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ABSOLUTELY CONTINUOUS MEASURES AND COMPACT
COMPOSITION OPERATOR ON SPACES
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The analytic self-map of the unit disk D, @ is said to induce a composition operator Cy from
the Banach space X to the Banach space Y if Cop (f) = fo@ €Y for all f € X. For ze D and
o > 0, the families of weighted Cauchy transforms Fy are defined by f(z) = [f K$(2)du(x),
where i (x) is complex Borel measure, x belongs to the unit circle T, and the kernel Ky (z) =
(1-xz)~L. In this paper, we will explore the relationship between the compactness of the
composition operator Cy acting on Fy and the complex Borel measures p(x).

2000 Mathematics Subject Classification: 30E20, 30D99.

1. Background. Let T be the unit circle and M the set of all complex-valued Borel
measures on T. For @ > 0 and z € D, we define the space of weighted Cauchy transforms
F, to be the family of all functions f(z) such that

) = | Ke@duco, (L.1)
where the Cauchy kernel K (z) is given by
1
Ki(z) = 1—x (1.2)
-Xz

and where p in (1.1) varies over all measures in M. The class F, is a Banach space with
respect to the norm

IS lFy =1nf[[1llm, (1.3)

where the infimum is taken over all Borel measures u satisfying (1.1). ||u]| denotes
the total variation norm of u. The family F; has been studied extensively in the Soviet
literature. The generalizations for «« > 0 were defined by MacGregor [7]. The Banach
spaces Fy have been well studied in [2, 3, 5, 7]. Among the properties of Fy we list the
following:
(i) Fx C Fg whenever 0 < ax < f3,
(ii) Fy is MoObius invariant,
(iii) f € Fyif and only if f* € Fi o and L f'lIFy,, < &I fllEgs
(iv) if g € Fas1, then f(2) = J§ g(w)dw € Fo and || fllr, < (2/00 111l o
The space Fy may be identified with M/Hé, the quotient of the Banach space M of
Borel measures by H_é, the subspace of L! consisting of functions with mean value zero
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whose conjugate belongs to the Hardy space H 1 Hence, Fy is isometrically isomorphic
toM /Hé. Furthermore, M admits a decomposition M = L' @ My, where M; is the space
of Borel measures, which are singular with respect to Lebesgue measure, and H_é c L.
According to the Lebesgue decomposition theorem, any y € M can be written as u =
Ug + s, where p, is absolutely continuous with respect to the Lebesgue measure and pi
is singular with respect to the Lebesgue measure (u, L u). Since |x| =1 in (1.1), if we
let x = e'!, then we can decompose y in such a way that du(e™) = h(e™)dt + dus(e™),
where h(ei') € L1. Consequently, F, is isomorphic to Ll/Hé ® M. Hence, Fy can be
written as Fy = Fyq @ Fys, Where Fy, is isomorphic to Ll/H_é, the closed subspace of
M of absolutely continuous measures, and Fy; is isomorphic to My, the subspace of M
of singular measures. If f € Fy,, then the singular part is null and the measure u for
which (1.1) holds reduces to du(t) = du(eit) = h(eit)dt, where h(e't) € L' and dt is
the Lebesgue measure on T, see [1]. The functions in Fy,; may be then written as, for
X = elt,

™
f(z)= J KX (z)h(e)dt. (1.4)
=TT
Furthermore, if h(ei') is nonnegative, then

£ =R (™[ (1.5)

REMARK 1.1. For simplicity, we will adopt the following notation throughout the
paper. We will reserve u for the Borel measures of M, and since in (1.1) [x| = 1, we can
write x = et, where t € [—71,77). We will reserve dt for the normalized Lebesgue of the
unit circle T, and do for the singular part of du. Hence, instead of writing dpu(eit) =
dug (eft) + dug(ett) = h(ett)dt + dug (e't), we may simply write du(t) = hdt +do (t).

2. Introduction. If X and Y are Banach spaces, and L is a linear operator from X to Y,
we say that L is bounded if there exists a positive constant A such that [|[L(f)[ly < Al fllx
for all f in X. We denote by C(X,Y) the set of all bounded linear operators from X to
Y.If L € C(X,Y), we say that L is a compact operator from X to Y if the image of every
bounded set of X is relatively compact (i.e., has compact closure) in Y. Equivalently, a
linear operator L is a compact operator from X to Y if and only if for every bounded
sequence {f,} of X, {L(f,)} has a convergent subsequence in Y. We will denote by
K(X,Y) the subset of C(X,Y) of compact linear operators from X into Y.

