy, C;, the coordinates are
determined by the row vectors of the following square matrices:

-1 1 1 1

_ 1 1 -1 -1
Cone(C1)*! (2c,v1'2,v1'3,v1'4) 1_ . 1 1 )
1 -1 -1 1
(3.7)
-1 -1 1 1
; - 0 2
cone(C3)*:  (v¥4,2c,v1v13) 7! = 1 -1 -1 1
1




ON HYPERSURFACE QUOTIENT SINGULARITIES OF DIMENSION 4 2557

The coordinate functions of Xz« centered at x¢, are given by (U, U,, U3, Us) = (Z2Z3Z4/
Z1,2122]72324,2123] 224,21 Z4] Z>73) With I(x¢,) = (Z2Z3724,212>,7173,7Z1Z4) +1(0),
and the coordinates near x¢; are (U, U3, U5, Us) = (Z324] Z122,25,21Z4 | Z2 73,71 Z3/
Z>7Z4) with I(xcé) = (2324,222,2124,2123) +1(0). By Remark 3.2(1), one has the smooth
coordinate system centered at Xa, in Xz+. For Ay, by

1 -1 -1 -1
_ 0o 2 0 0

cone (A1) : (el v12 pl3 pld) ! = o o 2 ol (3.8)
0 O 0 2

one has the coordinate system near xa,, (V1,V2,V3,Va) = (Z1/Z27524,75,75,73) with
I(xa,) = (Z1,75,75,7Z3) +I(0). Now we are going to show that C[Z]/I(y) is a regular
G-module for )y € Xz«. For an element y in the affine neighborhood of x,, with the
coordinates V; = v; (1 <i <4), one has

I(y) =(Zy—v1Z,Z324,Z5 — V2, Z5 — V3, Z5 — Vs). (3.9)

The set of monomials {1,Z>,73,Z4,Z273,Z07Z4,7Z374,Z>7Z3Z4} gives rise to a basis of
C[Z]/1(y) for v; € C; hence C[Z]/I(y) is a regular G-module. For y near x¢, with the
coordinates U; = u; (1 <i <4), we have

1Y) =(Z2Z3Zs—u1Z1,Z1Zo —U2Z3Z4,Z1 Z3—U3Z2Zs, Z1 Zs—UsZ2 Z3) +1c(y), (3.10)

where I (V) =(Z1Z>Z3 Zs —u3ususua, Z3 —uiuoUsUa, Z5 — Uy, Z5 —Usu1, Z5 —UaUy ).
This implies that C[Z]/I(y) is aregular G-module with a basis represented by {1, Z;, Z>,
Z3,24,72073,73724,7Z>Z4}. Similarly, the same conclusion holds for y near Xcy with the
coordinates U] = u; (1 < i <4), in which case we have

I(Y) =(Z3Zs—u1Z1Z2, 21 Zs — Uy 22 73,21 23 — UL Zo Zsa) + 16 (), (3.11)

with I (y) = (Z1 2o Z3 Zs —ub wiusuly, Z5 —ub, Z2 —ubulul, Z3 —wiuhyul, Z3 —ujubus),
and a basis of C[Z]/I(y) represented by {1,2,,7>,7Z3,24,7217Z>,7>73,7Z>7Z4}. The same
argument can equally be applied to all affine charts centered at x j» XCj Xl Therefore
we obtain a morphism

A: Xz« — Hilb® (C*) with I(A(y)) =1(y), ¥ € Xz=. (3.12)

We are going to show that the above morphism A is an isomorphism by constructing
its inverse morphism. Let ' be an element of Hilb® (C%), represented by a G-invariant
ideal J ¢ C[Z] with C[Z]/J as the regular G-module. By Grobner basis techniques [4],
for a given monomial order, there is a monomial ideal 1t(J), consisting of all leading
monomials of elements in J, such that the monomial base of C[Z]/1t(J) also gives rise
to a basis of C[Z]/J. By this fact, we will first determine the G-invariant monomial ideal
Jo in Hilb® (C*). For a monomial I, we will denote by I' the set of monic monomials not
in I. Since all nonconstant G-invariant monomials are in J,, we have Z f,Zl 727374 € Jp.
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Hence Jg is contained in the set B := {Z! | I = (iy,...,14), 11121314 = O, i; < 1}. For
a nontrivial character p of G, the p-eigenspace of I(0)* for the element o € S; is of
dimension 2. This implies that for m; € % not equal to 1, there exists exactly one
my € B not equal to my with my ~ m;. When Jo = I(xa,), I(xa,)* has a monomial
basis W :=I(xa, )T consisting of eight elements Zzi2 Z?Z“, 0 <ij <1, and they form a
basis of the G-regular representation. By replacing some monomials in W by the other
G-equivalent ones in %, one obtains a G-regular basis W'. Denote by Wj the set of monic
monomials in C[Z]. The W"’s satisfying Wy - (Wo—W') C (Wy— W') are in one-to-one
correspondence with monomial ideals Jy in Hilb® (C4) by the relation Jo = (Wo —W')c,
hence W' = Jg. By direct counting, there are twelve such W’’s and the corresponding
twelve Jy’s are exactly those I(xx) for R € £*(3). The correspondence between W’ and
R by the relation W' = I(xx)! is given as follows:

{1,22,23,24,22 23,2y 74,7324,20Z3Z4} — Ay,
{1,21,23,24,21 24,2, 73,2324, 21 Z3Z4} ~— Ao,
{1,21,22,24,2124,22724,21 75,21 Z2 Z4} — A3,
{1,21,22,73,2273,21 723,21 22, 21 Z2 73} ~— Ay,
{1,21,22,73,24, 2273, 22 724, 2324} ~— C1,
{1,21,22,73,24,71 24,7, 73,2324} — Ca,
(1,21,25,23,24, 2124, 2224, 21 Z2} — C3,
{1,21,72,75,74,722 73,71 73,71 Z»} ~— Ca,
(1,21,22,73,24,2, 24,2, 73,7, Z>} — Cj,
(1,21,22,73,24,2273,22 74,7, 25} — C3,
{
{

(3.13)

1,21,25,Z3,Z4,2223,21Z3,Z3Z4} — C3,
1,21,22,Z3,Z4,21Z4,22Z4,Z3Z4} — Cj.

Now we consider an ideal J in C[Z] which defines an element of Hilb® (C*). By the Grob-
ner basis argument, as before, there is a monomial ideal Jo (=1t(J)) such that Jg gives
rise to abasis of C[Z]/], and Jo = I(x») for some R € E*(3). For p € C[Z], the element
p +J € C[Z]/] is uniquely expressed in the form p + J = Xmejg y(p)mm+ J, that is,
p— Zmejg y(p)mm € J.Inparticular, for amonomial p in C[Z] (i.e., p € W), we have g -
(P=2,cs1 Y(PImm) €] for g €G. This implies that p -3, Y(P)mbg(p) g (m)m
€ J, where ug(m), ugy(p) € C* are the character values of g on m, p, respectively; hence

S Y@ mlpg(p) ugm) —1lm e J. (3.14)

me]&L

As J(;r represents a G-regular basis for C[Z]/ ], we have y(p)m[ug(p)*lug(m) -11=0
for p € Wy, m € J(}L, and g € G. Furthermore, for each p € W), there exists a unique
element, denoted by pjg, in J(‘; with the property p ~ pjg. Hence, for m € J{{, m =+ pjg if

and only if [ug(p)’lug(m) —1] # 0 for some g € G, in which case y(p),, = 0. Therefore
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p- y(r))pﬁ pi € J and J is the ideal with the generators
0

J={p=y®)p, by |p€WorJo). (3.15)

Indeed, in the above expression of J, it suffices to consider those p’s which form a
minimal set of monomial generators of Jo. Now we are going to assign an element of
Xz+ for a given J € Hilb® (C*). If the monomial ideal J, associated to J in our previous
discussion is equal to I(xc, ), a minimal set of monomial generators of Jo and the basis
representative set Jg of C[Z]/] are given by

