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We present some resolvent estimates of elliptic differential and finite-element operators in
pairs of function spaces, for which the first space in a pair is endowed with stronger norm.
In this work we deal with estimates in (Lebesgue, Lebesgue), (Holder, Lebesgue), and (Holder,
Holder) pairs of norms. In particular, our results are useful for the stability and error analysis
of semidiscrete and fully discrete approximations to parabolic partial differential problems
with rough and distribution-valued data.
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1. Introduction. The aim of this work is twofold. The main objective is to get some
new resolvent estimates of elliptic finite-element operators which are intended for use
in applications of the finite-element method to parabolic initial boundary value prob-
lems. It however turns out that this might be successfully achieved when using related
estimates for elliptic partial differential operators; some of them seem, apart from ev-
erything else, to be of independent interest. We therefore start with showing resolvent
estimates for differential operators. In both cases, continuous and discrete, we make
an emphasis on deriving such estimates in pairs of function spaces, for which the first
space in a pair is endowed with stronger norm. More precisely, our consideration deals
with estimates in (Lebesgue, Lebesgue), (Holder, Lebesgue), and (Holder, Holder) pairs
of norms.

It is well known that resolvent estimates of elliptic partial differential operators are
most important for applications of semigroup theory to the analysis of parabolic ini-
tial boundary value problems. In fact, such estimates allow one to study the problem
of generation of analytic semigroups, associated to the elliptic operators, in different
function spaces. The classical papers of Agmon [1] and Stewart [31] are concerned
with generation in Lebesgue spaces and in the space of continuous functions, respec-
tively. For a recent work concerning generation in Besov and Holder spaces we refer to
Grisvard [19], Campanato [8], and Lunardi [21]. The problem of generation in Holder
and Sobolev spaces of integral positive orders was examined by Colombo and Vespri
[12] and Mora [23]. A detailed discussion of generation results in different function
spaces can be found, for example, in Lunardi [22].

We further remark that resolvent estimates for elliptic finite-element operators are
of great significance for applications of operator theory to the analysis of both spatially
semidiscrete and fully discrete approximations to parabolic PDE problems (cf., e.g., [7]).
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For an earlier work related to this subject we refer (in the chronological order) to Fujii
[18], Schatz et al. [28], Nitsche and Wheeler [24], Wahlbin [36], Thomée and Wahlbin [33],
Rannacher [26], Chen [10], Crouzeix et al. [13], Palencia [25], Bakaev et al. [6], Schatz et
al. [29], Thomée and Wahlbin [34], Bakaev [4], Crouzeix and Thomée [14], and Bakaev
et al. [7] (for brief discussions of the above work, see, e.g., [4, 29]).

Let Q = IntQ be a convex bounded domain in R4, d = 1, with smooth boundary 0.
For simplicity we assume Q to be of class ¢~, meaning that in the case d = 1, Q is an
open interval of the real axis. We introduce a linear operator A by

d
A=a=-> 2 (1.1)

with homogeneous Dirichlet boundary conditions on Q. The operator A will be con-
sidered in complex Lebesgue, Sobolev, and Holder spaces on Q (or on Q), for which we
use the standard notation L, W,Q, and %%, respectively. The respective norms will be
denoted by |- |, Il - lp;1, and | - |¢. In this work it will be convenient to identify denoted
differently but, at the same time, equivalent norms, although they are usually intended
for use in different underlying spaces. In such a way, we will often write |v|( instead
of |[vll» and |v]; instead of ||V ||«;, even for measuring functions v in L. and WL, re-
spectively. Let further €° = {v € €°: v = 0 on 0Q}, 6% = €5 NBY, and WL = WL n¢O°.
Given two function spaces E; and E> (among those introduced above), if B: E; — E»
is a linear bounded operator, the symbol |||B|||g,—g, will stand for the corresponding
operator norm. Below, in connection with the finite-element space, we will also need
to use a special operator norm which will be specified additionally. In what follows we
will sometimes work with functions defined on domains different from Q (or Q). We
therefore denote by || - |y, || - lp;;9, and | - |g,5 the norms in the spaces L, (9), W}a (9),
and €% (%), respectively (identifying, as above, equivalent norms). For our subsequent
needs we also denote (v,w)q = [, vw dx, and we will write (-,-) instead of (-,-)q.

As already mentioned above, for elliptic partial differential operators, there are known
resolvent estimates in different function spaces which allow one to show that the above
operator A generates a holomorphic semigroup e~t4 in these spaces. Such estimates
are usually stated under quite general restrictions on the operator in question and, as
a rule, the sector of analyticity of the semigroup e * is not specified. For our more
concrete situation, it is possible to derive refined estimates, which are given below.
Moreover, we generalize these results and present as well related estimates in pairs of
spaces.

For finite-element versions of elliptic operators, resolvent estimates can be easily de-
rived in L,-norm, but it is not a simple problem to show them in the case of L,-norm,
p # 2. Note that if one has a suitable estimate in L.-norm, by duality and interpolation
it immediately extends to the whole scale of Lebesgue norms || - ||y, 1 < p < . It is
worth mentioning that the problem in the case of L.-norm is brought to an end at least
for second-order operators with real-valued sufficiently smooth coefficients due to [4]
(the case with at least quadratic elements) and [7] (the case with linear elements) in the
sense that these results yield a uniform resolvent estimate in L.-norm which is valid
in any closed sector outside the real positive semiaxis. We are not however informed
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of any estimates in Holder norms or estimates involving two different norms. In partic-
ular, for the time being, no uniform estimate of the gradient is known in L.-norm. In
what follows we show such estimates in the case of finite-element discretization with
piecewise linear test functions. As concerns the case with higher-degree elements, it
seems to be simpler for analysis for the reason that the L,-norm of the Ritz projection
is uniformly bounded in this situation (unlike in the case with linear elements; cf. [30]).

