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ON THE FOURIER EXPANSIONS OF JACOBI FORMS
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We use the relationship between Jacobi forms and vector-valued modular forms to study
the Fourier expansions of Jacobi forms of indexes p, p?, and pq for distinct odd primes
p, q. Specifically, we show that for such indexes, a Jacobi form is uniquely determined
by one of the associated components of the vector-valued modular form. However, in the
case of indexes of the form pq or p?, there are restrictions on which of the components will
uniquely determine the form. Moreover, for indexes of the form p, this note gives an explicit
reconstruction of the entire Jacobi form from a single associated vector-valued modular
form component. That is, we show how to start with a single associated vector component
and use specific matrices from Sl»(Z) to find the other components and hence the entire
Jacobi form. These results are used to discuss the possible modular forms of half-integral
weight associated to the Jacobi form for different subgroups.

2000 Mathematics Subject Classification: 11F50, 11F30.

1. Introduction. Jacobi forms of weight k and index m over the rational numbers
possess a Fourier expansion of the form

Z z C(nﬂ,)qngr’ qa= e21‘ri‘r’ = elmiz. (1.1)

n=0 {rezldnm-r2=0}

An easy calculation as in Eichler and Zagier’s book [3] based on the invariance with
respect to Z?2 yields that c(n,*) depends only on » modulo 2m and on 4nm — 2. Thus
the Fourier coefficients break into congruence classes modulo 2m and this is the basis
of the connection to vector-valued modular forms. The vector-valued modular forms
have a prescribed transformation matrix with respect to the inversion in Sl,(Z) and
this puts restrictions on the possible Fourier expansions of a Jacobi form. Specifically,
it forces a lower bound on the number of congruence classes of ¥ mod2m that have
nonzero coefficients. In this note, we explore this lower bound and calculate the relation
to vector-valued modular forms in the case of congruence subgroups. This leads to
new isomorphisms between vector-valued forms of higher level and Jacobi forms on
subgroups of the Jacobi group. In particular, the transformation of the vector-valued
modular form gives the information to generate a Jacobi form from a congruence class
of its Fourier coefficients. This construction is given explicitly in this work using a
special set of matrices. There are related results in Skoruppa’s thesis [9] although the
methods used here are completely different (and very elementary) and involve only
the Fourier expansions, the transformation formulas, and evaluation of Gauss sums.
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However, in [9], there are far more maps from Jacobi forms to half-integral weight
modular forms.

We will use the notation e™(-) = e2™mi() ¢, (.) = e2™i)/m (g b) = gcd(a,b), and
@ (n) is the Euler phi-function. For convenience, representatives of congruence classes
modulo 2m (where m is a rational integer) will be taken from the usual set 0,1, 2, ...,
2m—1.

2. Jacobi forms. (All of the material in this section can be found in [3].) Jacobi forms
are functions satisfying certain transformation formulas under the group IV =17(2) =
Sl»(Z) x Z2. The definition given in [3] is as follows.

DEFINITION 2.1. A Jacobi form of weight k € Z* and index m € Z* is a function
f(1,2): hx C — C that is analytic in both variables and satisfies
(1) fat+b)/(ct+d),z/(cT+d)) = (cT + d)ke™(cz?/(cT+d))f(T,z) for all
(45) esh(2),
) f(T,z+AT+p) =e™(=A%T—-2Az) f(T,z) for all [A,u] € Z2.

Jacobi forms have a Fourier expansion of the form (1.1), where the condition on
the second sum is a condition to make the function analytic as T — ico. The second
transformation law forces c(n,v) = c(n’,v’) if ¥ =+’ mod2m and 4nm —r?2 = 4n'm—
(r")? and we write c(n,r) = cu(N = 4nm —¥2), where v = pumod2m. This allows a
Jacobi form to be written as a linear combination of fixed theta functions. For each
congruence class modulo 2m, define

Opm (T,2) = > avrmEr, (1) = > cu(N)gVAm, (2.1)
N=0

nezZ,n=umod2m =

where the coefficients ¢, (N) are defined to be zero unless N = —p2 mod 2m. With this
notation, we have

f(T,2)= > hu(T)0um(T,2). (2.2)

pumod2m
This decomposition leads to the theorem.

