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We develop a coalgebraic approach to the study of solutions of linear difference equations
over modules and rings. Some known results about linearly recursive sequences over base
fields are generalized to linearly (bi)recursive (bi)sequences of modules over arbitrary com-
mutative ground rings.
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1. Introduction. Although the theory of linear difference equations over base fields
is well understood, the theory over arbitrary ground rings and modules is still under
development. It is becoming more interesting and is gaining increasingly special impor-
tance mainly because of recent applications in coding theory and cryptography (e.g.,
[10, 15]).

In a series of papers, Taft et al. (e.g., [17, 22, 24]) developed a coalgebraic aspect
for the study of linearly recursive sequences over fields. Moreover, Grinenfelder et al.
studied in [8, 9] the linearly recursive sequences over finite-dimensional vector spaces.
Linearly recursive (bi)sequences over arbitrary rings and modules were studied inten-
sively by Nechaev et al. (e.g., [16, 20, 21]); however, the coalgebraic approach in their
work was limited to the field case. Generalization to the case of arbitrary commuta-
tive ground rings was studied by several authors including Kurakin [12, 13, 14] and
eventually Abuhlail, Gbmez-Torrecillas, and Wisbauer [4].

In this paper, we develop a coalgebraic aspect for the study of solutions of linear
difference equations over arbitrary rings and modules. For some of our results, we
assume that the ground ring is Artinian. Besides the new results, this paper extends
results in [4] and “Kapitel 4” of my doctoral thesis [2]. A standard reference for the
theory of linearly recursive sequences over rings and modules is the comprehensive
work of Mikhalev et al. [16]. For the theory of Hopf algebras, the reader may refer to
any of the classical references (e.g., [1, 19, 23]).

By R we denote a commutative ring with 1z # Og and with U(R) = {r € R | r is
invertible} the group of units of R. The category of R-(bi)modules will be denoted by
Mg. For an R-module M, we call an R-submodule K ¢ M pure (in the sense of Cohn) if
for every R-module N, the induced map (;, ®idy : K®g N — M ®g N is injective.

For an R-algebra A and an A-module M, we call an A-submodule K ¢ M R-cofinite
if M/K is finitely generated in Jlg. For an R-algebra A, we denote by ¥4 the class of
R-cofinite ideals. If A is an R-algebra with %4 a filter, then we define for every left
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A-module M the finite dual right A-module

M°:={feM*|Ke(f)dDIM

1.1
for some A-ideal I with A/I finitely generated over R}. (-1

By N (resp., Z) we denote the set of natural numbers (resp., the ring of integers). More-
over, we set Ng := {0,1,2,3,...}. For an n X n matrix M over R, we denote the charac-
teristic polynomial by x(M). The identity matrix of order n over R is denoted by E,,.
For an m x n matrix A and a k x | matrix B, the Kronecker product (tensor product) of
A and B is the mk x nl matrix

all'B alZ'B aln.B
aZI'B aZZ'B azn.B
A®B:= . . . . . . (1.2)

2. Preliminaries. Let M be an R-module and
M[x]:=M[x1,...,x],  M[xx']:=M[x,x7} ..., x0,x. ] (2.1)

We consider the polynomial ring R[x] and the ring of Laurent polynomials R[x,x" '] as
commutative R-algebras with the usual multiplication and the usual unity. For every R-
module M, M[x] (resp., M[x,x"1]) is an R[x]-module (resp., an R[x,x!]-module) with
action induced from the R-module structure on M and we have, moreover, canonical
R-module isomorphisms

Mix] = MegR[x] = MM,  M[x,x '] ~MegR[x,x '] ~M), 2.2)

For n = (ny,...,ny) € N§ (resp., z = (z1,...,2x) € Z¥), we set X" := x'',...,x;*

. Z] Zk
X2i= X1, X0

(resp.,

2.1. Let M be an R-module, 1 = (I1,...,1x) € NK, and consider the system of linear
difference equations (SLDE)

I
Xn+(11,0,..,0) + Z Pa,i i (M) Xn 1 -i0,.,0 = g1 (),
i=1
[
X+ (0,12,0040) + 2. P2,lo—i) (1) Xnt (0,1, -1,0,..,0) = 2 (1),
i=1 (2.3)

Lk
Xnt (0,0,) + 2. Plole—1) (M) X (0,0, 1) = Gk (D),
i-1
where the pj;’s are R-valued functions and the g;’s are M-valued functions defined for
alln e ng. If the g;’s are identically zero, then (2.3) is said to be a homogenous SLDE.
If the pji’s are constants, then (2.3) is said to be an SLDE with constant coefficients.
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2.2. For an R-module M and k > 1, let
o Nk — M} = MNS (2.4)

be the R-module of k-sequences over M. If M (resp., k) is not mentioned, then we mean
that M = R (resp., k = 1). For f(x) = >;jaix' € R[x] and w € 9’1(\?, define

fX) ~w=uedy, um:=>awmn+i) vne N (2.5)

With this action, Ef,(\f) is an R[x]-module. For subsets I ¢ R[x] and L C E/’,(\P, consider
the annihilator submodules

An ) (I) = {w e&/’}\f) | f —w =0 for every f €I},
M (2.6)
Angx (L) = {h € R[x] | h — u =0 for every u € L}.

Note that An% (I c EJ’](V’,‘) is an R[x]-submodule and Angx)(L) < R[x] is an ideal.

2.3. A polynomial f(x) € R[x] is called monic if its leading coefficient is 1z. For
every monic polynomial f(x) = x!+a;_1x"'+ -+ - +a1x +aop € R[x], the companion
matrix of f is defined to be the [ x [ matrix

OR OR e OR —ao
1R OR L OR —a]

Spi= 0% 1x v+ Ok —az | (2.7)
Or Or --- 1p —-ai

In fact Sy is a matrix that has f(x) as its characteristic polynomial as well as its mini-
mum polynomial (see [11, Theorem 4.18]).