Jo=(2},73,...,25,21 72,21 73,71 24, Z> 75 Z4), 516)
I =11,21,22,23, 24,2273, 20 74, 73 Z4}. '

By (3.15), J contains the ideal generated by p fy(p),!,,T p]g forp = 25,2122,2123,2124,
J0

Z»7Z374 for 1 < i <4, which has a colength at most 8 in C[Z]. Therefore one obtains

J=AZ1Zs—y142573,21 23— y13Z2Z4,21Z> = Y122324, 222324 — Y234 21,

ZY=y1,Z5 = y2, 25 = y3,Z5 = ya). (3.17)
Moreover, by
0=2:(Zf —y1) —Z1(Z1 Zo — y12Z3Z4) = (y12Y13Y4— y1) Z2(mod J) (3.18)
and Z> € Jo', one has
Y1 =Y12Y13Y4- (3.19)
By
0=21(Z5 —ys) = Z4(Z1 Zs = y14Z2Z3) = (Y14Y234 — ya) Z1 (mod ] ), (3.20)
one obtains
Y2 = Y234Y12- (3.21)
Similarly, one has
Y3 = Y234Y13, Y4 =Y234Y14- (3.22)

Therefore, all y;’s are expressed as functions of y12, y13, Y14, Y234. This implies J = I(y)
for an element y of Xz« in the affine neighborhood x¢, with the coordinate (U; = u;)
by the relations

U1 = Y234, U2 = Y12, us = y13, Uy = Y14. (3.23)

The above v is defined to be the element A~ (J) in Xg+ for the ideal J under the inverse
map of A. The method can equally be applied to ideals J associated to another monomial
ideal J.
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For Jo = I(xcé ), we have
J=AZ\Z3 = y|322Z4, 2\ 24— y14 2273, 2374 — 332122, 2 = Y1, Z5 = ¥5, 25 = ¥3, 25 = ¥3)-
(3.24)

We claim that the variables y3, y34, ¥13, ¥14 form a system of coordinates near I(xc;),
that is, all the y;’s can be expressed as certain polynomials of these four values. Indeed,
we are going to show that yi = y3¥13¥14, ¥3 = ¥2¥13¥34, and ¥ = ¥2y14¥34. (Note that
the group G in [15, Section 6.1, page 777] is the A;(4) of Theorem 3.4 in this paper.
However, we would consider that the statement in [15] about the singular property of
Hilb® (C*), by using the structure of I(T3) (1) there, is not correct. Indeed, by identifying
75,73, Zs, Zy with x, v, z, w, and y5, Y5, Y4, ¥1» Ys4r Y13» Y14 With U1, us, ..., u7, respec-
tively, the ideal J in our discussion corresponds to I(I3)(u) in [15]. Then, through the
three relations we have obtained here, one can easily verify that all the relations among
the u;’s listed in [15, page 778] hold.) By

Z1(ZyZy — y{42223) —Z4(212 - y{) = —y14Z1Z27Z35+y1Zs4 € ], (3.25)
one has
Zo(= Y1 ZoZ3+ y1 Za) + Y1421 Z3(Z5 = y3) = ViZoZa—yuysZ1Z3 €],  (3.26)
hence

(V1Z2Zs = y14Y22123) + Y14Y3(Z1Z3 = y132224) = (Y1 — YaY13Y14) Z2Za € ] (3.27)

By the description in (3.13) for C5, Z»Z4 is an element in Jg, hence it represents a basis
element of C[Z]/]. The relation (y; —y5¥13¥Y14)Z2Z4 € J implies

Y1—Y2Y13Y14 = 0. (3.28)

By interchanging the indices 1 and 3 (resp., 1 and 4) in the above derivation and regard-
ing y;; = yj;, we obtain y; = y3y{3¥54 (tesp., ¥ = y¥1a¥54)- Thus, y3, 13, ¥13, and y3,
form the four independent parameters to describe the ideals J near Jo =1 (xcé) with
the regular G-module C[Z]/J. Therefore J = I(y) for y near x¢; with the coordinates
(U] = u;) via the relations

uy=y5 U =Yiy,  U3=Yi UL = Y3 (3.29)

For Jo = I(xa,), we have J = (Z) — y\ Z2Z374,75 — y5 , Z5 — ¥4 , Z3 — y4 ). Hence J =
I(y) for y near x,, with the coordinates (V; = v;) and the relations v; = y;’ for 1 <
i < 4. The previous discussions of the three cases can be applied to each of the twelve
monomial ideals Jy’s by a suitable change of indices. Hence one obtains an element
A~1(J) in Xz« of an ideal J € Hilb® (C4).

However, one has to verify the correspondence A~! so defined to be a single-valued
map, namely, for a given J with two possible choices of Jj, the elements in Xz« as-
signed to J through the previous procedure through these two Jy’s are the same. For
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example, say J = I(y1) = I(y2) for ¥, near x, with (V; = v;) and », near x¢, with
(U; = ui). By (3.9) and (3.10), both Z>Z3Z4—u1Z, and Z, —v,Z>Z3Z4 are elements in
J. We claim that u; # 0. Otherwise, both Z; and Z,Z3Z, are elements in J with the
same G-character k. Then the k-eigenspace in C[Z]/] is the zero space, a contradic-
tion to the regular G-module property of C[Z]/J. Hence one has Z; —u; 12,7374 € J,
hence (v; —uy 1) 2737, € J. As J = I(y1) with y; near Xna,, Z2Z3Z4 Tepresents a
basis element of C[Z]/J. Hence vy = u;"!. By Z, 2, 7u223Z4,222 — vy € J, one has
VoZy — u2222324 (= (leg — u223Z4)Zz — (Z% — vz)Zl) e J. As 222324 é J, one has
Uu> =0 if v» = 0. When v # 0, we have Z; —uv>"172>7Z374 € J, hence

(vl—u2v2’1)222324 eJ, U =11V. (3.30)

Using the same argument, one can derive u; = v, v; for j = 2,3,4. These three relations,
together with u; = v; 1, imply y1 = y, in Xz+.

For i, near x¢, with (U; = u;) and y3 near Xc, with (U] = u;), by (3.10), (3.11), both
717y —U2Z37Z4 and Z3Zs —uyZ1Z, are elements in J; furthermore, u,, u) are nonzero
by the fact that only one of Z, Z», Z3Z4 could be an element of J. By an argument similar
to the one before, one can show

uy=ux"t,  uz=ul,  ug=ujb. (3.31)
By ZZ374—u1Z1,2374 — ) Z1 Z2, Z5 —u, € J, we have
(222324—14121)22 = (u’lu’z—ul)lez EOmOd]. (332)

As 717, represents a basis element of C[Z]/J, one has u; = uju)}. The four relations
between u;’s and u;’s imply > = )3 in Xz+. In this way, one can show directly that for
a given ideal J with J = I(y) = I(y’) for v, ¥’ in Xg+, the elements  and ' are the
same by the relations of toric coordinates centered at two distinct xx’s. Hence we have
obtained a well-defined morphism A~! from Hilb® (C#) to Xz, then Hilb® (C4) ~ Xz+. By
(2.17), the canonical bundle of Xz« is given by w = Ox_, (E), where E denotes the toric
divisor D, which is a 3-dimensional complete toric variety with the toric data described
by the star of ¢ in E*, represented by the octahedron in Figure 3.1, where the cube
represents the toric orbits’ structure. Therefore E is isomorphic to the triple product
of P! as in (3.4). The description of the normal bundle of E restricting on each P!-fiber
will follow by direct computation in toric geometry. For example, for the fibers over the
projection of E onto (P!)?2 corresponding to the 2-convex set spanned by v2, v1:3 p3:4,
and v2*, one can perform the computation as follows. Let (U;, U», U3, Us) be the local
coordinates near x¢; dual to the N-basis (2c, v12 pl3 123) and let (W, W», W3, Wy) be
the local coordinates near x¢, dual to (2¢,v?,v13,v14). By 2¢ = v + 123, one has
the relations Uy = Wi Wy, Uy = W, L U, = W», Us = W5. This shows that the restriction
of the normal bundle of E on each fiber P! over (U, Us)-plane is the (—1)-hyperplane
bundle. O
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FIGURE 3.3. Toric representation of 4-dimensional flops (in the second row),
over a common singular base (in the third row), and dominated by the same
4-fold (in the first row).