Throughout this work we will denote by C and ¢ generic constants, subject to C > 0
and ¢ > 0, whose sizes will be unessential for our subsequent analysis.

Letnow h € (0,ho], ho > 0, be a small parameter and let 7, = {Tj}jil be a triangula-
tion of Q = Int(U;T;) C Q into mutually disjoint open face-to-face simplices T;. It will
be convenient to take h = max;diamT;. We assume that the vertices of simplices T;
which belong to 0Qy, lie also on 0Q and that the family {7} of triangulations is glob-
ally quasiuniform in the sense that min;vol(7;) > ch®. It follows from our assumptions
that dist(x,0Q) < Ch? for x € 0Qy. Let further Sy, be the finite-dimensional space of all
continuous complex-valued piecewise linear functions, associated with 9, that vanish
outside Qy. To the operator A we associate its finite-element version Ay, : S, — S, by

(Any,x) = (V@,VX) Vy,X € Sh. (1.2)
If we consider the parabolic initial boundary value problem
ur+Au=0, t>0, u(0) =v, (1.3)

associated to the operator A, its solution is given, with the aid of the semigroup e 4,
by u(t) = e"'4v. Then a spatial semidiscrete approximation to u(t) may be taken as
up(t) = e~ 4y, with vy, a suitable approximation to v in (1.3). For any h € (0, ho], the
operator Ay is bounded, which yields that the exponential function e~ 4# is a bounded
operator as well (for any fixed h € (0,hg] and t > 0). The known resolvent estimates
allow one to show that e t4n is in fact uniformly bounded with respect to h € (0, ho]
and t > 0, in the operator norms of the corresponding function spaces. This fact is
most essential for the analysis of stability and convergence of spatial semidiscrete
approximations to (1.3). Moreover, for one-step methods approximating (1.3) both in
space and in time

U":T(—kAh)nUh, (1.4)

where ¥ (z) is a rational function (it just specifies the method), the stability of U™ and its
convergence to the solution of (1.3) can be shown by making use of the same resolvent
estimates for the operator Ay, (cf., e.g., Bakaev [3] or Thomée [32]). It is worth mentioning
that, for the analysis of fully discrete approximations based on the application of A(g)-
stable methods, it is essential to use resolvent estimates of the operator Aj; that would
be valid outside any closed sector around the real positive semiaxis; just such estimates
were found in L. -normin [4, 7]. Using duality and interpolation arguments, it is possible
to extend the results of [4, 7] to the whole scale L,,, 1 < p < o, of Lebesgue norms. In this
work we show resolvent estimates of Ay in (Lebesgue, Lebesgue), (Holder, Lebesgue),
and (Holder, Holder) pairs of norms; all of them are valid outside any sector containing
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the real positive semiaxis. In particular, a uniform resolvent estimate in L.-norm for
the gradient can be obtained as a direct consequence of Theorem 3.6 below. Our results
can be used, for example, for showing the stability and convergence of U" in (1.4) in the
corresponding pairs of norms. For further possible applications of the below estimates
we can refer to [5].

Our main results are collected in the following two sections. In Section 2 we show
resolvent estimates in pairs of spaces for the operator A. These assertions are further
applied in Section 3 in order to obtain analogous estimates for the finite-element op-
erator Ay. All the restrictions stated above are assumed to be in force throughout this
work. The below technical tools are similar to those used in [4, 7]; they are based on
comparing the discrete resolvent to the continuous one and on making use of estimates
for the continuous problem.

2. Resolvent estimates of the operator A. In this section we present, as mentioned
above, resolvent estimates for the elliptic differential operator A in pairs of function
spaces. It will be convenient, given ¢ € (0,71/2), to denote

Sp=1{A:A#0, |argA] < p}u{0}. (2.1)

We start by showing some auxiliary results, the first of which will be related to real
interpolation theory.

Let (€%, W1)g.«,0 < 0 < 1, be the interpolation space between ¢° and W, constructed
by the K-method (cf., e.g., Triebel [35, pages 23-24]). The norm in (4%, W1 ).« is given
by

V1o i), =sups? inf (|w0(s)|0+5||w1(5)||w.1). (2.2)
' T 50 v=wq(s)+w1 (s) '

wo (5)€%0, wy (s)eWd

LEMMA 2.1. For any fixed 0 < x <1,
IVl @0 yee < ClVIa YV €C™. (2.3)

This result can be shown by direct use of the definition of ||v|| (€O ) oo and by ap-
plication of standard methods in real interpolation theory. We also note that the same
estimate with ¢! in place of W follows from Lunardi [21, Proposition 2.6 and Remark
2.9], but the norm in (€%, W1) 4« is dominated by that in (¢°,%") 4 «.

Let further G(s;x,¥), s > 0, be the Green’s function for the operator (sI+A)~!. We
will now obtain some pointwise estimates which will be quite useful in the sequel.