DEFINITION 2.1. An ideal I < R[x] will be called monic, if it contains a nonempty
subset of monic polynomials

LGy -t ; b
{fj(Xj) :xj’+a§f_),1xjj +oralx;+af 1 j= 1,...,k}. (2.8)

In this case, the polynomials (2.8) are called elementary polynomials and (f)(x1),...,
fr(xk)) < R[x] an elementary ideal. A monic polynomial g(x) € R[x] is called re-
versible if q(0) € U(R). An ideal I < R[x,x~!] will be called reversible if it contains a
subset of reversible polynomials {q;(x1),...,qk(xk)}.

2.4. Let M be an R-module. We call u € SP,&‘) a linearly recursive k-sequence (resp., a
linearly birecursive k-sequence) if Ang[x)(1) is a monic ideal (resp., a reversible ideal).
Note that a k-sequence u € Eff\}‘) is linearly recursive if and only if it is a solution of a
homogenous SLDE with constant coefficients of the form (2.3). If Ang[x) (1) contains a
set of monic polynomials {fi(x1),..., fk(xk)}, where f;(x;) is of order m;, j =1,...,k,
then these are called elementary characteristic polynomials of u, and u is said to have
order m:= (my,...,my). Characteristic polynomials of u of least degree nj, j = 1,...,k,
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are called minimal polynomials of u and n := (ny,...,ny) is called the rank of u. The
subsets §Ej<§> c 9’1(\}‘) of linearly recursive k-sequences and %},’,‘) c 9&‘) of linearly birecur-

sive k-sequences are obviously R[x]-submodules.

2.5. The lexicographical linear order (<) on Nﬁ is defined as follows: fori = (iy,...,ix)
andn= (ny,...,n) € N’g, we say i < n if the first number in the sequence of integers

(n1+- . -+1’lk)7(i1+---+l‘k), nlfil,...,nkfik (2.9)

that is different from zero is positive (see [18, page 170]).

Let M be an R-module, F := { fi(x1),..., fx(xx)} C R[x] a subset of monic polynomials
withdeg(fj(x;)) =Llijforj=1,....k,1:= (Li,..., k), 1:= (1,...,1),and Iy := (f1,..., fx) <
R[x]. Note that the natural order “<” on N induces on N’g a partial order and we
define the polyhedron IIg = T1(1) := {i € NS | i <1-1}. The initial polyhedron of values
of w e ¢ is defined as w(ITg) := {w(i) | i € Ig}. For [ = Iy,..., 1, the points of the
polyhedron ITg build a chain 0 =iy <i; < --- <1i;_; and we can write w (ITg) as an initial
vector of values (w(0),w(i1),...,w (1)) € ML

Let w € Any]%() (f1(x1),...,fr(xk)), where f;(x;) is monic for j = 1,...,n and write,

for every n = (n1,...,nx) € N,

x;lj =hj(x;) fi(x;) +7i(x;), deg(ri(xj)) <l;. (2.10)
If we set
k .
gV = []ri(x) = > a”x, vi=x"—w=g9"x — w, (2.11)
j=1 iellp
then
wm) =v(0) = Z ai(n)w(i) for every n € N§. (2.12)
iellp

Consequently, w is completely determined by the initial polyhedron of values w (ITg).
For t € IIf, define the sequence ef An ) (Ir) with initial polyhedron of values ef (i) =
“R

0i; for all i € ITg. The sequence elF_1 is called the impulse sequence of Anyém (Ig).

3. Examples. We now give some examples of linearly recursive sequences. For more
examples, the reader may refer to [16].

EXAMPLE 3.1 (geometric progression). Let M be an R-module, m € M, » € R, and
consider w € ¥y given by

w(n):=r"m for every n € Ny. 3.1)

Then w € &) with initial condition w(0) = m and elementary characteristic polynomial
f(x) =x—v.Moreover, Ang[x](w) = R[x](x —v) + R[x]Ang ().
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EXAMPLE 3.2 (arithmetic progression). Let M be an R-module, {p,q} C M, and con-
sider w € ¥y, given by

w(n):=p+nqg foreveryn e Nj. (3.2)

Then w € ¥y with initial vector (p,p + q) and elementary characteristic polynomial
f(x) = (x —1)2. If Ang(q) = 0, then f(x) is a unique minimal polynomial of w. If
r € Ang(q), then f, (x) = (x —1)? +7(x — 1) is another minimal polynomial of w.

REMARK 3.3. An example of a nonrecursive sequence over Z is the sequence of prime
positive numbers {2,3,5,7,...}.

EXAMPLE 3.4. Let E = {f1(x),...,fk(x)} C R[x] be a subset of monic polynomials.

(1) Let M be an R-module, u; € Ang,, (f;) for i = 1,...,k, and consider u := u; +
et ug € 8’,&‘) defined by u(m) = u;(ny) +- -« + ug(ng). Then u € An i (g1 (x1),...,
Jr(xx)), where fori =1,...,k, "

(3.3)

| filxa), fi(1g) = Og,
gi(xi) =

fi(x;)(x;—1g), otherwise.

(2) Let Mj,...,M be R-modules, u; € Anngl_ (fi) fori=1,....,k, M:=M; & - - - ® My,
and consider u € E/’,(\f) defined by u(n) := (u;(nq),...,ux(ng)). Thenu € Anyl<v1;> (g1(x1),
...,gk(xy)), where the g;’s are defined as in (3.3).