Note that the vector bundle Fx_, over Xz« in Theorem 3.4 carries the regular G-
module structure on each fiber with the local frame of the vector bundle provided by
the structure of C[Z]/I(xx) for R € £*(3) with the representative in the list (3.13).

By the standard blowing-down criterion of an exceptional divisor, property (3.6) en-
sures the existence of a smooth 4-fold (Xz« ), by blowing down the P!-family along the
projection py (3.5) for each k. In fact, (Xz+) is also a toric variety Xg, with E; defined
by the refinement of £ by adding the segment connecting v¥4 and v/ to divide the
central polygon ¢ into 4 simplices, where {i,j,k} = {1,2,3}. Each Xg, is a crepant res-
olution of Xz (= S;), and one has the refinement relation of toric varieties 2 < By < E*
for k = 1,2,3. The polyhedral decomposition in the central core ¢ which appeared in
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the refinements is indicated by the relation
O <0< 0% k=1,2,3, (3.33)

whose pictorial realization is shown in Figure 3.3. The connection between these three
smooth 4-folds corresponding to these different ¢;’s can be regarded as the “flop”
relation of 4-folds, an analogy to the similar procedure in birational geometry of 3-
folds [13]. Each one is a “small” (here the “smallness,” for a resolution, means one with
the exceptional locus of codimension greater than or equal to 2) resolution of the 4-
dimensional isolated singularity with the defining equation (3.3). Hence we have shown
the following result.

THEOREM 3.5. For G = A (4), there are crepant resolutions of S obtained by blowing
down the divisor E of Hilb® (C4) along (3.5) in Theorem 3.4. Any two such resolutions
differ by a “flop” of 4-folds.

4. G-Hilbert scheme and crepant resolution of C*/A, (4). In this section, we give a
complete proof of a general result as in Theorem 3.5, but on the group A, (4) for all ».

THEOREM 4.1. For G = A, (4), the G-Hilbert scheme Hilb® (C4) is a nonsingular toric
variety with the canonical bundle w = Oyyy.6 1) (Xt Ex) with m = v (r +1)(r +2)/6,
where Ey’s are disjoint smooth exceptional divisors in Hilb® (C*), each of which satisfies
conditions (3.4), (3.6). By blowing down Ey to P! x P! via a projection (3.5) for each
k, it gives rise to a toric crepant resolution §G of S¢ with x(fc) =|A,4)| = (r +1)3.
Furthermore, any two such §G ’s differ by a sequence of flops.

PROOF. First we define the simplicial decomposition £* of (2.16) for n = 4, and then
we will show that the toric variety Xz« is isomorphic to Hilb® (C*). We will denote an
element of NN A by

4
, 0=smi<r+1l, X mi=r+1
i=1

_ myel +moe® + mzed + mye?
) r+1
4.1)

For each v""™ € NN A, there are four hyperplanes passing through v""* and parallel to one
of the four facets of A. The collection of all such hyperplanes gives rise to a polytope
decomposition of A, denoted by E (for v = 2, see Figure 4.1(a)).

Now we examine the polytope structure of Z. We have £(0) = NN A. For each v""* €
Z2(0), there are at most twelve segments in Z(1) containing v, and they are given by
(vm, vy for i + j, 1 <1, j <4, where m(i,j) := m+e'—e/. For a given (v™,vm{j))
the hyperplane passing v in R* with the normal vector e’ — e/ separates A into two
polytopes A’s (one of which could possibly be the empty set). We are going to discuss
those elements in Z containing v and lying in a nonempty polytope of these two
divided ones. For easier description of our conclusion and for the simplicity of notions,
we will work on a special model case, say i = 2, j = 3, and the nonempty polytope
A’ consisting of those elements in A with nonnegative inner product to e?> —e3 (no
difficulties for a similar discussion will arise in other cases except for a suitable change
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(a)

ym+(0,0,-1,1)"

ym+(1,0,-1,0)"
vm+(0,1,-1,0)"
vMm+(0,1,0,-1)"

(b)

FIGURE 4.1. The polytope decomposition E of A for » = 2 and local figure of E.

of indices). The elements in Z(3) contained in A" with v'" as one of its vertices are the
following ones:

Ay = <Vm,vm(2,3),Vm(1,3)7vm(4,3)>’ Agi= <levm(2,3)7Vm(2,1)’vm(2,4)>’
t
O, 1= (Vm,vm(2,3),Vm(4,3),Vm(2,1),Vm(4,l),vm+(*l,l,fl,l) >, 4.2)
E E b t
O_ = <mevm(2,3),Vm(l,j)’vm(z,él),Vm(l,4)’vm+(],1,—1,—1) >

Note that ¢ are similar by interchanging e® and e* (for the configuration of Ay, A4, ¢,
see Figure 4.1(b)). Both A,, A; are 3-simplices with their vertices forming an integral
basis of N, and one facet of each of these 3-simplices is parallel to that of A. The toric
data of Ay, Ay give rise to the smooth affine open subsets of Xz. The polytope ¢,
(resp., ¢_) is an octahedron with the center ¢ = v + (e2 +e* —el —e3)/2(r +1) (resp.,
c=v"+ (el +e2—ed—e*)/2(r +1)). We will mark the octahedron by its center ¢, and
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denote it by ¢¢. The affine open subset of Xz with the toric data ¢¢ is smooth except for
one isolated singular point x,c, a 0-dimensional toric orbit of the affine toric variety.
Hence, one can conclude that Z(3) consists of three types of elements: A, Ag, or ¢¢. The
toric variety Xz is smooth except for the finite number of isolated singularities xoc’s.
The structure of Xz near a singular element x,c can be determined in the following
manner. For a given ¢¢, one can construct a tetrahedron A°¢ inside A with the core ¢¢
adjacent to four elements Aj (1<j=<4)inE(3) of type A, or Ay,

4
A =0culJAS ca, (4.3)
j=1

such that ¢¢n A; (1 < j <4) are four facets of ¢¢, two of which intersect only at one
common vertex (there could be two possible ways of forming such A¢ with the same
core ¢¢). Consider the rational simplicial decomposition Z* of A, which is a refinement
of E by adding ¢ as a vertex with the barycentric simplicial decomposition ¢¢ for all c.
In fact, the octahedron ¢°¢ is decomposed into the following eight 4-simplices of Z*:

c C__<C C+e1+e2—e3—e4 el—e?+e3—e! C+e1—e2—e3+e4>
! 20r+1) r+1) 2r+1) /7
CC_7<C+e1+e2—e3—e4 CC+—e1+e2+e3—e4 or =€ lteZ—e +e4>
e 2r+1) 7 2r+1) 2(r+1)
CC__<C+e1—e2+e3—e4 C+—e1+e2+e3—e4 ot —el —e2+e3 +e4>
P 2r+1) 2rv1) 7 2(r+1)
CC._<C+e1—ez—e3+e4 C+—e1+e2—e3+e4 - —el—e?+e3+e! c>
T 2r+1) 20r+1) 20r+1) wa
C’C'7<C oy emefretret | —eliel-eliet | —elveliel- 4> '
AT 2r+1) 2r+1) 2(r+1) ’
C,c__<c+—e1—e2+e3+e4 c C+e1—e2—e3+e4 C+el—e2+e3—e4>
o 2r+1) 7 2r+1) 2r+1) /7
C,C._<C+—e1+e2—e3+e4 C+el—e2—e3+e4 . C+e1+e2—e3—e4>
S 2r+1) 2r+1) 7 2(r+1) ’
e < —el+e2+e3—et el —e?+e3—et el +e?—e3—et >
Cy = ,C+ ,C+ ,

2(r+1) 2(r+1) 2(r+1)

All vertices that appeared in the above simplices are elements in N N A except ¢, while
2c € N. (See Figure 4.2.)