LEMMA 2.2. For any fixed 0 < x<2/d 0O <x<1ifd=1),

s421 exp (e /s1x = y)

|G(s;x,p) | = Y IS Ix — y|d0-

+C(s+1)7' Vx,yeQ, s>0. (2.4)

Furthermore, if « is restricted by 0 < x < 2/(d+ 1), then for all x,y € Q and s > 0,

gld+la/2-1 eXp(—C\/§|X—y|)
2d+1) 11— |x—y|@drDhl-

|V<G(s;x,v)| <C +C(s+1)7L. (2.5)
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PROOF. We denote for short p = |x —y|. For 6(t;x,y), the Green’s function of the
related parabolic problem (1.3), we have (cf. [17])

2

)_d/zexp<—%>+Cexp(—ct), t>0. (2.6)

|6(t;x,y) | < C(t+p?
Now, in order to show (2.4), we use the representation
G(s;x,y) = J e t6(t;x, y)dt, (2.7)
0

which yields with the aid of (2.6), since t + p2 > t¥p2(1-),

o0 2
|G(s;x,v)| sCJ (t+p2)_‘1/2exp(—st—%)d:ﬂrL
0 t s+1 2.8)
< Csd/2-1 5-(1-d ro A2 oy (7t7 C5p2>dt+ c '
- P 0 P t s+1°

The integral on the right-hand side of the last estimate converges for 0 < x < 2/d, and
we see that (2.4) follows by using the evident estimate

2
exp(—%—cstp ) <exp(—c/sp). (2.9)

The second stated inequality (2.5) can be shown similarly by applying the estimate
(see, e.g., [17])
2y - (d+1)/2 cp?
| Vx6(t;x,y)| < C(t+p?) exp(—T)JrCexp(—ct), t>0. (2.10)

(Note that (2.5) is formally obtained by comparing (2.10) to (2.6) and substituting (d+1)
for d into (2.4).) O

Now we turn to showing resolvent estimates themselves. The first result is not orig-
inal but it is needed for our subsequent purposes.

THEOREM 2.3. For any fixed o € (0,11/2),

[AI-A)w];<C(+IAl) vl VA¢ItSe, j=0,1, v € La, (2.11)
|AQAI-A) |, <C(1+Al) * v, VAgInts,, ve Wl (2.12)

In principle, (2.11) is an almost direct consequence of a quite general result of Stewart
[31] which has been sharpened in [7]. In this work we accept in fact just the same starting
assumptions as in [7] (which are more restrictive than the assumptions in [31]) and we
take the resolvent estimate (2.11) itself actually in the same form as it is stated in [7].
The minor difference is however that (2.11) is stated in [7] only for v € %, but, since the
resolvent is an integral operator, the result is clearly still valid for v € L. For a proof
of (2.12), see [7].

In what follows we will also give analogues of (2.11) and (2.12) in L,-norm. Moreover,
an analogue of (2.11) with j = 0 can be stated right now.
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THEOREM 2.4. For any fixed o € (0,11/2),
[[AT=A) |, <C(1+IAl)" "Yvll, Vi<p<o, A¢IntS,, veL,. (2.13)

In fact, (2.13) with p = 1 follows from (2.11) with j = 0 by duality and further the
result extends, by interpolation, to the general case 1 < p < co.
We will also need to use below some estimates in Holder norms.

THEOREM 2.5. For any fixed ¢ € (0,11/2) and for x =0,1,

1+x/2

[AI-A) ], < COA+IAl) lvl; VA¢IntS,, veWwl. (2.14)

PrROOF. We will first show that the assertion is true if |A| > R, with R > 0 sufficiently
large. We start by taking « = 0. Given A ¢ Int3y,, we let u = —[A[. Applying now [12,
Theorem 3.2] with p — o and fixing R > 0 sufficiently large, we find that (2.14) with
o = 0 holds with p written for A, for |u| > R. We therefore have, since |u| = |A],

[(uI-A) |, < C(1+|u\)71|v|1 = C(1+\)\|)71\v|1 VI[Al = R. (2.15)
At the same time, it follows from (2.11) with j = 1 and (2.12) that, for |A| > R,

(I —A)TAQAI-A) v |, <C(1+u)) P lAQI-A) v |, < C(1+I1A) vl,.

(2.16)
Next, in view of the identity
AAM—A) L =T+AQAI-A)7L, (2.17)
a simple calculation shows, since |u| = |A], that
[(UI=A)TuAI-A) v |, = [(u[-A)'AQAI-A) v |,
(2.18)
< |(I-A) |+ (uI-A)TTAQAI-A) v ],.
Using (2.15), (2.16), (2.18), the identity
AI=A) = (uI=A) "N (uI-A) (AT -A)7, (2.19)
and the fact that |u| = |A], we thus obtain for |A| > R,
[AI-A) |, < | (I-A) T u@AI-A) | + | (uI-A)TAQAI-A) v |,
_ (2.20)
<C(1+ |)\|) V).
This yields that (2.14) with &« = 0 holds for |A| > R.
Applying further [12, Theorem 3.2] with s = 1 and using again (2.19), we get
[AI-A) |, < [(MI-A) H(u-D)QAI-A) |, + [ (uI[-A) v,
(2.21)

<C+1u) (-0 QAI-A) | +vh),
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and with the aid of estimate (2.14) with & = 0 (already proved), we see that in fact (2.14)
holds also with « =1 if A > R and R > 0 is sufficiently large.

It remains to show that (2.14) is also in force for A < R, with any fixed R > 0. Note
that it would suffice in fact to prove that for ¢ = 0,1,

[AI-A) ]| ,,,<Clvly VAg¢IntSy, |A| <R, veWl. (2.22)

For ot = 0, the last estimate immediately follows by (2.11) with j = 1 since |[v|o < C|v]|;.
In order to show that (2.22) holds as well for « = 1, we write, using well-known inequal-
ities between Holder norms, the estimate |w|s,2 < ClAw];,2 (cf. [2]), and the above
identity (2.17),

[AI-A)v|, <ClAI-A)v]|5, <ClAQI-A) v |,

. (2.23)

<C(lvh+IAl]@Ar-4)"v],).