(3) Let u; € Ang,(f;) for i = 1,...,k and consider u € Effek) defined by u(n) :=
ur(n),-., uk (ni). Then w € Ango (f; (x1),...., fi(xi)) and

Ang (fi(x1),..o fie(xk)) = Angg (fi) @ - - - @r Angy (fi)- (3.4)

(4) Let Mq,...,My be R-modules, u; € Al’lngi (fi) fori=1,...,k, M := M, ®g - - - ®g My,

and consider u € Eff\f)

..o, Jr(xy)) and

defined by u(n) := u; (n;) ®- - - ®@uk (ng). Thenu € An, g (f1(x1),
M

Anyyﬁ (fi(x1),eens fi(xk)) = Ang, (fi) @R ®R Alyy, (fi)- (3.5)

4. Admissible R-bialgebras and Hopf R-algebras. For every R-coalgebra (C,Ac,&c),
there is a dual R-algebra C* := Homg (C,R) with the so-called convolution product mul-
tiplication

(fxg)(c):=> flc1)g(c2) Vf,geC* ceC, 4.1

and unity &c. Although every algebra A has a dual coalgebra, if the ground ring is
hereditary Noetherian (e.g., a field), the existence of dual coalgebras of algebras over an
arbitrary commutative ground ring is not guaranteed! One way to handle this problem
is to restrict the class of R-algebras for which the dual R-coalgebras are defined.
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DEFINITION 4.1. Let A be an R-algebra (resp., an R-bialgebra, a Hopf R-algebra).
Then A is called
(1) an x-algebra (resp., an x-bialgebra, a Hopf «-algebra)if ¥ 4 is a filter and A° C R4
is pure;
(2) cofinitary if 94 is a filter and, for every I € ¥4, there exists an A-ideal I < I with
A/I finitely generated and projective.

4.1. Let H be an R-bialgebra and consider the class of R-cofinite H-ideals ¥ . We call
H an admissible R-bialgebra if H is cofinitary and J{y satisfies the following axioms:
(A1) for all I,J € Hy, there exists L € Hy, such that Ay (L) cIm(I®gH) +Im(H ®r J),
(A2) there exists I € ¥y, such that Ke (eg) D 1.
We call a Hopf R-algebra H an admissible Hopf R-algebra if H is cofinitary and g
satisfies (A1), (A2), and
(A3) for every I € iy, there exists J € ¥y, such that Sy (J) < I.

REMARK 4.2. It follows from the proof of [3, Proposition 4.2.] that every cofinitary
R-algebra (resp., R-bialgebra, Hopf R-algebra) is an «-algebra (resp., an «-bialgebra, a
Hopf «-algebra). By [2, Lemma 2.5.6.], every cofinitary bialgebra (Hopf algebra) over a
Noetherian ground ring is admissible.

PROPOSITION 4.3 (see [2, Propositions 2.4.13 and 2.5.7]). (1) If A is a cofinitary R-
algebra, then A° is an R-coalgebra. If H is an admissible R -bialgebra (resp., an admissible
Hopf R-algebra), then H° is an R-bialgebra (resp., a Hopf R-algebra).

(2) Let R be Noetherian. If A is an x-algebra (resp., an «-bialgebra, a Hopf x-algebra),
then A° is an R-coalgebra (resp., an R-bialgebra, a Hopf R-algebral).

PROPOSITION 4.4. Let A be an x-algebra (resp., an « -bialgebra, a Hopf «-algebra),
B a cofinitary R-algebra (resp., R-bialgebra, Hopf R-algebra), and consider the canonical
map o : A°®@rB° — (A®gB)°. Then

(1) o isinjective,
(2) if R is Noetherian, then o is an isomorphism of R-coalgebras (resp., R-bialgebras,
Hopf R-algebras).

PROOF. (1) The proof is along the lines of the proof of [14, Proposition 5].
(2) The proof is along the lines of the proof of [3, Theorem 4.10]. O

The proof of [3, Lemma 4.12] can be generalized to prove the following lemma.

LEMMA 4.5. For any set of reversible polynomials {q,(x1),...,qrx(xx)} € R[x], there
is an isomorphism of R-algebras

RIx]/(a1(x1),...,aqk (xk)) = R[x,x ']/ (q1(x1),...,ax (xk)). (4.2)

LEMMA 4.6 (see [14, Proposition 1]). Let R be an arbitrary commutative ring.

(1) An ideal I < R[x] is R-cofinite if and only if it is monic. Consequently, every R-
cofinite R[x]-ideal contains an ideal I < R[x] such that R[x]/I is free of finite rank. In
particular, R[X] is cofinitary.
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(2) Anideal I < R[x,x'] is R-cofinite if and only if it is reversible. Consequently, every
R-cofinite R[x,x 1 ]-ideal contains an ideal I < R[x,x 1] such that R[x,x 1]/I is free of
finite rank. In particular, R[x,x" '] is cofinitary.

5. Linearly (bi)recursive sequences. In this section, we study the linearly (bi)recur-
sive k-sequences over R-modules, where R is an arbitrary commutative ground ring.

5.1. Let (G, u¢,eq) be a(commutative) monoid. Considering the elements of the basis
G as group-like elements, the monoid algebra RG becomes a (commutative) cocommu-
tative R-bialgebra (RG, u,n,Ay4,&4), where

Ag(x)=x®x, &4(x)=1g forevery x eG. (5.1)
If G is a group, then RG is a Hopf R-algebra with antipode
Sg:RG — RG, x — x~! for every x € G. (5.2)

5.2. Bialgebra structures on R[x]. Consider the commutative monoid G generated
by {x;|j=1,...,k}. Then R[x] = RG has the structure of a commutative cocommutative
R-bialgebra R[x;g] = (R[X],u,n,A4,€4), where u is the usual multiplication, n is the
usual unity, and forall n >0, j=1,...,k,

Ag:R[x] — R[x]®r R[x], x?~»x}‘®x;‘,
5.3
&g:R[x] — R, xJ’-‘»—»lR. (5.3)

On the other hand, R[x;p] = (R[x],1,n,Ap,&p) is a commutative cocommutative Hopf
R-algebra, where p is the usual multiplication, n is the usual unity, and for all n > 0,
j=1,....k

n
Ap i R[x] — R[x]®r R[x], Xj— Z(?)xj(sz}‘t,
t=0

&p:R[x] — R, X — On0, 5.4

Sp:R[x] — R[x], xJ”H(—l)"xJ’.‘.