One can determine the singularity structure of the variety Xz near xoc by examin-
ing the toric orbits associated to A¢. The toric data in R* for the lattice N and the
cone generated by A€ are isomorphic to the toric data of the lattice for the group
A1 (4) with the first quadrant cone in Lemma 3.1. Hence, as toric varieties, the struc-
ture of Xz near the singularity x,c is the same as that of A;(4). One can apply the
result of Theorem 4.1 to describe the local structure of Xz« over the singular point
Xoc of Xz. Hence one concludes that Xz+ is a smooth toric variety with the canonical
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+(-1,1,-1,Df/r +2)
c+(-1,-1,1,D)f/(r +2)

-1,-1, D)t @2r+2)

. c+(1,1,-1,-Dt/@r+2)
c+(1,-1,1,-Df/r +2)

FIGURE 4.2. Local figure of the decomposition of the octahedron in
Figure 4.1(b) by adding c.

bundle wx,. = Ox., (Xocez@) Ec), where E. is the toric divisor associated to the ver-
tex ¢ in Xgz+, and it satisfies the properties (3.4), (3.6). By (2.18) and the structure of
E., one obtains the desired crepant resolutions §Ar<4) by blowing down each E. to
P! x P! as in Theorem 3.5, and different crepant resolutions are connected by a flop
relation. It remains to show Xgz* ~ Hile((C4), and the total number of ¢¢’s is equal to
r(r+1)(r+2)/6.Asin the proof of Theorem 3.4, we first construct aregular morphism
A from Xz+ to Hile((C4) by examining I(y), for y € Xz«, in terms of toric coordinates.
For R € £*(3), we denote xx := orb(R) € Xz+. For simplicity of notions, we again work
on some special 3-simplices as the model cases, whose arguments can equally be ap-
plied to all elements in 2*(3). We consider the 3-simplices of Xz« contained in the
first three polytopes in (4.2), and they are A,, A, of (4.2), and the eight simplices of
(4.4) with ¢ = v + (e2 +e* —el —e3)/2(r +1). The affine toric coordinates for Xz« are
determined by the integral basis of M in the simplicial cone dual to the one in N gen-
erated by the corresponding 3-simplex. By computation, the affine coordinate systems
corresponding to these 3-simplices are as follows:

(my) (mp) (m3-1) (my) (1) Z?%lil
AN VA VA VA R (i viie=—"~ -
u (1 2 3 4 ) i (Zl---Zi---Z4)l

Cemy) 1 (matl) ¢ r(m3) o r(my) " . (Zl---Z'---Z4)
1

Gi: (Ull 'ULZ ’UL(C3)’U(C))

(r+1)cj+1/2 r+1)(1—ci—c;) (4.5)
g .. ZiZiz) " p© . (ZiZ)) oo
Qi = r+1)(1—c;)-1/2 ij * FrD(cire))
Z; ' ZiZs i
c . r(c) yrr(c) pp/(c) gy/(c)
Gi ‘(Ul,i Uy i Us "y Uy )
(r+1)(1—c;)+1/2 (r+1)(1=cp—cs)
"e) . _ Z; ' () . (Z Zs) k=Cs
i,i (ZJZ ZS)(H—I ci—1/2 i,j (le )(T+1)(Ck+Cs)

Here, the indices i, j, k, s indicate the four numbers by permuting 1, 2, 3, 4, and we
will adopt this convention for the rest of this proof if no confusion will arise. Define
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the following eigenpolynomials of G for f € C and integers [, with 0 <1 < (r +1):

FUB) = z{-B(zizez) " GHB) = (2i2)' - B(zz) "

(4.6)
Hl(l)(B) — (ZJZJZS) _Bzi(VJrl)*l.

Let v be an element of Xz«. For y near x,, with coordinates (V,™ vi™? yims-V

Vimﬂ) = (v1,V2,V3,V4), the ideal I(y) has the generators

F1(T+lfm1) (vl), F?fTJrlfmz) (UZ), F3(1’+271’VL3) ('U?,), F£T+177n4) (U4), GY:;3+M4) (Ulvz),

G(m2+m4+1)( G(m2+m3 ( (my+m3)

'U]'Ug) G(M]+M4+l)(

V1V4), v2v3), Gyy (vavy),

4.7)
G m1+m2+1)( (m2+1)(

v3vy), H™Y (vav304), H V1VU3Vs),

H<m4+1)(

(m3)
H3 3 (1}11}21)4) ’U1’U2’U3), L17227374— V1V V3V4.

For v near x,, with coordinates (v yptme ) yrms) yrmady o 0 w8 s, 1(y)
has the generators

Fl(TJerml)( ) F(1’+l mz)( ) F(Y+2 mg)( (1’+27WL4)(

I’ I’ F 4 4 4
Vo U3Vy Viv5V) vivsvy), Fy Viv,3),

G<m3+m4)(vév4) G(mz+1’VL4+l)(v2v4) G(mz+Wl3+1)(vév3) Gm1+m4 (v{v!l)’
G(m1+m3)( ) G(m1+m2+l)( ) H(ml( i),Hészrl)(vé),

( ) ( ) ’ 4 4 ’ ’
H"™ (v}), HY™ (v)), 212223724 — vivivivy.
(4.8)
For y near Xce with coordinates (Ui(f ) = Uy)1<1<4, [(y) has the generators
Flr+D-c)+1/2)

1

1(1-cj)+1/2 -
(ulu2u3u4)’ F;(7+ )(A=cj)+1/ )( ) F,E(VH (1 ck)+1/2)(uiuk),

Ha- 1/2 (r+1)(cx+cs) (r+1)(cj+cs) (r+1)(cj+ck)
FRiner i (uiug), Gy T(ug), G (), G (us),

(r+1)(cj+cs)+1 (r+1)(cj+cg)+1 (r+1)(ci+cj)+1
G (wltugug), G (wPuug), Gy T (uifwu),  (429)
((r+1)c;+1/2) ((r+1)c;j+1/2) ((r+1)cp+1/2)
H; i (ui), H; ! (wiurus), Hy k (uiujuy),

HS((T+1)CS+1/2) (uiujuk), Z 222324 —uizujukus.

For y near Xce with coordinates (U;; Q) - =Uj)1<1<4, I () has the generators

((r+1)(1—c)+1/2) , ((r+1)(1-cy+1/2)
F; i (uj), F (u;

((r+1)(lfck)+1/2)(
J

Kus), Fy

1)(1-cg)+1/2 (r+1)(cx+cs)+1 2 ’ (r+1)(cj+es)+1 2 ,
Fs((r+ ey )(u;u;u}() Gi,j : (u; u;c S)’ Gik (u; M;"I/LS),

’ ’ ’
uuug),

(r+D(cj+e)+1, ,2 , (r+1)(ci+cs) /. 1 (r+1)(ci+cy) (r+1)(ci+c; p
G T witwug), G (), 6TV (), 6y Y, (4.10)
1)ci+1/2 ’ ((r+1)cj+1/2) 1) 1/2 ’
H{TOE ), BT ), TS (wjg),

HEST Y2 (W), 21222574 — U, uuku
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The centers of the above affine charts have the monomial ideals, say the one near x,,,,
I(xa, ), is obtained by setting v; = 0 in (4.7), hence a monomial ideal. There are exactly
(r +1)3 monomials not in I (xa, ), thatis, |I(xa,)t| = (r +1)3. For y near x,,, by using
(4.7) and employing the Grobner basis techniques and the toric data, one obtains the
colength of I(yy) in C[Z] satisfying the relation colength(I(y)) < colength(I(xa,)) =
(r +1)3; this implies colength(I(y)) = (v +1)3, by which an element A(y) € Hilb® (C*)
is determined. One can also show the colength of I(y) equal to (r +1)3 for v in other
affine charts using (4.8), (4.9), (4.10). The same conclusion holds for y in any affine
coordinate neighborhood centered at xx, for X € £*(3), and one obtains an element
A(y) in Hilb® (C*), by which the morphism A : Xg+ — Hilb® (C*) is defined.

