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A PARTIAL FACTORIZATION OF THE POWERSUM FORMULA
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For any univariate polynomial P whose coefficients lie in an ordinary differential field F of
characteristic zero, and for any constant indeterminate «, there exists a nonunique nonzero
linear ordinary differential operator R of finite order such that the «th power of each root
of P is a solution of Rz = 0, and the coefficient functions of R all lie in the differential ring
generated by the coefficients of P and the integers Z. We call R an «-resolvent of P. The
author’s powersum formula yields one particular x-resolvent. However, this formula yields
extremely large polynomials in the coefficients of P and their derivatives. We will use the A-
hypergeometric linear partial differential equations of Mayr and Gelfand to find a particular
factor of some terms of this «-resolvent. We will then demonstrate this factorization on an
«-resolvent for quadratic and cubic polynomials.

2000 Mathematics Subject Classification: 12HO5, 13N15.

1. Introduction. Factoring polynomials in several variables is often a daunting, com-
putationally intensive task. When those variables bear certain algebraic relations among
each other, the factoring can become considerably easier. It is often the case that a poly-
nomial can be too big to factor on a computer, so algebraic identities must be used to
aid the factorization. In the case of computing a differential resolvent of a polynomial,
one often looks for the resolvent of lowest possible order and/or weight. We call such a
resolvent the Cohnian of the polynomial. The author in [9] has computed upper bounds
on the weight of the Cohnian for polynomials whose distinct roots are differentially in-
dependent over constants.

In order to get to the Cohnian, one must first use the powersum formula [10] to
compute a certain multiple of the Cohnian. This multiple is extremely large, resulting
in an intermediate blowup problem. For example, the Cohnian of a cubic polynomial
with three indeterminate coefficients fits on the 12 GB harddrive of a desktop computer.
But it is impossible to use the powersum formula with Mathematica 4.0 on an ordinary
desktop to compute a resolvent of such a cubic. This paper attempts to circumvent
the intermediate blowup problem by algebraically factoring some of the terms of the
resolvent with the use of partial differential equations, matrices, and a lot of linear
algebra. This factoring culminates in a reduction in the weight of some of the terms of
the resolvent by an amount given by (8.7) in Remark 8.3.

DEFINITION 1.1. Let the Nth degree monic polynomial P(t) = >V (-1)N~tey_; - t*
with coefficients e = {ei}’i\i , have n distinct roots {zj}g‘:]. Let « be a transcendental
constant over the ordinary differential field, Q(e), generated by the rational numbers
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Q and the coefficients e with derivation D. For each root z;, let y; denote a nonzero
solution of the logarithmic differential equation, Dy;/y; = «- (Dzj/z;).

Such a solution is guaranteed to exist by [3]. We call y; the «th power of the root z;.
For convenience, we will drop the index j and use the letter z to denote any one of the
roots {z j}?:l- We will use y to denote any given integer power of z as well as the «th
power of z, depending upon the context.

By Theorem A.3 in the appendix (originally [7, Theorem 37, page 67]), there exist
linear ordinary differential equations of finite order of the form®y =37 _, Z?;Om Rim-
«'D™y = 0 such that each y is a solution, all the coefficient functions R; ,,, (terminology
of [7, page 725]) lie in Q(e), and not all R;,, are zero. In this equation, Q =7 - (v —
1)/2 + 1, where the order v is greater than or equal to the number of  which are
linearly independent over constants. We call such a linear ordinary differential equation,
and any of its differential consequences, an «th-power ordinary differential resolvent
of the polynomial P, or simply an «-resolvent. By multiplying through by a common
denominator, we may take all the coefficient functions R;,, of the resolvent R to lie in
Z{e}, the differential ring generated by the e over the ring of integers Z. We say such a
resolvent is integral. To perform the factorization in Theorem 8.2, we will need to use
several nonzero linear partial differential equations which are satisfied by each y and
whose terms lie in Q{e}. We call these linear partial differential equations «th-power
partial differential resolvents of P.