Now combining this and (2.22) with &« = 0 (already shown) leads easily to (2.22) with
x=1.

This completes the proof. |

We are now ready to show resolvent estimates in pairs of Lebesgue spaces. We will
state first a result for the particular case when A = —s, s > 0, and when one of the spaces
iS L.

THEOREM 2.6. For any fixedd/2 <q <o (for1 <q <o ifd=1),
[[(sT+A) ||, < Cls+ D)VCD- Yy, Vs=0, veEL,. (2.24)

PROOF. A suitable argument somewhat changes in details for d = 1 and for d > 2,
and one has to distinguish between these cases. The case d = 1 is however simpler and
we will further concentrate on the situation when d > 2.

Assuming therefore that d > 2, we select a fixed « such that g > 1/« > d/2. Defining
further ¢’ by 1/q' :== 1-1/q and noting that 0 < x < 2/d and d —dq’' (1 — @) > 0, we
apply (2.4) to obtain for all v € L, with [[v]l; =1 (as above we denote p = |x — y|), if
s>1,

1/4
[|[(sT+A) V]|, <sup (J |G(s;x,7)|? dy)
xeQ Q

, 1/q
< Csda2-Tgyp (J exp(—cq ﬁp)dy)
Q

xe pda’ - (2.25)

o 1/q
< Csd"‘/ZI(J exp(—cq’ﬁz)zdldq/(lo‘)dz>
0

< CsdlCa-1

which shows the claim at least for s > 1.
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Thus it remains to prove (2.24) for 0 < s < 1. Clearly, it would suffice to show instead
that

[[(sI+A) ]|, <Cllvll, for0O=<s<I. (2.26)

The last estimate follows however easily from (2.17), (2.13) with p = co and A = —s, and
the inequality |A~!v|l» < Cllvll4 (valid for g > d/2), with the aid of

[[(sT+A) ||, =||AGsT+A)tA ||, < CllA |- (2.27)

This completes the proof. O
Now we can obtain sectorial estimates in (L,,L;) pairs.
THEOREM 2.7. For any fixed € (0,11/2) and1 <q <p < o such that1/q—1/p <
2/d (forany fixedl <q<p <o ifd=1),
[AI=A) ||, < C(1+ AN Y2V, vA g IntS,, v € Ly (2.28)

PROOF. As above, we will restrict our consideration to the case d > 2.
Assuming first that 1/qg < 2/d, by (2.17), (2.13) with p = c, and (2.24), we find, for
all A ¢ IntZ,,

IIAT=A) ||, = [[IAIT+A)(AI-A) T (JAIT+A) ||,
< (1420l [T =) o AT +A) o] (2.29)
<c|aair+a) || sc+an?C v,
which shows the claim for p = «~ and 1/q < 2/d. Observe also that, by duality, this
yields that (2.28) holds as well forg =1 and p > 1 such that 1 -1/p < 2/d.

We now consider the general case with arbitrary p and g such that 1/g—-1/p < 2/d.
Define g and p; by

1

1 ::1—L. (2.30)
14 p1

1
a  4a
Noting that 1/go = 1—1/p; < 2/d, we see that in view of the above reasonings, (2.28)

holds for p = o, g = g and for p = p1, g = 1. For arbitrary p and g, with 1/g—1/p <
2/d, the desired result is thus obtained by interpolation. |

Further we will obtain resolvent estimates in (Holder, Lebesgue) pairs of spaces. As
above, we will consider first the particular case when A = —s, s > 0.

THEOREM 2.8. Forany fixedO<&<landqe (d/(2—&),x],
[ (SI+A) v < Cls+ ¥y, V520, veL,. (2.31)

PROOF. Note that, in the case £ = 1 and g > d, the result is obtained by using (2.5)
and the estimate |A~'v|; < Cllv|l; (cf. the proof of Theorem 2.6). In particular, (2.31)
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holds for & = 1 and g = . Since, by (2.13) with p = oo, it holds as well for & = 0 and
q = o, by interpolation, we have shown the result in fact for 0 <€ <1 and g = .

We turn to the general case. Let £ € [0,1] and g € (d/(2-E&), 0] be fixed. We can
write, with some & > 0,

—=—"-c. (2.32)

Assuming that € < 1/d and defining then qo and gq; by

1.
ao’

—&, — == -5, (2.33)

2 1
a q1 ' E
we conclude that (2.31) holds for & = 0 and q = g by (2.24) with g = qo, and it will hold,
as already shown, for & = 1 and g = q; since q; > d. The desired result in the general
case will thus follow by interpolation.

If it happens that, in (2.32), € = 1/d, which means that g is sufficiently large, the

result nevertheless will follow by interpolation since we have already shown that it is
in force for g = o« and for g sufficiently close to d/(2 —¢&). |

Sectorial estimates in (%E,Lq) pairs will then be obtained as follows.
THEOREM 2.9. For any fixed ¢ € (0,71/2),0<&<1,andqe (d/(2-&),~],

/2+d/(2q>—1‘|v||q VA ¢ Int3y, v € Ly. (2.34)

[AI-A) ] <C(1+]A1)®
PROOF. It follows from (2.17) and (2.13) with p = g that for all A ¢ IntZ,
||(|2\|I+A)(/\I—A)‘1v|\q <|lvllg+2IAl ||(7\I—A)‘1v||q <Cllvllg. (2.35)

Using this thus yields

|(AI—A)*1U|§ < ‘H(MU-‘:—A)*IH‘L %%E||(|A|I+A)(?\I—A)71U||q
'4 (2.36)
sclljoair+ 7], elvla
It remains to apply (2.31) with s = |A]. .