Let H(D) denote the set of all analytic functions on the unit disk D and map D into
D. If X and Y are Banach spaces of functions on the unit disk D, we say that ¢ € H(D)
induces a bounded composition operator Cy (f) = f(g) from X to Y, if Cp, € C(X,Y)
or equivalently Cy, (X) < Y, and there exists a positive constant A for all f € X and
ICp ()lly < Allfllx. In case X =Y, then we say that @ induces a composition operator
Cyp on X. If f € X, then Cy, (f) = f(@) € X. Similarly, we say that @ € H(D) induces a
compact composition operator if Cy € K(X,Y).

A fundamental problem that has been studied concerning composition operators
is to relate function theoretic properties of @ to operator theoretic properties of the
restriction of Cy to various Banach spaces of analytic functions. However, since the
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spaces of Cauchy transforms are defined in terms of Borel measures, it seems natural
to investigate the relation between the behavior of the composition operator and the
measure. The work in this paper was motivated by the work of Cima and Matheson in
[1], who showed that Cy, is compact on F; if and only if Cy (F1) C Fi4. In our work, we
will generalize this result for o« > 1.

Now, if Cy € C(F«,Fy), then Co (f) = (fo@) = f(p) € Fy for all f € Fy and there
exists a positive constant A such that

1Co (Ol = ILF (@[5, = [IT1]] < AllFll - 2.1
Since Fy can be identified with the quotient space M/H_é, we can view Cy as a map,

Co :M/H} — M/H],

(2.2)
f— f(p).
The equivalence class of a complex measure u will be written as
[u] = p+Hy = {p+h:heH},
(2.3)

||[u]\|=ir,}f|lu+ﬁ|l-

The space C(Fy,Fy) has been studied in [4], where Hibschweiler showed that

(1) if x =1, then Cy € C(Fq,F«) for any analytic self map ¢ of the unit disc,

(2) Cp € C(Fy,Fy) if and only if {K¢ () : [x| =1} is a norm bounded subset of Fy,

(3) if Cyp € C(Fy, Fx), then Cy € C(Fg,Fp) for 0 < x < f3,

(4) if Cyp € C(Fy, F«), then the operator @' Cyp € C(Fxs1,Fas1).

In this paper, we will investigate necessary and sufficient conditions for Cy to be
compact on Fy for & > 1. Since F is Mobius invariant, then there is no loss of generality
in assuming that ¢ (0) = 0.

3. Compactness and absolutely continuous measures. In this section, we will show
that the compactness of the composition operator Cy on Fy is strongly tied with the
absolute continuity of the measure that supports it. First, we state this lemma due
to [6].

LEMMA 3.1. If0 < & < B, then Fy C Fga and the inclusion map is a compact operator
of norm one.

Next, we show that the bounded function of F belongs to Fy, for o« > 1.
PROPOSITION 3.2. H*NFy C Fyq for = 1.

PROOF. Suppose that f € H*® N Fy, where « > 1. Then, using the previous lemma
and the fact that H® C Fy,, we get that for any z € D, f(z) e H°NFy C F14NFy S Fyq.
O

In the following theorem, gy (e!) is L! continuous function of x means,

llgx(e™) =gy ("] — 0 asx —, (3.1)
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Jx(et) is M* continuous, if

|

for any sequence {u,} of nonnegative Borel measures that are weak* convergent to p.

Lgx(e”)dun(x) - Lgx(e”)alu(x)HLl — 0, (3.2)

THEOREM 3.3. For a holomorphic self-map @ of the unit disc D and « = 1, if Cy is
compact on Fy, then (Cyp 0 K¥)(2) € Faq and

(CpoKX)(z) = I_ gx (e )K(z)dt, (3.3)

where gy (e'!) is a function of two variables x, with |x| = 1 and e%, ||gx(e™)|l;1 <a < o,
gx (e't) is nonnegative, and M* is a continuous function of x.

PROOF. Assume that Cyp is compact and let {f;}7., be a sequence of functions such
that
1

(1-pjxz)

fi(z) =K (pjz) =

where 0 < pj <1 and lim;_ p; = 1. Then, it is known from [2] that f;(z) € F« for every
J,and |l fj(2)llr, = 1. Furthermore, there exist u; € M, such that ||u;ll = 1, du; > 0, and

o
(1-pjxz)"
- | K@ (et) (3.5)

- |, e ate).

Since Cy is compact on Fy, then (Cyp o f;) € Fy and [|Co (f) Il < ICo Il fillry = ICo I
for all j. Furthermore, Cy, o f; € H®, therefore using the previous result, we get that
(Cpofj) € H® NFy C Fyaq for every j. Therefore, there exists L! a nonnegative function
gi(e”) such that

fi(z) =

duj(e) = gke)dt,  [lgilly < Coll,

_—_— (3.6)
(fio®) () =K (o) = | _ghle"KS ().