DEFINITION 1.2. For any particular o-resolvent > ;) Riym - ' D™y = 0, denote by
S the set of pairs (i,m) such that R;,, = O.

Under the stringent condition that the coefficient ring Z{e} is a unique factorization
domain, such as the case under study in this paper when all the roots of P are dif-
ferentially independent over constants, the weight of monomials in Z{e} is given by
Definition 3.4. We can then define the Cohnian of a polynomial as the particular «-
resolvent of P which is minimal first in order, then minimal in the weight of its terms.
(It is conjectured that one gets the same resolvent by minimizing by weight first and
then by order.) Specifically, there exists no common factor among the terms of the
Cohnian in the differential ring Z{e} except +1. In the case when all the roots of P are
differentially independent over constants, ¥ =N =n,Q=n-(n-1)/2+1, and we will
denote the Cohnian by 37, _ 3" ;. - € D™y = 0, where gcd ; yn)cs (0im) = 1. By [6,
Theorem 40, page 71] S equals the complete set of pairs (i,m) indicated in this dou-
ble summation, excluding (0,0). We will define Q in Theorem A.3 for the more general
case of resolvents for polynomials whose roots’ «th powers bear linear relations over
constants. But until the appendix, we give

o-nm=b (1.1)

2
as the formula for Q, consistent with the definition given in Theorem A.3 in the case of
the Cohnian of a polynomial whose roots are differentially independent over constants.

If the distinct roots of P are differentially independent over constants, the author’s
powersum formula [10] yields a nonzero multiple >, _, Z%‘OmFi,m - aiD™y = 0 of
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the Cohnian [7, Theorem 4.1] that has a weight many times larger than the weight of the
Cohnian. Under the more stringent condition that all the roots of P are differentially
independent over constants, Theorem 8.2, the main factorization theorem, assures us
that the determinant of a certain matrix, later called 2¥), whose entries lie in Q{e}, di-
vides certain terms of the resolvent, specifically Fo_n,m, Fom, and Fjo. We will apply
Theorem 8.2 to a quadratic polynomial, in which all the terms happen to factor. We
conjecture that det2V) divides all the coefficient functions F;,, in Q{e}. If so, we seek
formulae for the quotient $;,, from which we hope to extract yet another unknown
factor E to arrive at the Cohnian 6; ,,. Thus, we wish to complete the factorization

Fim = (det) - 9, = (det20) -E- 0 . (1.2)

The author has also applied Theorem 8.2 in [6, Example 77, page 135] to a cubic poly-
nomial whose coefficients are differentially independent over constants. Theorem 8.2
guarantees that eight of the thirteen coefficient functions of the Cohnian of the cubic
possess the same factor. Massive computations with the computer algebra system Math-
ematica verified the conjecture that the determinant of ) divides all thirteen coefficient
functions of the Cohnian. Unfortunately, the author was unsuccessful in reducing the
size of these programs for this particular case of the cubic for this paper. It is for this
reason that much algebraic work must still be done to factor resolvents before imple-
menting them on a computer algebra system. However, the author successfully tested
the conjecture on the particular cubic

23 -x-z2+x%-z-(3x3+2x2-11x-10) =0 (1.3)

to be shown in Section 12.

The very first differential resolvent had been discovered by Sir James Cockle in 1860.
Writing on Cockle’s work, the Reverend Robert Harley coined the term differential resol-
vent in 1862 [2]. Both authors considered only polynomials in the ring Q(x)[t]. Since
then, the present author has related the first-power resolvent of a quadratic polynomial
to the nonlinear Riccati differential equation [8].

2. Weights, lengths, and multi-index notation for partial derivatives. Let N denote
the set of positive integers. Let Ny denote the set of nonnegative integers. For any n € N,
let N} denote the set of ordered n-tuples of nonnegative integers.