We next show analogues of (2.11) with j = 1 and of (2.12), in L,-norm.

THEOREM 2.10. For any fixed € (0,11/2) and1 <q <p <o suchthat1l/q-1/p <
1/d, forall A ¢ Int3y, and v € Ly,

AL =A) 0|,y < C(1+ A PHAIP=210 ) (2.37)
PROOF. We can write, with some € € (0,1/d],

—&. (2.38)
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Let further g, and p( be defined by

1 1
—&, l1-—:=—=-¢. (2.39)
po d
By (2.31) with & = 1, we have, since 1/q; < 1/d,
[[(SI+A) |y < Cls+ D)HRW2 )1y, Vs20, v EL,. (2.40)

We now define gy by 1/qp := 1 —1/po (note that 1/gp < 1/d) and select some « €
((1/(d+1))(1+d/qp),2/(d+1)). Then

(VisT+a) v,0) = [ | PEOVAGE v OIdyx, (2.41)
ala
which vyields, using (2.5) and Holder’s inequality, for all s > 0, v € Ly, and ¢ € Ly,

[(V(sT+A)  v,p) | <llvlisup | | VG (s;x, ) | |w(x)|dx
veala (2.42)
< CsUa0=12 1y ||y | @]l go-
This implies in its turn

l(sT+A) " w]],q < C(s+ 1) W2UVPI-12 |1y ||, Vs=1, v eL. (2.43)

As above (cf. the argument used in the proof of Theorem 2.6), the restriction s > 1 can
be replaced by s > 0.
By interpolation, we obtain from (2.40) and (2.43),
l(sT+A) ]|, < C(s+ 1) W2Wa D12y, Vs =0, v €L, (2.44)

Using this finally yields for all A ¢ Int%y, and v € Lg, with the aid of (2.17),

IAL=A) V][, = [[(1AIL+A) " (AT +A) AL - A) ]|,y
< C(1+[A]) WAL (A1 + A) (AT - A) M, (2.45)
< C(1+|A|)(d/Z)(l/qfl/P)*l/Z(|A|||(AI_A)—1U||q+”v”q>’

whence the claim follows by (2.13) with g substituted for p. O

THEOREM 2.11. For any fixed o € (0,11/2),
JAAI=A) ||, < CA+ AN #vlpn Visp<co, AgIntSy, veEW). (2.46)
PROOF. Forall y € L, with1/p+1/p’ =1, we can write

(AAI-A) v, @) = (Vv,VAI-A) " 'y), (2.47)
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whence, in view of (2.37) with p = g, in which we substitute p’ for p,
IAQI=A) v, )| < Clvllpa (1+1AD) " lwlly, (2.48)

which shows the claim. O

Now we give some generalizations of our above results which will be expressed in
terms of estimates involving the iterated resolvent operator.

THEOREM 2.12. LetE€[0,1], g €[1,], and m € NU{0} be such that

1 _2m+2-¢ (2.49)
a d
Then for any fixed @ € (0,11/2),

[AI=A)" "Dy [ < C(1+ [ANFZCO= )0 VA ¢ IntSy, v el (2.50)

PROOF. Let qo,q1,-.-,dm-1 be chosen such that

d=<qdm-1=<---=<qo =<, (2.51)
1 2-%
R— < 7’
qo d
11
a am-1 a

Then applying (2.34), with q¢ substituted for g, and using further repeatedly (2.28), we
get
|(?\I—A)_(m+1)v |§ <C(1+ |A|)§/2+d/(2qo)—1||()\I_A)_mquo
< C(1+|A|) S EI=2 ) A1 — A)= =Dy )|

<o = C(1+ AN THYEOTMED 1) VA ¢ IntSy, v € Ly,

(2.53)
which is the desired result. O
THEOREM 2.13. Letm e NU {0} and1 <q < p < o be such that
1.1 _2m (2.54)
a p d

Then for any fixed @ € (0,17/2),

JAI=A) ]|, < C(1+[A) @DV VA ¢ ItSy, veL,.  (2.55)
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THEOREM 2.14. Letm e NU{0} and1 <q < p < « be such that

1.1 _2m+l
a p a -

(2.56)

Then for any fixed @ € (0,11/2),

QAL =A)~ Dy ||y < C(1+ [A]) 2 HAIP=02 ) A ¢ IntS,y, v € Ly,
(2.57)

The proofs of Theorems 2.13 and 2.14 are similar to that of Theorem 2.12. They are
based on using (2.28) and (2.37).
It remains to show resolvent estimates in pairs of Holder spaces.

THEOREM 2.15. For any fixed ¢ € (0,11/2), E €[0,1], andn € [0,&],
[AI=A) e <CA+ANET"* |, VA¢ Sy, vew (2.58)

In the case n = 0, the result is still valid for all v € L, and in the case E =n =1, it is
valid for allv e WL.