REMARKS 5.1. (1) Let R be an integral domain, then it follows by [7, Theorem 1.3.6]
that for every set G, the class of group-like elements of the R-coalgebra RG is G itself.
Then one can show, as in the field case [6], that R[x;g] and R[x;p] are the only possible
R-bialgebra structures on R[x] with the usual multiplication and the usual unity.

(2) The R-bialgebra R[x;g] has no antipode because the group-like elements in a Hopf
R-algebra should be invertible.

The proof of the following result depends mainly on the arguments of [14, Theorem 2].

PROPOSITION 5.2. Let R be an arbitrary commutative ring. Then R[x;g] is an ad-
missible R-bialgebra and R[x;p] is an admissible Hopf R-algebra. Hence, R[x;g]° is an
R-bialgebra and R[x;p]° is a Hopf R-algebra.
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PROOF. Denote by (R[x], A, ¢) either of the cofinitary R-bialgebras R[x;g] and R[x; p].
Let I,] < R[x] be R-cofinite ideals and assume without loss of generality that R[x]/I
and R[x]/J are free of finite rank (see Lemma 4.6). Let 8 be a basis of the free R-module
B:=R[x]/I®gR[x]/J and consider the R-algebra morphism A := (11;® ) o A R[X] —
R[x]/I®rR[x]/].For j=1,...,k, let M; be the matrix of the R-linear map

T;:B— B, b— A(xj)b, (5.5)

with respect to B, and x;(A) its characteristic polynomial. Then x;(A(x;)) = 0 for j =
1,...,k. Since A is an R-algebra morphism, it follows that x;(x;) € Ke(A) = A~ (I &g
R[x]+R[x]®rJ) for j=1,...,k. If we set L:= (x1(x1),...,Xx(xx)) < R[x], then A(L) <
I ®r R[x] + R[x] ®r J, that is, Hg[x) satisfies axiom (Al). Note that R[x]/Ke(s) = R,
hence K[ satisfies axiom (A2). Consequently, R[x;g] and R[x;p] are admissible R-
bialgebras. Consider now the Hopf R-algebra R[x;p] with the bijective antipode S,.
For every ideal I < R[x], S, L(I) <« R[x;p] is an ideal and we have an isomorphism
of R-modules R[x]/S;1 (I) = R[x]/I, hence Hgx;p] satisfies axiom (A3). Consequently,
R[x;p] is an admissible Hopf R-algebra. The last statement follows now by Proposition
4.3. O

If M is an arbitrary R-module, then we have obviously an isomorphism of R[x]-
modules

@M:M[x]*—»ﬂ’f\fl, % — [n— [m— x(mx™)]], (5.6)

with inverse u — [mx® — u(n)(m)].

PROPOSITION 5.3. Let M be an R-module. Then (5.6) induces an isomorphism of R[x]-
modules

Mx]° =~ k. (5.7)

PROOF. Consider the R[x]-module isomorphism M[x]* k4 ffﬁi, see (5.6). Let x €

M|[x]°. Then there exists an R-cofinite R[x]-ideal I such that — x =0.So I — &y (x) =
dp (I — ) =0, thatis, I C Angx)(®y(x)). By Lemma 4.6(1), I is monic, that is, ®p (%) €
PK.

On the other hand, let u € 5[5](\’4(1 By definition, J := Ang[xj (1) is a monic ideal and it
follows by Lemma 4.6(1) that J < R[x] is R-cofinite. For x := <I>;41 (u), we have J — x =
J — @y (w) = 3! (J — u) =0, that is, x € M[x]". O

5.3. The coalgebra structure on £*), By Lemma 4.6(1), (R[x],u,n) is a cofinitary R-
algebra, where u is the usual multiplication and n is the usual unity. Hence, (R[x]°, u°,
n°) is (by Proposition 4.3) an R-coalgebra, where

p°iR[x]" — RIX]°®@rR[X]°,  f— [xjoxi— f(x{x}), s,t=0,1i,j=1,.. k],
n°:R[x]°—R, f— f(lg).

~

(5.8)
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So £% ~ R[x]° has the structure of an R-coalgebra with counity
om0 1L — R, u— u(0), (5.9)

and comultiplication described as follows (see [16, Proposition 14.16]).
Let u € £ {fi1(x1),...,fr(xk)} < Angpxj (1) a subset of elementary characteristic
polynomials with deg(fj(x;)) =1;, and 1:= (L,...,lx). So we have for all n,i € Nk

um+i) = (x' - u)(n) = ( > (X —u)® -ef) m)= > (x*~u)d)-efm). (5.10)
t<l-1 t<l-1
The comultiplication of £ is given then by

Ay : LK — LR @pe® e 3 (x'— u) ®ef. (5.11)
t<l-1

EXAMPLE 5.4. Consider the Fibonacci sequence f = (0,1,1,2,3,5,...). Clearly, F is
given by

F(0) =0, F(1) =1, Fm+2)=rm+1)+rF(n) Vn=0, (5.12)

thatis, f € ¥z with initial vector (0, 1) and elementary characteristic polynomial f(x) =
x2—-x—-1€Z[x]. By (5.11), one can easily calculate

Ag,(F)=F®z(x—=F)+(x—F)®zf — ®zF. (5.13)

5.4. The R-bialgebra (£4;g). Consider the R-bialgebra R[x;g]. Then ¥ ~ RN =~
R[x;g]* is an R-algebra with multiplication given by the Hadamard product

x,: PR @pyh) — gk v — [n— umvm)], (5.14)
and the unity
ng:R— g®, 1g — [n— 1g] for every n € N{. (5.15)

By Propositions 5.2 and 5.3, (££,(Qk>;g) ~ R[x;g]° has the structure of an R-bialgebra with

the coalgebra structure described in Section 5.3, the Hadamard product (5.14), and the
unity (5.15).