Now we are going to show that A is an isomorphism. For n € Z, we denote by n the
unique integer satisfying the relation

n=n(modr+1), 0<n<rvr. (4.11)

We first determine the G-invariant monomial ideals Jo in Hilb?* @ (C*). For such a Jo,
the set Jg =Wy \ (Won Jp) forms a basis of a G-regular representation space. Denote
by [; the smallest integer with Zil"' € Jo, by l;j the smallest one with (Zl-Zj)li.i € Jo for
i+j,andsoon. By 1¢ Joand 1~ Z/'* ~ 717,737, we have ZI'*!,7,7,7574 € Jo, that
is, I(0) C Jo, and the following relations hold:

1SliijlijSliS1’+1. 4.12)

By Jg C I(0)* and (2.22) for the description of the G-eigenspace of I(0)*, (ZjZkZS)”l’li
is the only monomial u € I(0o)" with u ~ Zf", which implies (Z;Z;Zs)" 17l € Jg and
(ZjZkZS)“Z‘li € Jo, hence ljis = v +2—1;. By a similar argument, one has lys = ¥ +2—1;;.
Hence we have

Li+ljks = lij+ ks =7 +2. (4.13)
We claim that Jj is the ideal with generators given by
Jo =2 (2:2))'V (2:2,2:)""*, 21 222374 | 1, ], k). (4.14)

(Note that i, j, k are distinct numbers among 1, 2, 3, 4 as before.) Let J; be the ideal
in the right-hand side of (4.14). Then I(0) C J, C Jo. Suppose J; # Jo, equivalently,
Jon J{f #+ @. For convenience of notation but without loss of generality, we may assume
Z;ZZ—;S Z}fl e Jo ﬂJ(’)T for i» < i3 <1i4. Hence i < l234, i3 < l34, ig < l4, which implies pP1 (=
25234_12?4_12}“1) € JonI1(0)t. By (2.22), the rest of monomials p in I(0)t with p ~ p;
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are given by

. r+2-lp34 1341234 »la—1234 . r+2-l34 r+1+lp34-134 ly—l34
p2i=2Z; Z3 Zy ) p3i=2Z; Z3 Zy 415
. v+2—1lg _v+1+lp3a—la _v+1+l34-1s ( ) )
p4 = Zl Zz 23 y

among which exactly only one belongs to ]g. We have p; = p» when lx34 = 1. If [534 > 1,
by (4.13), we have v + 2 — [>34 = 1. Therefore p, € Jo. When >34 = 34, we have p> = ps3.
When ly34 < l34, p3 = (lez)lleZ?Bfo_l34 by (4.13), hence p3 € Jo. Similarly, p3 = p4
when I35 = ly. If 134 < Ly, Uy = (Z1Z>73)"23 252342?4, hence p4 € Jo. Therefore p; € J
for 1 < i <4, a contradiction to their relations with ]g. We are going to show that the
following relations hold for i # j:

r+l=<li+lj-ljj<r+2. (4.16)

R PR R P |
Consider the element w (:= Zfl Z j” z” “) in Jo. Among the monomials

liflijk*’l l"*l"k 1’+2*li,‘k li*liﬁ»l V+1*lij+lijk T+2*lij
wi = 72 LAY 257’ wo = Z J Zk s ZS
l ! v—li+lji _v—1;+l l 1-1 4.17)
iy oy —Li+liik or+1-1;
wy=2z; Uz Rz

G-equivalent to w, there exists exactly one in ]g. It is easy to see that w; =
li’lijk”Zlirlijk

i f 315 € Jounless l;jx = 1,inwhich case w; = w € Joif ; <v+1,and w; =

li*li'+l
w3 if li =7+1.We have w; = w» if lij = lijk- When lij > lijkv wyo = Ziij

€ Jo. Therefore ws is the element of Jg G-equivalent to w, which, by the expression of
the power of Z;, implies

Les+li—1_1
ZkS ijk Zsks

T+1Sli+lj—lij. (4.18)

As a consequence of the above inequality, we have [; =r+1 and l;+1; - l;j; =r +1
when [;; = [;; in particular, (4.16) holds. Hence we may assume [;; < l;, in which case

hi=2z""

Li i1 .
Z j” Z k”k € Jo. Among the monomials

lifli]'k lijfli]'k*’l Y+2_lijk li*lijfl V*li+li,jk V+17li]'
o = 2, g TR gy g g g
rH2-litlij _ral-li+tlije or+2-1; (4.19)
h'3:Z_] Zk ZS

G-equivalent to h, there exists exactly one in Jg. We have h; = h € Jy if l;jx = 1. When

Lijk>1,hy = Zfi_lijkzjij_lijk+lzﬁs and h, € Jo. One has hj = ZJl.”Z,i”k_l(ZjZkZS)ljkf e Jo
unless l; = I;; + 1, in which case h3 = hy. Therefore we have h; € J(J{, which implies
li=1ij—1 < lixs—1,hence l; +1;—L;j < v +2 by (4.13). Therefore we obtain relation (4.16).
With (i,j) = (1,2),(3,4) in (4.16), (4.13), we have 3r +4 < Z?ﬂ l; <37 +6. Using (4.13),
one obtains all the possible cases of [; +1; —;; for a given value of Zﬁ:l l;; consequently,
all the values of [;’s are determined by [;’s. By comparing the polynomials at the origin
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in (4.7), (4.8), (4.9), (4.10), Jo = I(xx) for R € E*(3) by the following relations:

4
Z i =3r+4, lij:li-‘rlj—?’—l,
J:

e

Ad'zlj—31’+6 lij:li+lj—r—2,
= (4.20)

J—31’+5 ll‘j=li+lj—1’—2, lk_q:lk—i-ls—?’—l,

li=3r+5, lLj=Li+lj-r—-1, Ls=L+l;—r-2,

i3
w3

where the indices in toric data are connected to the I;’s by the following relations:

Aullg =7’+2—7’VL3, lj =7’+1—m]' (Jaé?)),

Ag:lbb=7r+1-mpy, lj=1f+2—mj (j #2),
4.21)

CoLCr = (reD(1-c))+ 2, ¢

4
5 21f+ 227+3 2lj)e

With I :== v + 1 —;, the [}’s are 4 positive integers satisfying the equation P ;=L
with L' = ¥, — 1,7 — 2. The number of solutions of [;’s is equal to (v ;3). Hence one
obtains the following numbers of R € £*(3) for the toric data in (4.2), (4.4) using the
relation with [;’s:

#{Au}=(7+1)(722)(7+3), #{Ad}:(r—l)g(7+l)
r+1)(r+2) (4.22)
#{c} = 77.