THEOREM 2.2 [3, Theorem 5.1]. Equation (2.2) gives an isomorphism between Jacobi
forms of weight k and index m on T/ and vector-valued modular forms (hy(T))umod2m
satisfying

(1) hu(T + 1) = e4m(_u2)hu(T),
(i) hy(=1/7) = (TX/V2mT /1) Xy mod2m €2m (V) iy (T),
and bounded as Im(T) — oo.

This theorem gives relationships among the h, (7). If one h,(7) = 0 (i.e., is identi-
cally zero), then there is a linear dependence equation among the other h, (T) arising
from the inversion formula. As an example, there are no Jacobi forms on I'V with only
one h,(7) # 0 regardless of weight and index. The question arises as to how many
of the h,(7) must be nonzero and how restrictive these conditions are on the Fourier
expansion of the Jacobi form.



JACOBI FORMS 2585

3. Conditions on the Fourier expansions. The first basic restriction on the Fourier
expansion of f(T,z) is that since (¢ %) isin Sl (Z), we have that f(t,-2z) = (-1)*f (T,
z) and therefore h,(T) = (—1)kh,u('r). From this, it is clear that for odd weights,
ho(T) = hy,, (1) = 0. This implies that there are no theta functions of odd weight for the
full Jacobi group since the theta functions always have a nonzero hy(T) component.
(This also follows from the basic property that 2 divides the level of any quadratic form
unless 8 divides the rank.)

At this point, it is already possible to create some interesting information of which
the following is simply an example.

ExXAMPLE 3.1. Consider a Jacobi form f(T,z) of odd weight and index 2. Such a form
will only have two associated nonzero vector components h; (7) and h3 (7). In addition,
we know that h; (1) = (=1)*h3(T) and so

1 Tk
h1<7> =\/?h1('l'). (3.1)

Therefore, the space of Jacobi forms of odd weight and index 2 is isomorphic to the
space of modular forms h; (1) of weight k — 1/2 satisfying the above inversion and
hl(T+1) = e"i/4h1(T).

This relationship to vector-valued modular forms is actually very restrictive on the
possible Fourier expansions of Jacobi forms.

THEOREM 3.2. If f(T,z) is a Jacobi form of index m, an odd prime, then all of the
corresponding hy , (T) are nonzero excluding p = 0, m if the weight is odd.

PROOF. The argument is based on the transformation formula for the vector-valued
modular form. Note that in the case m is prime, there are only two elements (+u) in
each square class modulo 2m (with just one element in the 0 and m classes). To begin,
assume h, (T) = 0 for p other than 0, m (independent of weight); then h_, (1) = 0 by the
relation h, (1) = (—1)kh,u(T). If hy(T)=0,then h,(=1/T) = C 2y mod2m €2m (UV)hy (T)
= 0, where C is the term involving T*. By examining the expansion of each of the h, (T),
only h, (t) and h_, (1) have terms of the form q"’z/‘*mq” (this is true even if m = 2),
and using these two inversion equations, we have ey, (uV)h, (T) + e (—uv)h_, (T) =
0 and ez (—pv)h, (T) + e2m(uv)h_, (1) = 0 (from h_, = 0), and therefore h,(T) =
em(—uv)h_, (1) and hy (1) = ey (uv)h_, (T). But unless m|uv, uv and —uv are not
equivalent modulo m (unless m = 2). In the odd weight case, ho(T) = hy,,, (T) = 0,
therefore h, (1) = 0 for all vmod2m. In the even weight case, ho(T) = 0 = hy, (T)
because they are the only elements of their square classes (unless m = 2) and the
inversion formula for h,(T) implies they are zero.

In the even weight case, if ho(7) = 0, then h, (1) = 0 for all of the other ymod2m
(1 = m) since ho(—1/T) = 0 implies h, (T) +h_,(T) = 0. However, h, () = (-1)kh_, (1)
and therefore h,(7) = 0 and h,, (T) is zero again because it is the only element in its
square class. A similar argument works if we assume that h,,(7) is zero instead of
I’L()(T). |
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This proposition gives an interesting corollary in the case of prime index that any
component (other than the Oth or mth for odd weight) of a vector-valued modular form
satisfying the conditions in (2.2) entirely determines the form. Or equivalently this may
be stated as follows.

COROLLARY 3.3. If f(T,2) = X, c(n,v)q"&" is a Jacobi form of weight k and odd
prime index m, then f is entirely determined by any congruence class v = pymod2m
(i.e., hy(T) from (2.2)) of its Fourier coefficients (where u + 0, m if the weight k is odd).