5.5. The Hopf R-algebra (£;p). Consider the Hopf R-algebra R[x;p]. Then ¥k ~
RNG ~ R[x;p]* is an R-algebra with multiplication given by the Hurwitz product

kp PR @R — b yev.— [nH > (n)u(t)v(n—t)], (5.16)

t=n

and the unity

np:R — $%, 1g — [n+— 8no] for every ne NK. (5.17)
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By Propositions 5.2 and 5.3, (iifl(zk);p) =~ R[x;p]° has the structure of a Hopf R-algebra

with the coalgebra structure described in Section 5.3, the Hurwitz product (5.16), the
unity (5.17), and the antipode

Syw 1 LR — gy [i— (- D)iu)]. (5.18)

PROPOSITION 5.5 (see [14, Theorem 3]). Letu and v be linearly recursive sequences
over R of orders m, n and with characteristic polynomials f(x), g(x), respectively. Then
(1) uxg4v is a linearly recursive sequence over R of order m - n and characteristic
polynomial x(Sy®Sy);
(2) ux,v is a linearly recursive sequence over R of order m - n and characteristic
polynomial x(Sy®Ey +En ®Sy).

EXAMPLE 5.6. Let R be any ring and let {x,}5,_¢, {¥n}n-o € Ir be solutions of the
difference equations

Xne3—Xn2+Xn-1—-Xn=0; x0=0,x1=1, x2 =2,
(5.19)
Yne2 = Yns1+¥Yn=0; yo=1, y1 =0.

Then {x,},_o is a linearly recursive sequence over R with characteristic polynomial
f(x)=x3-x%+x-1and {y,}r_, is a linearly recursive sequence over R with charac-
teristic polynomial g(x) = x2 —x + 1.

Notice that

0 0 1
S;®Sy=|1 0 -1 ®[? _11]

01 1

0 0 0 0 0 -1

0 0 0 0 1 1 (5.20)
o -1 0 0 o0 1
/T 1 0 0 -1 -1

0 0 0 -1 0 -1

o o 1 1 1 1]

Hence, {zu}n_g 1= {Xnln_o *g {¥n}n-o is by Proposition 5.5 a linearly recursive se-
quence over R with characteristic polynomial

X(Sr®Sy) =xb—x+x3-x+1, (5.21)
thatis, {z,},_( is a solution of the difference equation
Zni6—Zn+s+ Zns3— Zns1 +2n =0  with initial vector (0,0,-2,-1,0,1). (5.22)

Table 5.1 gives the first 11 terms of the sequence {z,};_.
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TABLE 5.1
n 0 1 2 3 4 5 6 7 8 10
Xn 0 1 2 1 0 1 2 1 0 1 2
Yn 1 0 -1 -1 0 1 1 0 -1 -1 0
Zn 0 0 -2 -1 0 1 2 0 0 -1 0

EXAMPLE 5.7. Consider the sequences {x,},_o and {¥,};_, of Example 5.6. Then

0 -1 0o 0 1 O
11 0 0 0 1
1 0 0 -1 -1 O
Sy®E+E3®S, = 001 1 1 0 -1 (5.23)
o 01 0 1 -1
|0 0 0o 1 1 2]

By Proposition 5.5, {Zn} g = {Xn}n-o*p {Vnlno = {Z;‘:O (;‘)xj  ¥Yn—j}n-ois alinearly
recursive sequence over R with characteristic polynomial

X(Sr®E2+E3®5,) = x0—5x° +14x* - 25x3 +28x2 — 15x + 3. (5.24)
Hence, {z,};_, is a solution of the difference equation
Zn+6—5Znss + 142444 — 252303+ 282p40— 152441 +324, =0 (5.25)

with initial vector (0,1,2,-2,—-16,—-29).
Table 5.2 gives the first 9 terms of the sequence {z,};_g-

TABLE 5.2
n 0 1 2 3 4 5 6 7 8
Xn 0 1 2 1 0 1
Yn 1 0 -1 -1 0 1 1 -1
Zn 0 1 -2 -16 -29 —-12 29

5.6. Cofree comodules. Let C be an R-coalgebra. A right C-comodule (M, ) is
called cofree if there exists an R-module K such that (M, oy) ~ (K®gr C,idx ® Ac) as
right C-comodules. Note that if K ~ R™), a free R-module, then M ~ RN @x C =~ CN) as
right C-comodules (this is one reason for the terminology cofree).

As a direct consequence of Lemma 4.6, we get the following corollary.

COROLLARY 5.8. Let M be an R[x]-module. Then there are isomorphisms of R[x]°-
comodules

Pk~ M[x]° =~ M* @ R[X]° =~ M* @g £. (5.26)

,2“ -comodule).

In particular, M[x]° (ff,(\lji ) is a cofree R[x]°-comodule (<
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6. Linearly (bi)recursive bisequences. In this section, we consider the linearly (bi)re-
cursive k-bisequences and the reversible k-sequences over R-modules, where R is an ar-
bitrary commutative ground ring. We generalize the results of [16, 17] concerning the
bialgebra structure of the linearly recursive sequences over a base field to the case of
arbitrary Artinian ground rings.

6.1. Let M be an R-module, 1 = (I4,...,1lx) € N’é, and consider the system of linear
bidifference equations (SLBE):

51
Xz4(11,000) T 2, DAL i) (2) X241 -i0,..,0) = 91(2Z),
i-1
[
Xz24(002,0,-.0) + 2. P@olo—1) (Z) X2+ (0,12-1,0,..0) = 92 (Z),
i=1 (6.1)

Lk
Xz24(0,000) T 2 Pliode—1) (Z)X24(0,..0. 1) = Gk (2),
i=1
where the pj;’s are R-valued functions and the g;’s are M-valued functions defined for
all z € ¥ If the g;’s are identically zero, then (6.1) is said to be a homogenous SLBE.
If the pji’s are constants, then (6.1) is said to be an SLBE with constant coefficients.