6

Let J be a G-invariant ideal representing an element in Hilb® (C*). With the Grobner
basis argument as in Theorem 3.4, there is a monomial ideal Jy in Hilb® (C*) such that
Jg gives rise to a basis of C[Z]/]J with relation (3.15). As Jo = I(xx) for some R €
E*(3), which is determined by the integers l;, l;;, l;jx with the relations in (4.13), (4.20),

(L)

J (yij),
H(l’kq (Yjks), and ZyZ»Z3Z4 — y1234 are elements of J. From the expressions of Fi(l)(B),
G(l)(B) H”)(B) and using dim(C[Z]/J) = (v +1)3, one can conclude that

this implies that for some y;,yij, y¥jks,¥1234 € C, the polynomials F( )(yl) Gij

(L) (Ljks)
J= <F(l "(y), GLJJ (vij),H; " (YJkS)!leZZ3Z4_y1234>ijks' (4.23)

We are going to determine the relations among the y;’s using the relations (4.13), (4.20)
and according to the type of [;’s. By

(Y1234*3’123Y4)Zi4_1 22122231:;[4)(3’4) Y4 H( 123)(3’123) 7244'1(2122232473/1234) eJ
(4.24)

l4—1

and Z,' & J, we have y1234 = y123Ya.
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For J with Jy of type Ay, by (4.20), we have

(3/123—Y12Y3)Zl34 12[4 !
= (2122)"F (y3) +y3 242 G (yi2) — 28T HIP (y1as),
(Y13 —y1y3) 2834 (Z224) !
=y3(222)" T R (1) + Z19FP (v3) - 25716 (1),

(4.25)

which are elements in J. By Zl34 1214 ! Zl“4 Y(Zpzy)lea1 € J&, we have yi23 = y1y»3,
y23 = Y2¥y3. By permuting the indices, one obtains y; = [ [;c; y; for asubset I of {1,2,3,4}.
By (4.7), (4.22), we have J = I(y) for i near x,, with the coordinates v; = y;.

When Jj is of type A, by (4.20), the following elements are in J:

logs— I34—
(Yi2y13a—y1) 2 1(2324) -l
I3 L 21l
_ (2324) 134F1(l1)(y1) Yi34Z 234— IG(llz)( ) ZPZH;_ 134)()/134)’ ( |
4.26
I3-1 o lg4—
(Y12 — y123Y124) Z5° 12434 !

! lys— ! !
ZPB G (yi2) +yi2sZe T HYY (y124) + (20 22) " H?Y (y123).

Therefore y; = y12y134 and Y12 = Y123y124. Set v =y, ;... 4 With the same argument,
one obtains y; = [[jcp v} for I #1234, where I is the complement setof I'in {1,2,3,4}.
Therefore, by (4.8), (4.22), J = I(y) for ) near x4, having v;’s as coordinates.

When Jj is of type Cf or C;¢, without loss of generality, we may assume i = 1. In the
case Cy, the following elements are in J, by (4.20):

(yi2s —y13y2) (Z123) " ™!
= yisZ T S (y2) + 2T NGE (y1) = (20 23) T H (12s),

(y2 = Yioyesa) 2 (2324) %7

~(Z323)"*F? (y2) + y230 2,7 G138 (y12) + 232 H{Z (y234),

4.27

(y1—yi2yi3a) 254 (2324) 5 e

= —(232)" TR (1) +y1a 287 61 (v1.2) + 212 H Y (y1aa),
(o3 = yoy3) (Z2) "3 N (ZyZg) !

I3—Ip3 (1) Loy (1 lioa—1 ~(l23)
=y2(21Z4) BB E (y3) + Z2 F (y2) - 2271 G337 (v23).
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Hence

Y123 = Y213, Y2 = ¥Y234Y12, Y1 = Y12Y134, Y23 = Y2Y3, (4.28)

which are the same relations as u;’s in (4.9) for i = 1 under the identification ©; = y»34
and u; = y;;j for j # 1. By permuting the indices, one can show that all the remaining
relations in (4.9) are satisfied in terms of the y;’s. Hence, by (4.22), J = I(y) for y near
x¢, with the u;’s as the coordinates of y.

For Jo of type Ci¢, the following elements are in J, by (4.20):

(Y234 — Y34)/2)Z{ th !

= (Z3Z4)1234F512)(Y2)+3’2211 ZIZGUM (y34) - 252 'H; 1234)()/23 ),
Liga—1 13—
(y2—ya3yi24) (Z1Zs) 34 27!

Ly (1 Liog Lo liga—1 (1
~ZPE (2) + 23 G (ya3) + yo3 (20 Za) 3 T HY (y104),

(3/124—}’1}’24)2113 1213_1 29
= (22)"FY (1) #0127 G (vas) - 2T HD (1),
(yi2—y1y2) 28 (2324) 7!
= y2(2323)" R (1) + 212 B (v2) - 22277 G (1),
Hence
Y234 = ¥34Y2, Y2 = Y23Y124, Y124 = Y1Y24, Y12 = Y12, (4.30)

which are the same relations of u;’s in (4.10) for i = 1 under the identifications u} = y1,
Uy = Y34, U5 = Y24, U, = y23. By a similar argument, all the relations of (4.10) hold;
therefore J = I(y) for y near Xc; having the coordinates u;’s.

By the results we have obtained, one concludes that Hilb® (C4) is a smooth toric va-
riety, hence of the form Xg++, where E** is a simplicial decomposition of A which is a
refinement of Z* corresponding to the morphism A. Indeed, the above analysis of local
structure of Hilb® (C#) has shown that B* = 2**, therefore A is an isomorphism between
Xz+ and Hilb® (C4). The number of exceptional divisors appearing in the canonical bun-
dle of Xz« isequal to v (v +1) (¥ +2)/6 by (4.22). O

5. G-Hilbert scheme over C3/2,. It is known that the alternating group %,.; is a
simple group except when n = 2,3, in which cases 23 ~ 73 and 2, is isomorphic to
the ternary trihedral group (7, x7,) < Z3. The G-Hilbert scheme for 23 is the minimal
resolution of C2/23. In this section, we are going to give a constructive proof of the
smooth and explicit crepant structure of Hilb™ (C3).

THEOREM 5.1. Hilb™ (C3) is a smooth variety with a trivial canonical bundle.



ON HYPERSURFACE QUOTIENT SINGULARITIES OF DIMENSION 4 2573

We will devote the rest of this section to the proof of the above theorem and always
denote G = A,4. Introduce the following coordinates (z;,z2,z3) of V in (2.23),,—3:

212751+§2+2}37§4, 222517§2+237§4, 23:214»22753754, (5.1)

where Zf}:l Zj = 0. The irreducible representation of G on C3 (= V), denoted by 3, has
the following matrix forms for generators of G:

-1 0 O -1 0 O
(12)(34)— | 0 -1 0], (13)(24)— | 0 1 0 |,
0 0 1 0 0 -1

(5.2)

0 1
(123) — {0 O
1 0

(=N )

There are 4 distinct irreducible G-modules, Irr(G) = {1, 1, 1w, 3}, where w := 2TV-1/3,
and 1. is the G-character determined only by the (123)-value *. Using the coordinates
(zi)?:1 of C3, the generators of G-invariant polynomials in C[Z] are

Yi=Z}+23+75,  Ya=71Z273,
(5.3)
Y3 = 2323+ 2573+ 2372, X =(Z}-7%)(Z3-73)(23-Z7}).

Note that the above variables are related to sy, s3, S4, d in (2.25),,—3 by the relations
Y1 = —8sp, Yo = —8s3, Y3 = 16522 — 6454, X = 64d. The G-invariant polynomial relation
(2.25) with F3 in (2.26) becomes

X% = —4Y]YZ 27V} +18Y 1Y Y3 + Y2Y$ —4Y5. (5.4)

Let C[Z]; be the space of homogeneous polynomials of degree j, and denote I(0) Jl =
I(o)* nC[Z];. Then I(o)j is a G-submodule of I(0)+*. In fact, the only nonzero I(o)j’s
are in the range 0 < j < 5, whose G-irreducible factors are as follows (for an equivalent
form, see, e.g., [6, Table 2.2]):

I(0)§=mg =1, mo=C,
I(0){ =m; =3, my=1{Z,22,73},
I(0); =mp + M3 +my my=1{f}, ms={f},
~ 1w+ 1w+3: m4={Zzz3,Zgzl,lez},
1(0)3L=m5+m6:3+3, m5=f{Zl,wZZz,w23}, m6=7{21,w22,w223}, (.5)
1 72 2
I(0); =m7 +mg+my my={F"}, ms={r?},
=1g+1,+3, Mo =flwZi1 72>, 2073, 0% 2371},

_0 .
I(0)s =mjo =3, mio=f {Z1,0?*Zy, w73},
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TABLE 5.1
Jo ClZ1/Jo
xo:=(f)+I(0) Mo + My + M3 + My +Mg +My
xo:=(f)+1(0) Mo + M1 +Mp + My +Mms +mg

Xoo 1= (Zlf,wzzzf,wzgf,fzwrl(o) Mo+ My + Mo + M3+ My + Mg
xli=AZ1f,wZof, w2 Zsf, f2)+1(0) | mo+m, +ms +msz+my+ms

where f:= 23:1 wi1Z2, f = Z;Zl wzf’ZZJZ. We have the G-irreducible decomposition

1(0)* = 32, my. Note that ff, 3, 7> are G-invariant polynomials with the following
relations:

fF=Y2-3Y;, F-F =3(w-w)X, fP+F =27v2-97iY;+2Y}. (5.6)

LEMMA 5.2. Among my’s (1 < k < 10), the following tree diagram holds:

mp / / \ m9>m10 (5.7)
\ \ - /

ms ———Meg———

where the m of the right end of an edge is contained in the ideal generated by the m;
of the left end of the edge and I(0).