DEFINITION 2.1. For any m € N, define [m]={keN>1 <k <m}.

DEFINITION 2.2. For any m € N, define [m]o={keNy>0 <k <m}.
DEFINITION 2.3. For any integers i and j, define 6; j=1ifi=jand 6;j =0if i # j.
DEFINITION 2.4. For any m € N, let I,,, denote the m X m identity matrix.

DEFINITION 2.5. For any matrix M, let M' denote its transpose, and let M| or detM
denote its determinant. All rings and fields will be assumed to have characteristic zero.

DEFINITION 2.6. For any finite set X, let | X| denote the size of X.
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Let n € N. On the ordinary differential field Q(e) apply the partial derivations {0; ;}I*
such that 0y ,;e; = 0;,j. In other words, for each i € [n], 0,,; is the natural derivation with
respect to e; holding all other ej.; fixed. For each m € N, denote the mth composition
of 01, by 97";. For each k € Ny, define e;k) = Dkej, where D% = e;.

Let Aq,...,Ay,1 be n+ 1 nonnegative integers with 1 > ZZ:I Ak. Let A represent the
ordered n-tuple, (A1,...,A,) € Nij. We will call n the dimension of A. The multinomial
function is defined by

(-
A ALy An (l_Z?:IAk)!'szlAk!. .

DEFINITION 2.7. Define the weight of A to be > [_, k- Ax and denote it by |A].
DEFINITION 2.8. Define the length of A to be > [_; Ax and denote it by £(A).

These definitions and notations are related to the definitions and notations used in
[4] in the following way. Define a finite nonincreasing sequence, v = (v;), of positive
integers consisting of Ay k’s for each k € [n]. Then, we say v is a partition of the integer,
|A|, with the same weight and length as A. We say Ay is the multiplicity of k in v and
write v = (121222 ...0n%n), For reference, there exist only finitely many A € N{ of any
given weight or any given length. The n-tuple (0)" is the only n-tuple with £ = 0 and
w =0.

DEFINITION 2.9. For any A € N%, define the partial derivative operator, 0, on Q(e)
to be aﬂai‘é - 8?’; Define the weight of 3% to be |A| given by Definition 2.7. Define
the length or order of 3 to be £(A) given by Definition 2.8.

By a well-known theorem in [5], we have the partial differential resolvent
Ry =07y (2.2)

if £(A) = £(0) and |A| = |o|. Hence, we may indicate the partial derivative operator,
o, simply by the length, £, and weight, w, of A and denote it by 9;,,. We will separate
¢ and w in the subscript of d,, with a comma. Hence, the derivation 0, ; has length
1 and weight j for each j € [n]. For any £ € N, 9y, exists only for w in the range,
¢ < w < £-n. The unique partial derivative of order £ and minimal weight w = £ is 9y .
The unique partial derivative of order £ and maximal weight w = £ -n is 9y ¢.,,.

3. Powersums and the powersum formula. When the roots of P are distinct, for
each g € 7, define the gth powersum of the roots to be p; = Z;‘:l z?. By the determi-
nantal formula given by [4, page 28], we have that p, € Z[e], the nondifferential ring
generated by the e and Z, for each g € Ny.

DEFINITION 3.1. For any m € Ny, define Z{e},, to be the (nondifferential) ring gen-
erated by the coefficients e of the polynomial P of Definition 1.1, their derivatives up
through mth order, and the integers. Define Q{e},, to be the (nondifferential) ring
generated by e, their derivatives up through mth order, and the rationals.



A PARTIAL FACTORIZATION OF THE POWERSUM FORMULA 3079

A differential ring must contain infinitely many derivatives of all its members.
Definition 1.1 implies Z{e}o = Z[e] and quipq € Z{e}, C Z{e} for every m,i,q € Ny.