6.2. Bisequences. For an R-module M and k > 0, let
P = (v 7k — M} = M (6.2)

be the R-module of k-bisequences over M. If M (resp., k) is not mentioned, then we
mean M = R (resp., k = 1). For w € 9’&‘) and f(x) = X aixt € R[x,x '], define

fx) ~w=yeFy, where ¥(z):=> aiw(z+i) Vz € 7¥, (6.3)
i

With this action, 57’&” becomes an R[x,x!]-module. For subsets I c R[x,x '] and Y C
g)](\f), consider

Ang o (I) = {?u’e 57’;\? |g —w =0 forevery g € I},
M (6.4)
Angx-11(Y) = {h €R[x,x '] | h — ¥ =0 for every V € Y}.
Obviously, Ang (I) c g’f\f)
M
an ideal.

is an R[x,x!]-submodule and Angyx-17(Y) < R[x,x 1] is

DEFINITION 6.1. Let M be an R-module. We call w € 57’&” a linearly recursive k-
bisequence (resp., a linearly birecursive k-bisequence) if Ang[x) (W) is a monic ideal (resp.,
a reversible ideal). Note that a k-bisequence i € %P is linearly recursive if and only
if it is a solution of a homogenous SLBE with constant coefficients of the form (6.1).
The subsets SNBf\;O c g’f\f) of linearly recursive k-bisequences and 973},’,‘) c g’f\f) of linearly

birecursive k-bisequences over M are obviously R[x,x !]-submodules.
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7. Reversible sequences over modules

7.1. Let M be an R-module. A k-bisequence 1 is said to be a reverse of u € Eff\f) if

ﬁlNg = u and Angx] (L) = Ang[x)(u). A linearly recursive k-sequence u will be called
reversible if u has a reverse U € SNB]&‘). With E’R,(\f) - éﬁf\l,‘), we denote the R[x]-submodule
of reversible k-sequences over M.

LEMMA 7.1 (cf. [16, Proposition 14.11]). Let R be Artinian.
(1) Every monic ideal I < R[x] contains a subset of monic polynomials

{XjJQJ‘(Xj) | qj(x;) is reversible for j = 1,...,k}. (7.1)

(2) Let M be an R-module. Then every linearly recursive k-bisequence over M is linearly
birecursive (i.e., %f&d = iﬁ‘) ).

PROOF. (1) By [5, Theorem 8.7] every commutative Artinian ring is (up to isomor-
phism) a direct sum of local Artinian rings. Without loss of generality, let R be a local
Artinian ring. The Jacobson radical of R,

J(R) = {r € R | r is not invertible in R}, (7.2)

is nilpotent, hence there exists a positive integer n such that J(R)" = 0. Let I be a
monic ideal with a subset of monic polynomials {g; (x1),...,gk(xx)} C . If gj(x;) =
fi(xj)(modJ(R)[x;]) for j = 1,...,k, then g;(x;)|f;(x;)", where n is the index of
nilpotency of the ideal J(R). Hence, f;(x;)" € I. If we write f;(x;)" = ijQJ(XJ) with
(xj,qj(xj)) =1, then g;(0) € U(R), that is, gj(x;) is a reversible polynomial for j =
1,...,k.

(2) Let % be a linearly recursive k-bisequence over M. If R is Artinian, then by (1)
Angx) (1) contains a subset of monic polynomials {xjj a;(xj) | qj(x;) is reversible for

j=1,...,k}. Then for every z € Z*, we have (q;(x;) — U)(Z1,...,Zj,+.-,2k) = (XjJQJ'(Xj)
- U)(z1,...,zj — dj,...,zi) = 0. Hence, {qj(x;) | i = 1,...,k} C Angpx (i), that is,
Angx) (1) is a reversible ideal. O

7.2. Backsolving. Let M be an R-module. Let u be a linearly recursive sequence over
M and assume that Ang[x] (1) contains some monic polynomial of the form xdq(x) =
xUag+a1x+---+a;_1x"1+x, ap € U(R). Then

aou(j+d)+au(j+d+1)+---+aiu(j+d+1-1)+u(j+d+1)=0 Vj=0 (7.3)

and we get by backsolving a unique linearly birecursive bisequence i € Ang (q(x))
with % (n) = u(n) for all n > d. In case [ = 0, The bisequence % = 0 and is given for
L+ 0 by

z>d,

) {u(@; ) i N (7.4)
—ayt(at(z+ D)+ +aqt(z+1-1) +u(z+1), z<d.

If there are two bisequences U, w € Ang, (q(x)) with vn)=un)=wm)foralln =>d,
then one can easily show by backsolving using g (x) that v = w. Moreover, we claim that
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Ang[x] (1) = Angpx(u). It is obvious that Ang[y] (L) S Ang[xj(u). On the other hand,
assume that g(x) = Z;’LO bjxf € Angx)(u). We prove by induction that (g — 1) (z) =0
for all z € Z. First of all, note that for all z > d, we have (g — %)(z) = (g — u)(z) = 0.
Now, let zg < d and assume that (g — )(z) = 0 for z € {z9,z9+1,...,z0+1—1} c Z.
Then we have, for z = z9—1,

(g —it)(z0-1) = >, bjii(j+z0—1)

Mz

0

J

1
bj(z —aalaiﬁ(j+zo—1+i))
j i1

Jj=0

I
3

(7.5)
l m
=->ag'a; > bii(j+zo—1+1)
i=1 =0
1
=—>aglai(g—1i)(zo-1+i)=0.

i=1

If u is a linearly recursive k-sequence over M with k > 1 and Ang[xj (1) contains a
set of monic polynomials {x?j q;(xj) | q; is reversible for j = 1,...,k}, then we get by
backsolving through q;(x;) along the jth row for j = 1,...,k a unique linearly birecur-
sive k-bisequence 7 € Anﬁ) (q1(x1),...,qk(xk)) with 7i(n) = u(n) for all n > d and it
follows moreover that Angx (1) = Angx (1).

LEMMA 7.2. Let M be an R-module.