PROOF. By the expression of my, all the relations in the above diagram are trivial
except the following ones:

mg C mg+1(0), mig C mg+1(0), Mg C Mg +1(0). (5.8)

Define the irreducible G-submodules of C[Z], isomorphic to 3, as 79 = f{wzzl Z>,
Z273,w0 7371}, Mo := f2{Z1,wZ>,w?Z3}. Then we have the equalities of ideals in C[Z],
(mg,I1(0))=(mg,I(0)), (Mmy0,I(0))=(M19,I1(0)), which imply the relations in (5.8). O

We will call an ideal Jy in Hilb® (C3) central if Jo is generated by I(0) and a finite
number of my’s. (The central ideal Jy here will play a role similar to that of monomial
ideals in previous sections for the case of abelian groups G.) By Lemma 5.2, there are
exactly 4 central ideals Jy with the G-irreducible decomposition of C[Z]/J, presented
in Table 5.1. Note that the Jo’s in Table 5.1 are characterized as the ideals in Hilb® (C3)
with monomial polynomial generators in C[Z]. All the above four elements lie over
0 € S¢ under the morphism oy of (2.9). By the analysis in [6, Section 2.5], Ugﬁb(o)
consists of a tree of three smooth rational curves L+ [+ L’. Here are the locations of
Jo’s in Uﬁi%b(o): xo€ (L\)UL', xo =LN1, x,, =L N1, x; € (L' \1) UL (see Figure 5.1).
We are going to show that every J in Hilb® (C3) can be deformed to one Jo in Table 5.1.
For J € Hile(<C3), denote by h(J) the homogenous ideal in C[Z] generated by the
highest-total-degree part of elements in J. As the top degree of a polynomial in C[Z]
is preserved under the G-action, h(J) is G-invariant. By applying the Grobner basis
technique with a monomial order of total degree in C[Z], one obtains the same ideal,
1t(J) =1t(h(J)), hence a set of monomial elements in C[Z] which represent the basis for
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FIGURE 5.1. Tree configuration of o'ﬁi%b(o) for G = A4.

both C[Z]/J and C[Z]/h(]J). Therefore h(J) is a homogeneous ideal in Hilb¢ (C3). Note
that owin (h(J)) = 0. By [6, (2.4)], h(J) € {x0,x} Ul. Hence h(J) and J can be deformed
to an element in Table 5.1. Now we are going to determine the local structure near these
four central elements in Hilb® (C3).

For J near the element x., in Hilb® (C3), we have

2
J= <f —vof,mS—v1m6—vzm4—v3m1,Y1—m,Yz—nz,Y3—n3,X—§>, (5.9)

where (&,n1,n2,n3) satisfies (5.4) and ms — vimg — vomy — v3mMy is the G-module
23:1 (ij with p1 = fZl — Ule1 —VUpZoZ3 — V37, p2 = waZZ - 1)1wa2 e YV AVARS
U3Zz, p3 = f(,OZg —vlwaZ»g —UzZl Zz —U323. BY

2= (Uini+v3) f = Zip1 + 0 Zop2 + wZ3pz + v (Y1 -m) f € J, )
(5.10
—2

(M —v3—vov1) f = Zip1 + 0Zop2 + 2 Zsps + 1 (F —vof) - (Yi-m)f € J,

and the first relation of (5.6), we have (3n3 —n3 —vo(v3+v1n1))f € J. As f ¢ J, we have
N —v3—vov; =0, 3n3—n? =vo(v3+vin1). (5.11)

By the relations 3Y» f —v2(Z2 25+ wZ2 Z3 + w2 Z273) = Zo Z3p1 + WZ3Z1 P2+ w2 Z1 Zop3 €
Jand F* —Y1f = 3(Z2222 + wZ2 2% + w272 72), we have

M2 +v2m — Vo2 = 0. (5.12)
By (5.6), (5.10), we have
3(w? - )E= 3~ F = (vim +v3-vo) £ = (Vim +v3—vo) (73 ~3n3) (mod J), (5.13)
hence
3(w? = w)E = (vini +v3—vo) (nf - 3n3). (5.14)
By the relation

v2p3— (W - w?) ((W? + V1) Z1p2 — (W + W? V1) Zopy)
=1 (9N2 + Vov1V2 + VU3 — Vo V2) Z3 (5.15)

+(3viny +3v3-3v1v3 —v3) Z1 Z> (mod J)



2576 L. CHIANG AND S.-S. ROAN

and Z,Z», Z3 representing two basis elements of C[Z]/J, one obtains

3v1n1 +3vs - 3103 - V2 =0,

V1 (902 + VU1 V2 + V23 — VoU2) = 0. (5.16)

With all the above relations among v;’s, ni’s, and &, one can conclude that (v, v1,v2)
forms a coordinate system of Hile((C3) centered at X, and the other parameters in
the expression of the ideal J are expressed by the following relations:

1 1
V3 = 51}22 —vovi, n = §U§ +VoU1 — VUE,
no = Evz(Svo—Bvovl —v2+3v9v7),
(5.17)
ns = 5(31101/12 -v3) (3vov{ —3vevy — V3 +3v0),

w—w?

g vo(v1 +1) (3vovi +3vo — 3vov; — v3) (Bvov; —v3 —v1v3).

£=

Note that the above &, n1, n2, n3 satisfy relation (5.4). Furthermore, v;’s are G-invariant
rational functions in Z;’s with the following expressions:

o 3w =w?)E-9nins+27n3 +2ny
-

v = (w—w?)E+n1n3—9n3
2(nf-3n3) ' (w-w2)E-nin3+9n3’ 5.18)
vy = 6n2(ni=3n3) —2n3(nf —3n3)

) V3 =
(w=w?)E-nin3 +9n3

(w=-w?)E-nin3+9n3’

This implies dZy AdZ> AdZ3 = ((w —w?)/36)dvo Advy Advs.
For J near the element x., in Hile((C3), we have

J = (f°P—vyf,me—vims —vims—vimy, Y1 —n1,Y2—n2,Y3-n3, X -E).  (5.19)

By an argument similar to the case x., (v(,v;,v5) forms a coordinate system of Hilb® (C3)
centered at x., with the relations

1
7 2 ro 12 2 ror 112
V3 = §U2 —VoVq7, n = §1)2 +VoV; —VoVy5,

2 2
n2 = Evg(Sv{)—Sv{)v{ —v3° +3v4v1%),

1 (5.20)
3 =5 (Bugvi2 —v52) (Bvivi? —3vivy — vs? +3v)),
w?-w
-0 —@

g1 vy (vy +1) (3vivi +3v = 3viv; —v2) (Bujv —vs? —vivs?)
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We have
o= 3WP—w)E-Omns+27ni+2ni (@ = w)E+nins—9n3
0 2(ni-3n3) ’ ' (w2 - w)E-nins+9n3’ 5.21)
. 6n2(n?-3n3) . —2n3(ni-3n3)
Uz = 3=