PROOF. In the case n =0, (2.58) holds for all v € L at least if £ = 0 or & = 1. This
follows directly from (2.11). By interpolation, we get immediately for & € [0,1],

|[AI=A) v | <C1+1AD*vlo Vv €Ly, (2.59)

which shows the claim in the case n = 0.
Next note that the result also holds in the case £ = n =1, for all v € W], as follows
from (2.14) with « = 0. In particular, (2.58) with £ = n = 1 is true for all v € €.
Moreover, with this in mind and using (2.59) with & = 0 (which clearly can be consid-
ered for all v € 4), we get by interpolation (see, e.g., Triebel [35, Theorem 1.3.3]), for
£e(0,1),

|AI=A) g = CO+ AN vllgun), Vv e, (2.60)
whence applying (2.3) yields, if & € (0,1),
[AI-A) v <CQ+AD)vlg Vv e®h. (2.61)

The last result can also be thought of as a refined version of a well-known resolvent
estimate in Holder norms (cf. Campanato [8] and Cannarsa et al. [9]). Note that, in view
of the above comment, (2.61) also holds for € =0 and & = 1.

On the other hand, applying (2.14) with & = 0 and (2.59) with & = 1 (which clearly
can be considered for all v € %) and using again an interpolation argument combined
with (2.3), we get, for0<n <1,

|AI-A) ], =<c(1+AN""*  wl, v een. (2.62)

(This is a direct consequence of (2.59) with & = 1 in the case n = 0 and of (2.14) with
x=01in the casen=1.)



RESOLVENT ESTIMATES OF ELLIPTIC DIFFERENTIAL ... 229
Finally, we get by interpolation from (2.61) and (2.62), for € € [0,1], n € [0, &1,
[AI=A) ] <C+ANET"* |, vvewn (2.63)

So the proof is complete. O

3. Resolvent estimates of the operator Aj;. In this section, we present sectorial re-
solvent estimates for the finite-element operator Aj. These estimates will look simi-
lar to those involving the operator A. All of them will hold uniformly with respect to
h € (0,hp].

We start by recalling some facts used below and connected with the application of the
finite-element method. First of all we state the well-known inverse property (cf. Ciarlet
[11]),for j=0,1and 1 <g < p < oo,

”X”p;j;T = Ch—‘i_du/q_l/p)”X”q;O;T for h € (0,ho], T€ Ty, X € Sh. (3.1)

Let further Py be the orthogonal (in the sense of L) projection onto S; for which,
given a function v,

(Prv,Xx) = (V,X) VX E Sh. (3.2)

For our subsequent purposes, we state the uniform boundedness of Py, in L,-norm (cf.
Descloux [15] and Douglas Jr. et al. [16]):

HthHn <Cllvlpa, =Cllvlly, V1isp <o, veL,. (3.3)

Note that using (3.1), (3.3) with p = oo, and well-known properties of the standard
Lagrange interpolant Ij, yields (cf. [7])

Ppv|, <Clvliq, <Clvly forv e Wl. (3.4)
1 h

Moreover, an interpolation argument (see, e.g., Triebel [35, Theorem 1.3.3]), applied to
(3.4) and (3.3) with p = o (the last one clearly holds for all v € %), implies for any
fixed & € [0,1), with the aid of (2.3) (for & = 0 this is in fact a direct consequence of
(3.3) with p = ),

|Puv|g <Clvlg forv e @ (3.5)

Note in passing that (3.4) is an extension of (3.5) to the case v € Wl.
Next, let R, be the standard Ritz projection onto Sj for which, given a function v,

(VRpv,Vx) = (Vv,VX) VXE€ES). (3.6)

In what follows we will use the following stability estimate for R, in Wr} -norm, for all
l<p<owandvecWl:

HthHp;l = C”va;l;Q;l +C,/l|7-)|1;£2\(2h- (37)
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For a proof of this in the case p = o, see [7]. Note however that the techniques in [7]
can be slightly modified (using also the ideas developed in [27]) in order to obtain (3.7)
as stated for 2 < p < .

Applying now (3.7) with p = o to (Inv —v), we find for all v € W2,

[RhV =V |1, < [Rn(v=1nv) |1 + [ (Inv =v) | 10,

sC|Ihv—v|1;9h+Ch|v|1;Q\QhsChlv\z. (3.8)
Using the fact that
Pyv —Ryv = Pp(v —Ryv) (3.9
and taking (3.4) into account, this yields as well
|Phv —Rpv |, <C|Ryv —v |y, <Chlvl, Vv eW. (3.10)
Another estimate for P, — R, will be contained in the following assertion.
LEMMA 3.1. For any fixed1 < p < oo,
[(Pn—Rn)A™ v, < Ch*lv], Vv EL. (3.11)
PROOF. Let throughout the proof p and g be fixed, subject to 1 < p,q < .
Applied to (I —Ip)w, (3.7) yields
[Rh(I=Tn)wll 410, < ClIIT=In) w410, + Chlwliae, YweW,. (3.12)

With the aid of this estimate we obtain, assuming g sufficiently large and applying the
inequality |w|; < Cllw|lg;2,

[IVRR(I-In)w|q, < Chllwllge Yw e W;. (3.13)

ap
Using this and the above argument, we get by elliptic regularity, with g sufficiently large,

IV (R =D A Wl g0, = IV (RR =) (T =In) A7 |, = CRIIAT Wl < ChIIW g
(3.14)

Now, in order to apply a duality argument, we will be based on the following identity,
considered for suitable pairs of v and :
(Rn=DA™ w,p) = (v,(Rn—-1)A™"y)
= (VI-In)A™ v, V(R -T) A1 y)
=(V(I-In) A, V(R -T) A" y),
— (VA ™, VA ) g q, -

(3.15)

h

Using now (3.14) and the above reasonings, this leads in a standard way to the estimate

[(Rn—1)A™ 0[], < Ch?||v]l,, (3.16)
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which therefore will be valid at least for p sufficiently close to 1 (the last term on the
right-hand side of (3.15) is estimated as desired in the same way as in the proof of
[20, Lemma A.4]). With the aid of the equality in the first line of (3.15), we conclude, by
duality, that (3.16) holds as well for all p sufficiently large, and further it is easily seen,
by interpolation, that (3.16) is valid in fact for all 1 < p < co.