PROOF. Assume that two Jacobi forms fi(T,z), f2(T,z) of the same weight and
odd prime index have the same associated vector component. Then the difference
fi(t,z) — fo(7,2z) is a Jacobi form of the same weight and index with one associated
vector component identically zero. Hence the form is identically zero and f(T,z) =
fa2(T,2). O

Next consider the case of two prime factors in the index. Note that by the Chinese
remainder theorem, if m = pq for distinct primes p, g, then the structure of the square
classes is as follows. There are @ (pq)/4 squares with four square roots (those with
(u,pq) = 1), there are @(p)/2 + @(q)/2 squares with two square roots (those with
(u,pq) = p or q), and there are 0, m which have one square root each (recall p(n) is
the Euler phi-function).

THEOREM 3.4. If f(T,z) is a Jacobi form of index m = pq for odd primes p, q and the
associated h, (T) = 0 for some vimod2pq with (v,pq) = 1, then f is identically zero. If
the weight is even and h, (t) = 0 for some v with (v,pq) > 1, then all of the components
h,(T) for (u,pq) > 1 are zero. If the weight is odd and h,, (1) = 0 for av with (v,pq) = p
(or q), then all of the h, () with (u,pq) = p (resp., q) are zero.

PROOF. We begin with the second part of the proposition. If h,(T) = 0 for p|u (or
qlp) and p # 0,m, then h_, (1) = 0 as well. Then for any h,, (T) (1 < a < gq), there are
two formulas relating h,, (T) and h_,, (7) that lead to hap(T) = e2pq(2apu)h_ap(T)
and hap (T) = ezpg(—2apu)h_ap (T) which implies hgp, (T) = 0 because 2pgq does not
divide 2apu (since (apu,q) = 1). Similarly this argument can be used to show the
same result with g replacing p. Now ho(T), hp4(T) are both zero (for both even and
odd weights) because for odd primes p, g, they are the only elements in their respective
square classes (modulo 2pq). Then for even weights, all of the h, (t) = 0 for g|v (or
p|v) because h, (T) = (-=1)*¥h_, (1) and the inversion for hg leads to h,(T) = —h_, (T).
Note that if it is first assumed ho(T) or h,, (T) is zero (and the weight is even), then
use h, (1) = (=1)*¥h_, (T) as the second relation.

Now assume h, (1) = 0, where (v,m) = 1. Then h_, (1) = 0 also. There are now two
other congruence classes modulo 2m called p, —u such that p? = v2mod 2m. Because
h,(t) and h_, (T) are zero, their inversion formulas give h, (T) = e2p, Quv)h_,(T) and
hu (1) = exm(—2puv)h_, (1) which is impossible because (uv,m) = 1. These relations
force hy(7) = 0 for all o such that (o, pq) > 1 because each of these ¢ has (at most)
two elements in its square class and four nontrivial relations among the two functions.
To complete the argument, take another square class a?>mod 2m such that (a,pq) = 1.
This class will have four square roots; call them a, —a, b, —b.Since h+, (T) = h+,(T) =0,



JACOBI FORMS 2587

there are four equations in the h.,, h., which can be written as

eam(va)  eam(=va) exn(vb) ean(=vb)\ [ ha(T)
eam(=va) exp(va) exn(—=vb) exn(vb) h_g(T)
eom(pa) exm(—pa) exn(ub)  expm(—ub) || hp(T)
eom(—pa) exp(ua)  exm(—ub)  expm(ub) h_p(T)

(3.2)

(==l el

This matrix is nonsingular which can be shown by direct computation, and therefore
all of the h.,(T), h+p(T) are zero. |

Again this proposition can be interpreted to say that a Jacobi form of index pq is
entirely determined by any of the corresponding h, (7) for (u,2pq) = 1. Similar analysis
can be used on general indexes. However, as the number of prime factors increases, the
square classes become more complicated.

Given these two propositions, one might guess that, in general, the component func-
tions hy, (1), with u, relatively prime to m, cannot be zero. However, when the index
m = p? for an odd prime p, the situation is reversed. For this case, the associated h,(T)
with (4, p) = 1 may all be zero, whereas if one of the (nontrivial) ha, (T) is zero, then
the Jacobi form must be zero.