From Section 5 onward it is important to remember that the derivation, D, is a
Z-homomorphic map D : Z{e},, — Z{e}y,+1 which may be expressed as D =
Zi”zo Z?:l e}k +1) (0/ 6e;k)) on thering, Z{e},,, where we have extended the natural deriva-
tion, 01,;ej = 6;;, to (6/8e}k))e£” = 0y, - Ok,1. It is worth mentioning that Z{e}, is a par-

tial differential ring with derivations, 0/ ae}k)
possess D as a derivation.

While partial differential resolvent (2.2) implies that 0y, = 0% y; and 0 y> = 09 v»,
when ¢(A) = €(o) and |A| = |o| it is important to note that 02 (y1y2) = 07 (11)).
Hence, although it follows that 0*p, = 07 p, for all g € Z by summing 3y = 37y over
all the roots of P, it does not follow that 0 (p, - py) = 07 (pgq - Pr)-

For example, for the cubic z3 —e; - z2 + e, - z—e3 = 0, one easily sees that A = (1,2,0)
and o = (2,0,1) have equal length, £(A) = (o) = 3, and equal weight, |[A| =1-1+2-
2+3:0=5,]0=1-2+42-0+3-1=5.S0 0"y =01 ,0{,v = 0} ,0{ 3¥ = 07y is correct,
where y = z4 for any q € Z. But 0" (eje3) = 0 ,0{,(e1e3) =2 = 0 = 97 ,0] 5(e1e3) =
8‘7(e1e§). Henceforth, when we write 0% = 89, we imply that this partial differential
resolvent and all other partial differential resolvents of P hold only when the operators
are applied to y or the powersums p,. We will omit the y or p, for convenience when
necessary.

, with k € [m]y and j € [n], but does not

DEFINITION 3.2. Define ¢ to be the number of nonzero coefficient-functions R; ;,, in
aresolvent R =Y ;) Rim - ' - D™y

So ® equals the size of the set S given by Definition 1.2.
DEFINITION 3.3. Define ¥ =& —1.

In general, one does not know a priori the value of ® for a given polynomial until
one starts computing R. The powersum formula [10, Corollary 4.3] offers one possible
way to compute the R;,,. To derive the formula, one first orders the pairs (i,m) in
S. Let sgn(i,m) denote the position of the pair (i,m) in this ordering. Then, one sets
Rim = Fim as in [10] to get the powersum formula

Ai,m = [Dm/qil pq] (i'm')xq > Fi,m = (_l)sgn(i,m) 'dEtAi,m- (3.1)

(i"ym’)=(i,m)

Here, A;, is the ¥ X ¥ matrix with rows labelled by (i’,m") and columns labelled by g,
where we take g to lie in the smallest possible set of ¥ nonnegative integers, which is
[¥]. This is basically an application of Cramer’s rule.

Since qiDmpq € Z{e} for every q € Ng, we could choose g not to lie in [¥] but to
lie in T for any subset I' € Ny of ¥ distinct nonnegative integers. However, in the case
that the e are differentially independent over 7, the weight of monomials in Z{e} is well
defined.

DEFINITION 3.4. Define the weight of the monomial s - Hj,k(e;-k))"ivk with s € Z,
s#0,and 1mj, € Ng tobe 3 ¢ j - k.
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By Definition 3.4 the weight of integers is zero. The weight of p, is g. Therefore
the powersum formula has been defined for any polynomial such that, in the case of
differentially independent roots, the formula yields a resolvent with terms in Z{e} of
minimal weight over all other possible choices of positive integers q. This will mini-
mize the amount of factoring necessary to get to the Cohnian. Since the polynomial
det[@'D™pqlim)xq is homogeneous of weight > gerd, this weight is minimized by
choosing I' = [¥] and equals ¥ - (¥ +1)/2.

4. Examples of low-order resolvents. By Theorem A.3 in the appendix, polynomials
whose n distinct roots have «xth powers which are linearly independent over constants
possess differential resolvents of the following forms. By [6, Theorem 40, page 71] or
[7, Theorem 4.1], and in the smaller cases by direct computation, it is known that all
Fim # 0 in each of these resolvents.