Now, because Fy, is closed and C, is compact, the sequence {fjo (p};‘;l has a conver-
gent subsequence {fj, o @} that converges to (K¢ o @)(z) € Fq. Therefore,

lim (fixo@)(2) = l{ig{)loK)‘?(pjkw)

T . 3
= gg Lngik(e”)th(z)dt

- , (3.7)
= J 9x (e")KS, (z)dt

= (K%o =%
Ko@) @ = xp )
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where the function g, (e') is an L' nonnegative continuous function of x, and || gx|I;1
< [|Cpll. The continuity of gy (e') in M* follows from the compactness and the fact
that if f(z) = [ KX (z)du(x), with du(x) > 0, then || flIr, = llull.

This concludes the proof. |

COROLLARY 3.4. Let gx(e”) be as in Theorem 3.3. Then, for h(x) € HO, the operator
[ gx (e (x)dx = u(eit) € H is bounded on H}.

PROOF. For the operator to be well defined, f(h(x)dx/(l Xp(z))%) = 0 for all
h(x )EH0 Hence, [ gx(e)h(x)dx = u(e') € H}. O

In the opposite direction, we have the following lemma.

LEMMA 3.5. Let gy (e') be a nonnegative M* continuous function such that ||gx ;1 <
a < o and gy (e't) defines a bounded operator on H}. If f(z) = [(1/(1-X2)*)du(x),
let L be the operator given by

it
LIf(2)] = J %dtdu(x), (3.8)

then L is compact operator on Fy, x > 1.

PROOF. First, note that the condition that g (e'') defines a bounded operator on HT%
implies that the L operator is a well-defined function on F. Let {f5,(z)} be a bounded
sequence in Fy and let {u,, } be the corresponding norm bounded sequence of measures
in M. Since every norm bounded sequence of measures in M has a weak* convergent
subsequence, let {u,} be such subsequence that is convergent to u € M. We want to
show that {L(f,)} has a convergent subsequence in Fy.

First, we assume that duy,(x) > 0 for all n, and let wy, (t) = [ gx(e!)du,(x) and
w(t) = [gx(e)du(x), then, as gy (ei') is an M* continuous function, we have w,, (t),
w(t) € L! for all n, and w,(t) — w(t) in L'. Now, since g, (ei!) is a nonnegative con-
tinuous function in x and {u,} is weak* convergent to u, then

lt
L(fu(2)) nge d(” dpin (x )—j(lw"—(,”dt,

_ e*ltz)lx

(3.9)
gx(et)d(t) d(t) w(t)
Lif=) J (1— ety ) = J (1—e-itz)®
Furthermore, because wy, (t) is nonnegative, then
L (F)llgy = llwnllpr,
(3.10)

ILAg, = llwlip.

Now, since |[wy, —wll;1 — 0, then |[L(f,) —L(f)llg, — 0, which shows that {L(f5)} has
a convergent subsequence in F, and thus L is a compact operator for the case where u
is a positive measure.

In the case where u is complex measure, we write

Aptn (x) = (dpy, (x) —dpp (x)) +i(dp (x) —dpy (x)), (3.11)
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where each dp, (x) > 0, and define wi, (t) = fgx(e“)dufl(x), then
wy(t) = ng(eit)dun(x) = (wlt)—wi)+i(wit)—wi(t)). (3.12)

Using an argument similar to the one above, we get that wi (1), wi(t) € L', and
lwi, — wll;1 — 0. Consequently, [wn — w1 — 0, where w(t) = (wl(t) — w2(t)) +
(w3 (t) —w (1)) = [ gx(e)du(x).

Hence, L(fn) = L(f)lIFy < lwn —wlip1 = 0.

Finally, we conclude that the operator is compact. |
The following is the converse of Theorem 3.3.

THEOREM 3.6. For a holomorphic self-map @ of the unit disc D, if

&g _ 1 _ gx(e™) 1
(KEo@)(z) = 1 -xp@)" —J (1_e—it2)°‘dt’ gx €L (3.13)

is nonnegative, ||gx ;1 <a < oo for all x € T and gy is an M™* continuous function, then
Cy Is compact on Fy.

PROOF. We want to show that Cy, is compact on Fy. Let f(z) € Fy. Then, there exists
a measure u in M such that for every z in D,

f(2) :j dp(x). (3.14)

(1-xz)"

Using the assumption of the theorem, we get that

(fop)(2) *J;d (x)fﬂﬂdtd (x) (3.15)
@ = (lff(p(z))a Hn = (lfe‘itz)u HUn , .
which by the previous lemma was shown to be compact on Fy. |

Now, we give some examples.
COROLLARY 3.7. Let @ € H(D), with ||p|l« < 1. Then, Cy, is compact on Fy, « = 1.