It thus remains to combine (3.9), (3.3), and (3.16). O

We proceed now to show resolvent estimates for the operator Aj,. The first two results
presented below are in fact found in [7]. We state them here, however, in view of their
significance and for subsequent reference. For the second assertion, we also propose a
new proof, which is given, from our point of view, in a more straightforward way than
in [7] and is based on using (2.14) with « = 1. The latter fact is of particular interest
because (2.14) with & = 1 will be an essential ingredient in showing resolvent estimates
of the operator Aj, in Holder norms.

THEOREM 3.2. For any fixed ¢ € (0,71/2),
|(A1=Ap)"'x|, = C+1AD "Xl YA€ INtSy, X € Sh. (3.17)

THEOREM 3.3. For any fixed p € (0,11/2),
|An(AT=AR) x| = CA+IANTPIxl1 VA ¢ IntSy, X € Sh. (3.18)
The proof of (3.18) is given in fact only for |A| < weh~2, with w( > 0 sufficiently small,
because just this case needs to be settled. It was remarked in [7] that, in the opposite

case |A| > woh™2,(3.18) is obtained in a trivial way. We will therefore emphasize below
on the case |A| < woh 2, with wy > 0 sufficiently small.

PROOF OF THEOREM 3.3 FOR |A| < woh™2. We use, for x € Sy, the identity
An(AI=Ap) "X = PRAI = A) "I x + AAR (AT = Ap) " (P —Rp) AI=A) 1,  (3.19)

both sides of which are well defined for all A ¢ IntX,. Applying (3.3) with p = c and
(2.12), we find

|PLAQAI-A) x|y < C(1+1A1) "% Ix11. (3.20)
Next, by (3.10) and (2.14) with & = 1, we get
| (Ph—Rn) AI—=A)"'x|, < Ch|(AI-A)"'x|, < Ch(1+ A1) "% Ix]1. (3.21)
Now, given a linear bounded operator By, : S;, — Si, denote

HBrllls,:1-0:= sup (|Bux|o/1XI1)- (3.22)
XESh
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Inserting (3.21) and (3.20) into (3.19), we find

H‘Ah(AI_Ah)ilH ‘Sh;1~0
-1/2 1/2 -1 (323)
<C+ AN ah(+ AN ||an(Ar-An) 7| ]Sh_lao.
Clearly, if C1h(1+|A])1/? < 1/2, this implies
||| an(Ar-4n)7"|| <c(1+AD)7"3, (3.24)
Spil—0
so that the result follows for |A| < woh 2 if wy is sufficiently small. O

The above estimate (3.17) implies similar estimates for the whole Lebesgue scale L,
l<p<oo.

THEOREM 3.4. For any fixed ¢ € (0,77/2),
I(AL=Ap) "' x|, = C(L+1A)TlIxll, V1<p <o, A¢MtSe, X € Sh. (3.25)

PROOF. The proof is immediate by duality and interpolation. O

Our next result gives a resolvent estimate of Ay, in Wl-norm. Note that the below
proof of this assertion will be essentially based on the use of the estimate (2.14) with
x=1.

THEOREM 3.5. For any fixed @ € (0,11/2),
|AI=Ap) x|, =Cc+1A) "Xl VA¢IntSy, x € Sh. (3.26)
PROOF. We use the identity (cf. [7]), for x € S,
(AT=Ap) "X = PhAI = A) ' x + Ap (AT = Ap) "' (Py — Rp) (AT = A) ', (3.27)
where both sides are well defined for A ¢ IntX,,. By (3.4) and (2.14) with « = 0, we have
[ PhAI=A) X[y = C(L+IAD) X (3.28)
Next, denoting
Gi=An (A= Ap) " (Pn—Rn) (AI—A)"x, (3.29)

we find by (3.1), (3.18), (3.10), and (2.14) with x =1,

|Gl1 < Ch7!Glo
<Ch ' (1+IAD) 2 (P —Rp) AT -A) x|, (3.30)
<CA+IAN A=A x|, =@ +1AD .

The claim thus follows by combining (3.27), (3.28), and (3.30). O
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Now we can show estimates in pairs of Holder norms.

THEOREM 3.6. For any fixed p € (0,11/2), £ €[0,1], andn € [0,&],
[(AI-Ap) "x|g =CA+IANE? ], VA ¢ IntS,, X € Sh. (3.31)
PROOF. First of all, by (3.4), (3.7) with p = c, and (2.58) with & = 1, we have
| (Pn—Rp)(AT—=A) x|, <Cl(AI-A) x|, =C(1+IA1)" "2 x],. (3.32)

With G defined as above (see (3.29)), using further (2.17) with Aj, substituted for A,
(3.26), and (3.32) yields

IGly < | (Pn—Rp)AI—A) x|, + |[AQAI=Ap) " (Pn—Rp) (AT - A) x|,
< C[(Pn—Rn)(AI-A)"'x |, (3.33)
<C+ ANV x,.