(1) Every birecursive k-sequence over M is reversible with unique reverse (which we
denote by Rev(u)). Moreover, %f\f) becomes a structure of an R[x,x 1]-module through
Jf=ui=(f = Rev(u)) -

<§3) If R< kl)S Artinian, then every reversible k-sequence over M is birecursive as well (i.e.,
By’ =Ry’ )-

PROOF. (1) If u %ﬁd , then Angxj(u) contains a set of reversible polynomials
{qj(x;) | j=1,...,k} and we get by backsolving (see Section 7.2) a unique linearly bire-
cursive k-bisequence U € An?]ﬁ) (q1(x1),...,qx(xx)) with i(n) = u(n) for all n € Nk.
For the bisequence i, we have as shown above Angx(1l) = Angxj(u), that is, i is a
reverse of u. The last statement is obvious.

(2) By (1), %]ﬁ;‘) c %}é‘). If R is Artinian and u € %},’f with reverse i, then Angx)(u) =
Angx) (1) is, by Lemma 7.1(2), reversible, that is, u € %f\f). O

EXAMPLE 7.3. The Fibonacci sequence f = (0,1,1,2,3,5,...) has elementary charac-
teristic polynomial f(x) = x2—x — 1. Since f(0) = —1 is invertible in Z, we conclude
that F is reversible with reverse

F(2), z>0,
Rev(F)(z) =1 (7.6)
Rev(F)(z+2)—Rev(f)(z+1), z<O.

Table 7.1 lists some of the terms of the bisequence Rev(r) € Ang, (x2=x-1).
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TABLE 7.1
z —4 -3 -2 -1 0 1 2 3
Rev(r)(z) -3 2 -1 1 0 1 1 2 3

LEMMA 7.4. There is an isomorphism of R[x,x~']-modules
Bk ~ gk (7.7)
PROOF. By Lemma 7.2, we have the well-defined R[x,x~!]-linear map
Rev(—) : BN — Gy — Rev(u), (7.8)
where Rev(u) is the linearly birecursive sequence defined in (7.4).

It is easy to see that Rev(—) is bijective with inverse i — ﬁ'N’g- O

7.3. Let M be an R-module. We call a k-sequence u € Efﬁ‘) periodic (resp., degen-
erating) if x4(x' — u) = 0 for some d € N§ and t € N¥ (resp., x4 — u = 0 for some
d e NK). It is clear that the subsets @Iﬂf) c iﬁ‘) of periodic k-sequences and 9211(\;‘) c ££]<\§>
of degenerating k-sequences are R[x]-submodules.

REMARK 7.5 (see [16, Proposition 5.2]). If M is a finite R-module, then every linearly
recursive sequence over M is periodic (i.e., @f\,}) = 55}})).

PROPOSITION 7.6 (see [16, Proposition 5.27]). Let R be an arbitrary commutative
ring, M an R-module, and denote by %@M‘) the set of reversible periodic k-sequences
over M. Then there is an isomorphism of R[x]-modules

Pk ~ gk g gk (7.9)

The following result generalizes Proposition 7.6 and describes the R[x]-module
structure of arbitrary linearly recursive k-sequences of R-modules, where R is an Ar-
tinian commutative ground ring.

PROPOSITION 7.7. LetM be an R-module. IfR is Artinian, then there are isomorphisms
of R[x]-modules

e =o' o Y =3y e B =i} e Bl = i) 0 R} (7.10)

PROOF. If u is a linearly recursive sequence over M, then Angx) (1) contains, by
Lemma 7.1(1), a set of monic polynomials {xdiqj(xj) | qj(xj) is reversible for j =
1,...,k}. By backsolving (see Section 7.2), we have a well-defined morphism of R[x]-
modules

y & @l (7.11)

where 11 is the unique linearly birecursive bisequence 7i € Ang (q1,...,qx) with u(n) =
u(n) for all n > d. It is clear that Ke(y) = Qbf\f). On the other hand, there is a morphism
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of R[x]-modules

B =25 — iy, T (7.12)

It is obvious that yo 8 = id§<k>, hence the exact sequence
=M
0— gk gl Y, gk g, (7.13)

of R[x]-modules splits, that is, §£1<V',‘> = Ebl(\lﬁ @QW. Since R is Artinian, we have by Lem-
mata 7.1(2) and 7.2(2) i,(\f) = 53,(\? and %f\f) = 97%1(\?. We are done now by the isomorphism
of R[x]-modules %f\? =~ @31(5) (Lemma 7.4). O

7.4. The Hopf R-algebra R[x,x!]. Consider the commutative group G generated by
{xj|j=1,...,k}. Then the ring of Laurent polynomials R[x,x '] = RG has the struc-
ture of a commutative cocommutative Hopf R-algebra (R[x,x '], u,n,A,&,S), where pu
(resp., n) is the usual multiplication (resp., the usual unity) and forallz € 7, j =1,...,k,

A:R[x,x '] — R[x,x ']®r R[x,x7'], X7 — xi®x?,
£:R[x,x '] —R, X7 — 1g, (7.14)
S:R[x,x '] — R[x,x7'], X7 — X7

PROPOSITION 7.8. Let R be an arbitrary commutative ring. Then R[x,x" '] is an ad-
missible Hopf R-algebra and R[x,x 11° is a Hopf R-algebra.

PROOF. Notice that R[x,x 1] is a cofinitary Hopf R-algebra by Lemma 4.6(2). Con-
sider the proof of Proposition 5.2 and replace R[x] with R[x,x !]. Then the map
Tj:B— B, b— A(x;)b (7.15)
is invertible with inverse

Tj:B—B, b—A(xj")b. (7.16)

Then the matrix M; of T; is invertible and x;(0) € U(R) for j = 1,..., k. Consequently,
Hrixx-17 satisties axiom (A1). Since R[x,x71]/Ke(e) ~ R, Hxx-17 satisfies axiom (A2).
Consider the bijective antipode S of R[x,x !]. For every ideal I < R[x,x"!], S~1(I) «
R[x,x!] is an ideal and we have an isomorphism of R-modules R[x,x 1]/S"1(I) =
R[x,x71]/I. Hence, Jpxx-1; satisfies axiom (A3). Consequently, R[x,x '] is an admis-
sible Hopf R-algebra. The last statement follows now by Proposition 4.3. |