PROOF. (Cp oK) (z) = 1/(1-X@(2))* € H* N Fy C Fyq and is subordinate to
1/(1-2)%, hence,

(CpoK%)(z) = JK,‘?(Z)gX(e”)dt (3.16)

with gy (e') > 0 and since 1 = (Cg 0 K¥)(0) = [ gx(ei)dt, we get that [|gx(e!)]l; = 1.
O

REMARK 3.8. In fact, one can show that C,, as in the above corollary, is compact
from Fy, & > 1, into F;. In other words, a contraction.
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COROLLARY 3.9. If Cy is compact on Fy, « = 1, and lim,_|l@(re?)| = 1, then
11/@’(e!%)] =0.

PROOF. If Cy is compact, then
(CpoK%)(z) = JK,‘;‘(Z)gx(e“)dt. (3.17)

Hence, if z = ¢ and @ (e'?) = x, then

] (e“’—reie)'x
lim——————++5=0. 3.18
M=o (re?)” 49

COROLLARY 3.10. If Cyp € K(Fy,Fy) for @ = 1, then Cy, is a contraction.

4. Miscellaneous results. We first start by giving another characterization of com-
pactness on Fj.

LEMMA 4.1. Let ¢ € C(Fy,Fy), @ > 0, then @ € K(Fy,Fy) if and only if for any
bounded sequence (f,) in Fy, with f,, — 0 uniformly on compact subsets of D as n — oo,
”C(p(fn)”F,x - 0asn— .

PROOF. Suppose Cy € K(Fy,Fy) and let (f,) be a bounded sequence (f,) in Fy with
lim,, .« f, — 0 uniformly on compact subsets of D. If the conclusion is false, then there
exists an € > 0 and a subsequence n; < n < n3 < - - - such that

o (f))], e Vi=1.23... 4.1)

Since (fy) is bounded and C, is compact, one can find another subsequence n; <
nj, <nj, <--- and f in Fy such that

fim [Co (£, ) - £1], =0 “2)

Since point functional evaluations are continuous in Fy, then for any z € D there exists
A > 0 such that

| (Co(fuy,) = F) @ | = Al[Co(fu,) - £]],, — 0 ask— oo, 4.3)
Hence,
i [Co(5,) 1] 0 a

uniformly on compact subsets of D. Moreover, since f;, W 0 uniformly on compact
subsets of D, then f = 0, that is, Cq;(fnjk) — 0 on compact subsets of F,. Hence,

]ll_nélo HC‘p (f"jk )

e 0, (4.5)
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which contradicts our assumption. Thus, we must have
lim [[Co (f)]l, = 0. (4.6)

Conversely, let (f),) be a bounded sequence in the closed unit ball of F,. We want to
show that Cy (f) has a norm convergent subsequence. The closed unit ball of Fy is a
compact subset of F, in the topology of uniform convergence on the compact subsets
of D. Therefore, there is a subsequence (fy,) such that

fnk _'f (47)

uniformly on compact subsets of D. Hence, by hypothesis,
o (fu) ~Co (D], — 0 ask — e, (4.8)

which completes the proof. |
PROPOSITION 4.2. IfCyp € C(Fy,Fy), then Cyp € K(Fy,Fg) for all B> o> 0.

PROOF. Let (f)) be a bounded sequence in the closed unit ball of F. Then, (f), o)
is bounded in Fy and since the inclusion map i: Fy — Fp is compact, (fn o @) has a
convergent subsequence in Fg. O

PROPOSITION 4.3. Cy(f) = (f o @) is compact on Fy if and only if the operator
Q' Cp(g) =@’ (go@) is compact on Fus;.

PROOF. Suppose that Cy, (f) = (f o @) is compact on Fk. It is known from [4] that
@' Cyp(g) = '(ge @) is bounded on Fy.1. Let (g,) be a bounded sequence in Fy.1,
with g, — 0 uniformly on compact subsets of D as n — c. We want to show that
limy, o Q" (gn o @), =0.Let (f,) be the sequence defined by f,(z) = [ gn(w)dw.
Then, f, € Fx and || fullr, < (2/0)lgnllr,,,, thus (f,) is a bounded sequence in Fy.
Furthermore, using the Lebesgue dominated convergence theorem we get that f,, — 0
uniformly on compact subsets of D. Thus,

@ (gno@)lg,., = ll@" (fre@)lk,.,
=[[(fuo®) llp,., (4.9)

= afl(fao@llp, — 0 asn— oo,

which shows that ¢'Cy (g) = @' (g o @) is compact on Fy. .

Conversely, assume that ' Cy (g) = @' (geo@) is compact on Fy,;. Then, in particular,
@' Cop(f) =@ (f op) =(fop) isacompact forevery f € Fy. Now, since || (fo@)llr, <
(2/0)(f o) llF,.,- Let (fn) be a bounded sequence in Fy with f; — 0 uniformly on
compact subsets of D as n — co. We want to show that limy .« [ (fn o @), = 0. Since
any bounded sequence of Fy is also a bounded sequence of Fy41, then [|(fn o @)llE, <
/)N (fno®) llgy., — 0as n — oo and the proof is complete. O
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