THEOREM 3.5. If f(T,z) is a Jacobi form of odd weight and index m = p? for p an
odd prime, then if the associated hy, (T) = 0 for any u (u # 0,p?), then h,, (T) = 0 for all
vmod2p? (ie., f is identically zero). If the weight is even and h, (T) = 0 for any u, then
hy(t)=0 forall (v,p) =1, and if plu, then f(T,z) is identically zero.

PROOF. The difference here is the structure of the square classes. In general, a?
has only two square roots (+a) if (p,a) = 1 but there are p elements such that b? =
Omod2p? (there are also p such that b? = p?mod2p?). The proof is similar to the
above, where if one function h,(T) is zero, then h_,(T) is also zero and this creates
two nontrivial relations on all of the square classes. For the classes v>mod 2p? with only
two elements, these relations are linearly independent and therefore the corresponding
h., (T) are zero. Now there are @ (2p?) relations among the p elements in the 0 square
class (also for the p elements in the p? square class); however, only p — 1 of these
relations are linearly independent. For Jacobi forms of odd weight, each of the square
classes 0, p2 has only p — 1 elements (since hg, h 0) and so the p — 1 independent
relations force all of the h,(T) to be zero.

If one of the h,(T) = 0 for p|u (u # 0, p? if the weight is odd), then the Jacobi form
is identically zero. This is because if h,(7T) = 0 for p|u, then h_,(7) = 0 and the in-
version formulas for these two give relations that imply h, (1) = 0 for all (v,p) =1
(instead of h_y, use h, = (—=1)*h_, if p is 0 or p? and the weight is even). Now there are
@ (2p?) + 2 relations among the p (p — 1 for odd weights) elements in the 0, p? square
classes of which p are linearly independent and so the Jacobi form is identically zero.

O

p? =

Note that this result cannot be made much stronger. The reason is the operator
U;, where [ is a positive integer as defined in [3, page 41] that acts by f(T,z)|U; =
f(T,lz) and increases the index by [2. A Jacobi form of index 1 has only two congruence
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classes of coefficients (in the &). Examples of such forms for even weights are explicitly
constructed in [3] (there are no nonzero forms for odd weight). If one of these forms is
lifted to level p? using U,, then the image will only have nonzero hy, (1) for congruence
classes pmod 2m, where p divides u. In addition, by the above proposition, all of these
components must be nonzero.

However, there is also a lowering operator or an inverse operator to U;. Namely, if
F(T,z) is a Jacobi form of index m such that p? divides m and all of the associated
h,(7) are zero unless p divides p, then we can define an inverse of U; by

F(t,2)|U; ! = > Gu(T) 0o (T,2), (3.3)
pmod (2m/p?)

where

gu(T) = Z hup(T)- (34)

{apmod2m|a=pmod (2m/p?2)}

Then F(T,z)| U[l is a form of index m/(p?). To see this, we just check the vector-
valued modular form conditions. Namely, it is easy to see that

2
gu(T+1):e(W’;p2)gu(T). (3.5)

The inversion formula is only slightly more complicated and relies on the fact that the
only nonzero components are the hj,. Simply compute

o) S ()

{apla=umod (2m/p?)}

(T)k—1/2
- 2 i z Z eZWL(apr)hvp(T)
( m/l) {apla=pmod (2m/p?2)} {vpmod2m}
(T)kfl/Z
T 2mji 2. 2. > €2m/p2 (ab) hpp (T)

{apla=pumod (2m/p?)} {vmod (2m/p?)} {bp|b=vmod (2m/p?)}

_ (T)k—l/Z/(\/W) Z eZm/pz (Hv)gv(T).

vmod (2m/p?)

(3.6)

In particular, F(7,2z)|U|U; I — IF(7,z). Therefore, all Jacobi forms with such a Fourier
expansion are images of a form with lower index.