For every R-module M, we have an isomorphism of R[x,x~!]-modules
Yy Mxx " — 3R, §—[z— [m— §(mx)]] (7.17)

with inverse i — [mx% — 1 (z)(m)].
As in the proof of Proposition 5.3, we get the following proposition.
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PROPOSITION 7.9. LetR be an arbitrary ring and M an R-module. Then (7.17) induces

an isomorphism of R[x,x!]-modules
M[x,x 1] =3k (7.18)

PROOF. Consider the isomorphism of R[x,x !]-modules M[x,x 1]* E g’,(\ﬁ, see
(7.17). Letx e M[x,x 1]°. ThenI — x = 0 for some R-cofinite R[x,x ! ]-ideal I < R[x,x ]
and so I — ¥y (%) = ¥y (I — %) = 0. By Lemma 4.6(2), I is a reversible ideal and so
Angixj(u) D INR[x] is a reversible ideal, that is, ¥y (%) is linearly birecursive.

On the other hand, let 1 € g“sﬁ’;l Then Angx (i) is, by definition, a reversible ideal,
that is, it contains a subset of reversible polynomials {q;(x;), j = 1,...,k}. Note that for
arbitrary g € R[x,x'], we have gq; — ¥y' (i1) = ¥y,' (9q; — %) = ¥y/' (g — (q; - %)) =
0 for j = 1,...,k. By Lemma 4.6(2), the reversible ideal (g (x1),...,qx(xx)) < R[x,x71]
is R-cofinite, that is, ¥;;' (i) € M[x,x 1]°. O

7.5. The Hopf R-algebra structures on %% and %), Let R be an arbitrary ring and
consider the Hopf R-algebra R[x,x !]. Then % ~ R? ~ R[x,x 1]* is an R-algebra
with the Hadamard product

x: PR gk Gk fiel — [z —i(2)D(2)], (7.19)
and the unity
n:R — FH, 1g — [z — 1g] for every z € Z*. (7.20)

By Proposition 7.8, R[x,x 1]° is a Hopf R-algebra. So B ~ R[x,x!]° inherits the struc-
ture of a Hopf R-algebra (BX), % 5,ng, Ayt , €5k, Sgyt) ), Where 4 is the Hadamard prod-
uct (5.14), ng is the unity (5.15), and

Ayt : BE — B @p Rk u— > (x'-u)eef,

t<l-1
e 1 BN — R, u — u(0), (7.21)
Sy 1 BK — gk u — [n— Rev(u)(-n)].

Moreover, 3 ~ R[x,x~!]° becomes a Hopf R-algebra (%, *g, Ngs Diikys €005 Siek)),
where * is the Hadamard product (7.19), n is the unity (7.20), and

Agi iy !973<k) — 97N3><k> ®R 973“(), U — Z Rev (Xt - ﬁwé) ®Rev (etF),

t<l-1
500 : B — R, i — 11(0), (7.22)
S5 k) —»gN3<k>, U — [z — fi(-2)].

Note that with these structures the isomorphism ¥ ~ %) of Lemma 7.4 turns to be
an isomorphism of Hopf R-algebras.

The following theorem extends the corresponding result from the case of a base field
[17, page 124] (see also [16, Proposition 14.15]) to the case of arbitrary Artinian ground
rings.
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THEOREM 7.10. IfR is Artinian, then there are isomorphisms of R-bialgebras
Pk =~ gtk g P = gk @ GBI ~ gl GGk = gytk) k. (7.23)

PROOF. Consider the isomorphism £*) ~ @k g $K gee (7.10). With the help of
Lemmata 4.5 and 7.1, one can show, as in [17, page 123], that y : £ — $%) gee (7.11),
and B : $% — gk gee (7.12), are in fact bialgebra morphisms. Obviously, Ke(y) =
gk ¢ £%) is an £*) -subbialgebra and we are done. O

As an analog to Corollary 5.8, we get the following corollary.

COROLLARY 7.11. Let M be an R[x,x ']-module. Then there are isomorphisms of
R[x,x"1]°-comodules

IR~ Mx,x1]" = M*@rR[x,x"]" =~ M* @g 2. (7.24)

In particular, M[x,x 11° (:Vi,(\ﬁ ) is a cofree R[x,x 11°-comodule (591({‘) -comodule).

As a consequence of [2, Theorem 2.4.7] and [2, Corollaray 2.5.10], we get the following
corollary.

COROLLARY 7.12. Let R be Noetherian and consider the R-bialgebra R[x;g]° (resp.,
the Hopf R-algebra R[x;p]°, the Hopf R-algebra R[x,x11°). If A is an «-algebra (resp.,
an «-bialgebra, a Hopf «-algebra), then there are isomorphisms of R-coalgebras (resp.,
R-bialgebras, Hopf R-algebras)

Alx;9]° = A°@rR[x;9]°, Alx;pl° = A°@rR[xp]°,

o o 7.25
Alx,x '] = A° @z R[x,x7']". (7.25)

7.6. Representative functions. Let G be a monoid (a group) and consider the R-
algebra B = R¢ with pointwise multiplication. Then B is an RG-bimodule under the left
and right actions

Vfx)=fxy), (fy)(x)=f(yx) Vx,yeaG. (7.26)

We call f € R¢ an R-valued representative function on the monoid G if (RG) f(RG) is
finitely generated as an R-module. If R is Noetherian, then the subset ®(G) C R¢ of
all representative functions on G is an RG-subbimodule. Moreover, we deduce from [4,
Theorem 2.13 and Corollary 2.15] that in case (RG)° C R¢ is pure, we have an isomor-
phism of R-bialgebras (Hopf R-algebras) ®(G) ~ (RG)°.

COROLLARY 7.13. Let R be Noetherian.
(1) Considering the monoid (NX 1), there are isomorphisms of R-bialgebras

R(NE) =~ R[x;p]° = . (7.27)
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(2) Considering the group (Z¥,+), there are isomorphisms of Hopf R-algebras

R(ZF) ~ R[x,x7']" =~ BY ~ B (7.28)
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