(w2—w)E-nin3+9n3’ (w2 —w)E-nin3+9n3’

and dZy AdZy AdZ3 = ((w? —w)[36)dv) Advy Adv).
For J near x, in Hilb®(C3), we have

—
= <f—u0f ,mg—ulmﬁ—u2m4—u3m1.Y1—fll,Yz—nz,Y3—rI3,X—§>, (5.22)

where (&,n1,n2,n3) is as before, and mg — uymg — uomy — uzm; is the G-module
EJ 1Caq; with qy = fZoZ5 —uifZy — upZoZs — usZy, @ = fwZsZy — uifwZs —
U2Z37) —U3Z2, 43 i= fw?Z1Zs — U1 fw?Z3 —upZ1 Zo — u3Z3. By the relation —(u, +
uoug)fz =—urf —usf =21q1+wZ>q»+ w?Z3q3(modJ), we have

U = —UoUs. (5.23)
By (32 —u1ni —u3) f = Z1q1 + w?Z>q> + wZ3q3 € J, we have
3n2 =uini +uz = uz(1-uom). (5.24)
By the relations f? = uof f=uo(n?-3n3)f(modJ),

ZoZ3a1 + w2 2321+ 0Z1 Z2q3 = (N3 —3u1nz)f—uz (Z3Z5+w*Z3ZF + wZi Z5) (mod ),

Z3Z5+ w2377 + wZiZ5 = %(f -nf) = %( o(n?-3n3)—n1).f(mod)),
(5.25)
we have
(1+uouz)ns = %(9u1nz — UM +UoU2NT). (5.26)
Using (5.6), one has
uof f2-F =3(w?~w)E,  2up(ni-3nm:)° ~2f = 6(w? - w)E(mod)),
2F" = 2703 ~9mns + 2} - 3(w? ~ w)E(mod ), o2
hence
3(w?—w)E=2uo(n?=3n3)°=27n3 +9n1n3 —2nS. (5.28)

Using the above relations, we have
(1+uouz2) (1 -uom) (Z1d2 - Zoq1 —ur (w — w?)4g3)

1 _ _
ool +ugus) (— wus Zs (f—u0f2> +uoua Z3 (f% — o (i —3n3) )
= (Z3f - Zzwn1) (1 —uon1) (N1 +uz + uou —3uiu3) (mod.J).

(5.29)
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As ng, Z3 are two basis elements of C[Z]/J, their coefficients in the last term of the
above relation are zero. This implies

N1 = —uz —uous +3udus. (5.30)

From all the above relations between u;, nj, &, one concludes that (1o, u2,u3) forms a
coordinate system of Hilb® (C3) centered at xo and the following relations hold:

2 2,2
U = —UoUs, N1 = —uUz —UoUs +3uUjus,

1
n2 = Jus (1 +uouz +udus —3uiu3),

1 (5.31)
=3 (u3 = 3uoul) (1 +uouz +udus —3uius),

_ 2
£= @ 9w (= 1+uouz) (3ud +u3 — 3uouaul) (1 +uouz +udus —3uiul).

Again, the above expressions imply relation (5.4), and the G-invariant rational function
expressions of u;'s are given as follows:

_ 613 —2n;

uo_ 2 2 ’

3(w? = w)E+9n1n3 —2n1 —27n3
wy = 2(=6ns+2n7)

(w2 —w)E+n1n3—9n3’ a0
w, = —\@? = w)Em — 605+ 95 + nins

(w2 —w)E+mn;—9n3 ’

s = n2(3(w? — w)E+9n1n3 —27n3 - 2n3)

(w? = w)E+nins—9n3

hence le /\de /\dZ3 =((w— wz)/12)duo A d’uz A du3.
For J near the element x, in Hilb® (C3), we have

J = {f-uyf?,mg—uims—uyms—uim;,Y1-n1,Y>—n2,Y3-n3,X-&).  (5.33)

By an argument similar to the case x, one obtains that (u,u5,u3) is an affine coordi-
nate system with

uy = —uguh, N = —uh—uoul +3uiul,

1
2,712 13,72
N2 = —ub(1+ugus +uguy —3uguy),

3
_ 1 2 7 2 ’ 7 1212 13,72 (534)
n3 = §(uz —3uguy’) (L+ugus +uguy —3uguy’),
wZ —w ’ ’ 2 3 ’ ’ 2 ’ ’ 212 13,12
&= (= 1+uju)) (Buy +u?y —3ugusrul’) (I +ugus +uguy —3uguy),

9
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and the following relations hold:

- 613 —2n3

07 3(w—-w?)E+9Nn3—2n3—27n3’

_ n2(—6n3+2n7)
ul - 2 2
(w—=w?)E+n1n3-9n; (5.35)

, —(w-w?)En —6n3+9n1n3+nin; '

uz - 2 2 b
(w—w?2)&E+n1n3—9n5

= n2(3(w —w?)E+9n1n3—27n3 - 2n})

3~ ]

(w—-w?)E+n1n3—9n3

hence dZ) AdZ; ndZ3 = ((w? —w)/12)dugy Aduy A dus.

With the analysis we have made in this section, one concludes that Hilb® (C3) is
covered by four affine spaces C3 centered at the central elements in Table 5.1, and the
G-invariant volume form d Z; AdZ» AdZ3 of C? induces a never-vanishing global volume
form of Hilb® (C3). This completes the proof of Theorem 5.1.

6. Concluding remarks. In this paper, we have provided a detailed derivation of
the smooth toric structure of Hile’(‘”((C‘*). Its relation with crepant resolutions of
C*/A,(4) has been found, and different crepant resolutions connected by flops of 4-
folds can be visualized in the process. We have also given a constructive verification
of the smooth and crepant properties of Hilb™ (C3) by a direct computation method.
In the abelian case A, (4), the solution has been given in Sections 3 and 4 by the stan-
dard toric method, a combinatorial mechanism built upon monomials in C[Z], which
can be regarded as characters of the whole torus group Ty, containing A, (4) as a fi-
nite subgroup. The smooth toric structure of Hilb*" ™ (C4) is derived from a procedure
which mainly consists of two steps: first, one obtains a complete list of monomial ideals
in Hilb* @ (C*) which correspond to the 0-dimensional toric orbits (see (3.13), (4.14),
(4.20)); second, by the Grobner basis technique and a detailed analysis of the G-regular
module property of C[Z]/] for an ideal J in Hilb* @ (C4), one proceeds to identify the
toric coordinates from the ideal generators of J. In this manner, the explicit form of
the canonical bundle of Hilb*" ) (C*) can be determined as a disjoint sum of excep-
tional divisors, each of which could be blown down to give rise to crepant resolutions
of C*/A, (4). These crepant resolutions are connected by a sequence of flops in 4-folds
through Hilb"" ¥ (C4). We intend to apply a similar mechanism to the nonabelian case
G =2, .1, but relying only on the data of G-representations in C[Z], a “big” group like
the torus in the abelian case does not exist in the latter case though. In Section 6, we
have made a detailed study on the structure of Hilb?‘4((C3), which would serve as a
demonstration of the effectiveness of the method even though its crepant smooth con-
clusion is known by now [2]. We have succeeded to give an explicit verification of the
crepant smooth structure of Hilb™ (C3), following our thought by a direct constructive
method via group representations. An analysis similar to the higher-dimensional cases
is now under progress and partial results are promising. As to the role of the G-Hilbert
scheme in the study of crepant resolutions of S¢, our conclusion for the case G = A, (4)
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has indicated the noncrepant property of Hilb® (C*), but with an intimate relation with
crepant resolutions of S;. For the higher-dimensional case, this kind of link between
Hilb® (C") and some possibly existing crepant resolutions of S; could be further loosely
related. However, the G-Hilbert scheme would still be worth further study in its own
right due to the built-in character of group representations into the geometry of orb-
ifolds. This could be a promising direction of the geometrical study of singularity. Such
a program is now under our consideration for future study.
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