4. Jacobi forms on subgroups of the Jacobi group. In this section, we examine
the Fourier expansions of Jacobi forms on subgroups of the Jacobi group and then
investigate the relation to vector-valued modular forms for subgroups of Sl,(Z). This
method is applicable for any congruence subgroup. To begin, assume f is a Jacobi
form on I'(M) & (a)?, where I'(M) is some congruence subgroup of level M and (a) is
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the ideal generated by a € Z, a + 0. For a Jacobi form on this subgroup, f(T+M,z) =
f(t,z+a) = f(71,2); so in this case, f has a Fourier expansion of the form

f(r,2)=> > cnr)gvMgria, (4.1)

The analyticity condition on the second sum is that 4mn/M — (/a)? = 0. Following
the classical argument (i.e., using the invariance with respect to the (a)?), we find that
¢(n,r) depends only on ¥ mod2ma? and on 4mn/M — (r/a)?. Replacing the variable
z by az (i.e., applying the operator U, as above), this becomes a Jacobi form of weight
k and index a?m on I'(M) x Z2. So for the purposes of decomposing the Jacobi form,
without loss of generality, we may consider just those forms on I'(M) x 72.

Now a Jacobi form f(T,z) on T (M) x Z? has a Fourier expansion

f(r,2)=> > cnr)g"Me" (4.2)

and as above, define ¢, (N = 4mn—-Mr?) = c((N+Mr?)/4m,r) (where ¥ = pmod2m
and ¢, (N) =0if N # —Mp?mod 2m). Define the functions for pmod 2m:

hu(T) = > cu(N)gN/*mM,
N=0

Oum (T,2) = > q’mer.

{reZ|lr=pumod2m}

(4.3)

These are exactly the same theta functions used in [3, page 58] and above. This leads
to the decomposition

> D>cnr)g"Mg"
n or
N+ Mr? 2
_ Z Z Z C( g ,1,) q(N+M1’ )/4mM§V (4.4)
pmod2m r=pmod2m {N>0|N=—Mr2mod2m}
= z hu(T)Qy,m(T;Z)-
pumod2m
These theta functions 6,,,,(T,z) satisfy
eu,m(T“‘l,Z) =e4m(uz)9u,m(T,Z): (4.5)
9u,m(_71,§> = \[T/2mie?mimz* /T > eom(—uv) 0y m(T,2), (4.6)
vmod2m

but the Jacobi form only transforms with respect to I'(M); so we need to calculate how
the 0, transform with respect to these elements. To determine these formulas, it is
sufficient to compute them on generators of the subgroup. In order to simplify the
discussion for now, we consider the Hecke triangle and the Iy (p) groups because they
are generated by a small number of elements. To begin, let I'y (M) be the Hecke triangle
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1 1 1 0
(0 1)' (M 1)' “.7)

This group has infinite index in Sl»(Z) for any M > 4; however, this relatively small
group is enough to restrict the possible Fourier expansions of a Jacobi form. Note that

1 0 0 1 1 -M\/0 -1
(M 1) N (—1 0) (0 1 )(1 0) (4.8)
and we have the transformation for the translation matrix and so it remains to calculate

the formula for the other generator. Using (4.5) and (4.6), the theta functions satisfy
(using matrix notation for convenience)

group generated by

(0un (3 7730 51)
HAMT+1"MT+1/) ymod2m

_ _VMTHD) omimmz? )
2m
x Diag [e4m ( _MUZ)]“ (eZm(_IJV))uy (evvm)vmodZml

(e2m (—HV)) 1y 9

where Diag[-] is a diagonal matrix with the given entries and u, v always run from
0,1,...,2m-1.

It is interesting to note at this point that if 2m|M, this product of matrices becomes
the identity and so each of the theta functions is a Jacobi form on Iy (2#m) X Z2. This
may also be stated as the associated h,(T) are modular forms of weight k —1/2 on
Iy (2m) (with a multiplier); or in representation-theoretic terms, this representation of
Sl, (Z) is reducible to one-dimensional representations on I'y (2#1). Because of this fact,
the only conditions on the h,(7) are that they be modular forms on I';(2m) (with the
appropriate multipliers). Furthermore, any such functions satisfying the above trans-
lation and inversion formulas may be put together with the theta functions to yield a
Jacobi form on Ty (2m) x Z2.