Combining now (3.5) (if £ = 1, we use instead (3.4)) and (2.58), this yields
|PhAI=A) x| < Cl(AI-A)"'x ¢ < C(1+ A1) E 2 x1,. (3.34)
At the same time, applying (3.18) and (3.32) allows one to get as well
IGlo < C(1+ A1) | (Ph—=Rp) AT—=A) x|, = C(1+1A)""* " Ixl,. (3.35)
It follows from (3.33) and (3.35) that
IGle <CIGEIGIS E <c(1+1A)E " X1, (3.36)
Finally, the claim is obtained by combining (3.27), (3.34), and (3.36). O
We also derive a finite-element analogue of Theorem 2.9 involving (Holder, Lebesgue)
pairs.
THEOREM 3.7. For any fixed ¢ € (0,1/2), E€[0,1],andqg € (d/(2—-E&), ],

[(AI=AR) x| < CA+ AN 0, VA ¢ IntSy, X € Sh. (3.37)

PROOF. Let throughout the proof G be just the same as in (3.29).
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Assume first that g € (d, ~]. By (3.32) and (2.34) with £ = 1, we obtain
| (Ph—Rn)(AI=A) "' x|, < C(A+1ADY*P 72l (3.38)

and a similar argument shows that

-1/2

|PRAT=A) x|, < C(1+ANY PPV xl,. (3.39)
Inserting now (3.38) into (3.33), we find
Gl = C(L+ANYPP 2 X, (3.40)

So, combining (3.27), (3.39), and (3.40) shows the claim at least for & = 1.

Let further € = 0 and g € (d/2,]. From now on we assume that d > 2 (the below
reasonings can be easily modified to the case d = 1). If, in addition, g = oo, the result
is directly obtained by (3.17). We may thus consider only the case q € (d/2,»). Let p
be a fixed number such that p > g and p € (d, ). Clearly, p can be chosen such that
1/q—1/p < 1/d. Then, using the inverse inequality |Axlo < Ch~!|x|1, we get, since
p > d and the result is already proved for & =1,

IGlo < Ch™' | (AT=Ap) " (Pn—Rp) (AT - A) x|,

(3.41)
< Ch7 (1 + DY P2 (P~ Ri) AT = A) X,
Combining further this with (3.11), (2.13), and (2.17) yields
1Glo < Ch(1+ A2 5, (3.42)

Defining now v € [1,p) by 1/v := 1/p +1/d and using the inverse inequality (3.1) with
Jj =0, it follows from the last estimate that

Glo = C(1+1ANY 7 2x1l,. (3.43)
At the same time, as a direct consequence of (3.36) with & = n = 0, we have
Glo = C(1+IAD) " Ixllw. (3.44)
An interpolation argument, applied to (3.43) and (3.44), thus leads to the estimate
Glo < C(L+1ADY*P il (3.45)
Moreover, by (3.3) and (2.28), both with p = oo, we have
| PRAT=A) 71X [ = ClAT=A) x| = CL+ AN xl,, (3.46)

Altogether (3.27), (3.45), and (3.46) show the claim for & = 0.
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It remains to get the result in the case € € (0,1). In order to do this, note that we can
write any fixed g € (d/(2—-E&), 0] in the form

=2 5_¢ £>0. (3.47)

Assuming that € < 1/d and defining then g and g; as in (2.33), we have by (3.37) with
& =1 and & = 0 (already shown) and by (3.3),

[(AI=Ap) Py |y < C(1+1ANY 2 Py,

. (3.48)
< C(L+ANYE 1y,
|(AI=Ap) "Puv |y < C(1+ANY PO 1y 0. (3.49)
Using these estimates, we find, by interpolation,
[(AI=Ap) ' Py g < CA+ ANy, (3.50)

whence the result with 0 < € < 1 follows by taking v = x.
If the above ¢ does not satisfy the restriction € < 1/d, this situation can be considered
after all by using an interpolation argument (as it is done in the proof of Theorem 2.8).
So the proof is complete. O

In the case of purely Lebesgue pairs we have the following result.

THEOREM 3.8. For any fixed € (0,11/2) and1 <q <p < o such that1/q—1/p <
2/d,

AL =Ap) "' Xll, = C(L+ (AN @MV x VA ¢ IntS,, X € Sh. (3.51)

PROOF. In the case p = «, 1/q < 2/d, the result is obtained straightforwardly by
(3.37) with & = 0. By duality, the claim also follows for 1 -1/p < 2/d, q = 1. Finally, the
general case can then be shown by interpolation. |

The following results unite and generalize in some sense the assertions of Theorems
3.7 and 3.8.

THEOREM 3.9. Let& €[0,1],q€[1,0], and m € NU{0} be such that

1 _2m+2-§
a a

(3.52)

Then, for any fixed @ € (0,11/2),

(A= Ap) "™V x e < CL+ANEAFVCD=OD 0 YA g IntSg, X €Sh. (3.53)
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THEOREM 3.10. Letl <g<p <o andm e NU {0} be such that

2

Q=
< |~

Then, for any fixed @ € (0,11/2),
(A= AR) "X, < C(L+ AN @2V 0|0 VA ¢ IntSg, X €Sh. (3.55)

The proofs of these results are based on an induction argument and are similar to
their continuous analogues (see the proofs of Theorems 2.12 and 2.13).

In conclusion, we note that using the above results, combined with more or less
standard reasonings, allows one to obtain finite-element analogues of Theorems 2.10,
2.11, and 2.14. We omit the corresponding statements.
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