These transformation formulas for the theta functions can now be translated into
transformation formulas for the h,. Namely, since

f(T,2)= > hu(T)0um(T,2) (4.10)

pmod2m

and f is a Jacobi form on Iy (M) X Z2, each of the h, satisfies

Wy (T+1) = eqm (— 1) hy (1), (4.11)
T _ (MT 1)k L2
hu(MTH) = om > alpv)hy (1), (4.12)

pmod2m
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where a(u,v) is the u, v entry in the inverse of the matrix in the theta function inversion.
The matrix in this transformation of the h,(7T) may be written as

(alp,v)), ( Z 2(p— v)k+Mk2)> , (4.13)

O<p,v<2m

where each entry is a form of a Gauss sum. These entries may be evaluated using stan-
dard techniques as in [1] and are explicitly calculated in [5]. A short calculation shows
that the u, v entry is zero unless (M,2m)|(u—v), that is, unless y = vmod (M,2m). If
(2m,M) =1, then the u, v entry is

-1

e<_§;[n (u—v)Z)(%”)(HiM)m, (4.14)

where the inverse of M is the inverse modulo 2m. If (M,2m) =d > 1 (denote M = dN,
2m = dn), then if d|(u—v), the y, v entry is

de((_é\iz_l(“;v) )(2];‘)(1“ N)\/? if 2/n,

alu,v) = de((_gz_l<“;lv)2)<iv)m ifn=1mod4,  (4.15)
de (( é\;) 1( -~ )2)<271:])i\/ﬁ if n = 3mod4,

where again (—N)~! is taken modulo n. These calculations lead to a statement (to [3,
Theorem 5.1]) statement relating Jacobi forms and vector-valued modular forms on
these Hecke groups.

THEOREM 4.1. The correspondence f(T,z) — (W (T))umod2m gives an isomorphism
between the spaces of Jacobi forms of weight k and index m on Ty (M) x Z% and vector-
valued modular forms on Iy (M) satisfying (4.11), (4.12) and bounded as Im(T) — co.

The above method is easily generalized to Jacobi forms on congruence subgroups by
simply looking at the transformation of the theta functions on generators.

This theorem has an interesting consequence concerning how many of the vector
components must be nonzero because of the condition that the entry of the matrix in
(4.12) is zero unless u = vmod (M,2m). This implies that the only functions h, (T),
0 < v < 2m, involved in the transformation formula for h,(T/(MT +1)) are those such
that y = vmod (M,2m). Therefore, for a fixed congruence class y, as long as at least
some of the h, for v = +pmod (M, 2m) (there is still the relation that h, = (-1)kh_,)
are nonzero, all of the other components may be zero. Therefore, by increasing (M,2m),
the minimum number of nonzero components decreases.

COROLLARY 4.2. If f(T,z) is a Jacobi form of weight k and index m on T’ with the
decomposition (4.10) being satisfied and if n divides 2m, then the function

Jan(T,2) = > hy(T)0ym(T,2) (4.16)

v=+amodn

is a Jacobi form on Ty (n) X Z2.
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Actually assuming the original form transforms on I'/ is overkill. All that is required
is that it transform on a subgroup containing I'y (n) X Z2.

Thus we have that as the greatest common divisor of the level M and the index m
increases, the minimum number of congruence classes (modulo 2m) of nonzero co-
efficients decreases. The first instance of a Jacobi form with only one nonzero h,(T)
does not occur until level m and then the only ones that occur have the form (as-
suming even weight) ho(7T)00m(T,2), hn(T)Om m(T,z). At this level, we also have
the first instance of only two of the h,(T) being nonzero (for index greater than 2).
That is, given a Jacobi form on I;(Z), create the functions for (umod(m)) g,(t,z) =
My (T)0pm (T,2) + h_y (T) 0_y 1 (T, 2) which will be Jacobi forms on Ty (m) x 7°.

Now we consider Jacobi forms of index m on the congruence subgroup Io(p) X Z2,
where p is a prime that divides m. A convenient set of generators (see Frasch [4] and
Rademacher [8]) for IH(p) is

b D606 DG )6 D6 )

B a-a(ab-1) ab-1 —v
- 1-ab b ) Tab

(4.17)

where a runs through a set of congruence class representatives p, and b is chosen
so that ab = 1modp. In order to make some of the calculations simpler, choose the
representatives modulo p so that each is relatively prime to 2m. In the case of Iy (N)
for general N, the generators are more complicated; see, for example, Chuman [2], and
for the principal congruence groups of prime level, see Frasch [4]. Following the same
method, as above, the transformation formulas for the 0, ,,(T,z) and the h,(T) are
computed. The transformation matrix corresponding to the last three matrices in V,
was calculated above and is

2m

where (a~!) is the inverse modulo 2m. The transformation matrix corresponding to
the first three elements of V, is

mwi(—ap®—bv?+2uv) ))
ex 4.19
( p( 2m 0<u,v<2m ( )

and thus their product is (neglecting the constant factors)

2m-—1 ,
Ug! B B »
(kzoe"p(m(“ﬂ“(a D2 k[ =b+ (a )]+ 2Kk[u - (a )v])))u,v- (4.20)

Now because b was chosen to be equivalent to (a~')mod2p, the k? bracket is zero
modulo p. So the sum is zero unless p divides p— (a~!)v. Therefore, the transformation
of the h, (7) for the matrix V, , depends only on the h, (T) for bv equivalent to ymodp.
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In particular, if p is a prime dividing 2m and p divides p, then h,(T) depends only on
h, (T) for p dividing v for all of its transformations under Iy (p). These considerations
imply the following proposition (using the earlier notations).

PROPOSITION 4.3. If f(T,z) is a Jacobi form of weight k and index m on T’ and p
is an odd prime dividing m, then go,(7,z), f(T,2) — go,p(T,2), and f(7,z) (trivially)
are Jacobi forms on Ty (p) X Z°. In addition, no other combinations of the Jup(T,2) are
Jacobi forms on this subgroup.

So even on these subgroups, it is possible for more of the vector components, be
zero but due to the transitive way the V, , act on the vector components, there are only
a limited number of ways.

5. Building Jacobi forms. In the preceding discussion, Jacobi forms were broken
down into simpler forms on subgroups of the Jacobi group. This information allows
one to reverse the process, that is, to begin with one (or more) of the h,(T) and create
a Jacobi form from it. This is merely intended as an example to complement the above
work; a more complete theory will appear in a forthcoming paper by the author.

To begin, assume that h,(7) is one of the associated vector-valued modular form
components for a Jacobi form of weight k and odd prime index m = p for IV, where
u is relatively prime to 2m. Define the natural slash operator for these vector-valued
components by

-1

a by fa b ka1/2 at+b
hu(T)‘ (C d) _X<C d) (CT+d) 1 hu(m), (5.1)

where

at+b __fa b k12, (@ b
(h”(CT-i-d))ymodZm_X(C d) (cT+d) u c d (v (D) modzm: ~ (5-2)

U s) is a unitary matrix, and x is the multiplier. Using this slash operator and the
earlier calculations, the other components of the vector-valued modular form are re-
covered (created):

hau(T) zhu(T”Va,b, (53)

where a runs from 1,3,5,...,p —2 and the b’s are chosen so that ab = 1mod 2p. Then
using the relation h, (T) = (-=1)¥h_, (1), all of the vector components with odd sub-
scripts are formed. Applying the slash operator with (11, ‘f) to h, (1) gives the sum of
h,(7) and h,.,(T) and so the vector components with even subscripts can now be re-
covered using the V, ;, as above. This “new” vector function (h,(T))1<y<p—1 transforms
as a vector-valued modular form on Iy (p). In fact, this is the same Jacobi form as the
one we began with except for the missing ho, h, components. If the weight is odd,
both of these are zero anyway, so we have recovered the original Jacobi form on I’ (not
just IH(p) X Z2). If the weight is even, this is strictly a form on I (p) X Z2; however, we
can add an ho(T) and h,(T) components by adding any pair of modular forms with
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the appropriate multipliers (as determined in the calculations for V, , above) on Iy (p).
However, there is only one pair of these vector components which raises the form back
to I'/. These components can be recovered through the series of operations

0 -1 1 1
(1 0)— > e2m<uv>hv<r>>[1—i (0 1)] (5.4)

vmod2p
v+0,p

Similarly, h, (T) can be obtained by applying the same operator as above and replacing
the i with a 1 inside the brackets.

This last construction can also be done beginning with one of the h, (1), where u is
even ((u,p) = 1) using almost the identical construction.

In the first part of this note, it was shown that a Jacobi form of odd prime index
is entirely determined by any one of its associated vector-valued components and the
above calculation showed how to generate the other components. There are still open
questions. For example, the above construction of a Jacobi form was biased in that a
priori, it was known that there was an associated Jacobi form. Given a function with
some modular properties ((4.11), (4.12) for example), is there an attached Jacobi form?
Is the above construction possible by starting with the hy component? How will this
construction work for nonprime index, and how many of the components will be neces-
sary to create a Jacobi form? In addition, what are the consequences for the associated
half-integral weight modular forms as in Kohnen’s papers [6, 7]?

ho(T) =(hu(‘r)
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