TWO DISTINCT ROOTS. n=2,Q=2, d=5.P(t) =(t—u)™ - (t—v)™ has a resol-
vent of the form

Foo-D*y+(Fo1+Fi1-«) Dy +(Fio-a+Fo- &%) -y =0. (4.1)
The set S given by Definition 1.2 for resolvent (4.1) is
{(0,2),(0,1),(1,1),(1,0),(2,0)}. (4.2)

By [8, Theorem 1], the logarithmic derivative Dz/z satisfies the first-order inhomo-
geneous linear ordinary differential equation

Foyz-D(%)-i—Fo,l- (%)+F1,0:0 (4.3)

and the quadratic polynomial

2
F()’z - <%) +F111 . (%) +F2,0 =0. (44)

THREE DISTINCT ROOTS. n=3, Q=4,d=13.P(t)=(t—-uw)™(t—-v)™(t—w)™
has a resolvent of the form
(F0,3 +F1,3 . O() -D3y + (FO,Z +F1‘2 . 0(+F2,2 . 0(2) -Dzy
+(F0,1+F1'1 -O(+F2,1 -O(2+F3,1 '0(3) Dy (45)

+ (Fl,() . 0(+F2’0 . 0(2 +F3’0 . O(3 +F4‘0 . 0(4) Y= 0.
The set S given by Definition 1.2 for resolvent (4.5) is

{(0,3),(1,3),(0,2),(1,2),(2,2),(0,1),(1,1),(2,1),(3,1),(1,0),(2,0),(3,0), (4,0) }.
(4.6)
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By [8, Theorem 1], the logarithmic derivative Dz/z satisfies the second-order inho-
mogeneous linear ordinary differential equation

>,(Dz Dz Dz
Foyg'DZ<?)+F0,2'D(7>+F0,1-(7)+F1,0=0 4.7)

and the cubic polynomial

3 2
F1,3' (%> +F2,2- <%) +F3’1- <%)+F4,0:0. (4.8)
z z z

FOUR DISTINCT ROOTS. n=4,Q=7,&=29.P(t)=(t—-uw)™(t-v)™(t—-—w)™ (t—
x)™ has a resolvent of the form

(Fou+Fi4-0+Foq-0%+F34-03)-Dy
+(Fo3+Fi3-a+F3-0®+F33-03+F3-a*)-D3y
+ (Fop+Fip-0+Fop-0%+F30-03+Fyp -0 +F55-00°)-D%y
+(Fop+Fi1-o+Fop-0®+F3 -3 +Fy -0t +F51- 00 +Fg1-a)-Dy
+(

Fl,O . O(+F2,0 - 0(2 +F3,0 - O(3 +F4’0 - 0(4 +F5,0 - 0(5 +F6,0 . 0(6 +F710 . 0(7) Y = 0.
(4.9)

By [8, Theorem 1], the logarithmic derivative Dz/z satisfies the third-order inhomo-
geneous linear ordinary differential equation

F0'4 '1)3 (%) +F0'3 DZ(%) +F()’2 D(%) +F0,1 . (%) +F1’0 =0 (410)

and the quartic polynomial

4 3 2
F3‘4- (E> +F4,3-<%> +F5,2- <Z) +F6‘1- <E>+F7,0=0. (411)
z z z z

Basically, [8, Theorem 1] says that the logarithmic derivatives of the roots satisfy an
inhomogeneous (n — 1)th-order linear ordinary differential equation whose terms Fo
and F; o are the coefficients of the lowest degree in « in the x-resolvent of P. By a slight
extension of the definition of a differential resolvent to include inhomogeneous linear
ordinary differential equations, we may say that the powersum formula (3.1) also yields
a 1-resolvent for the logarithmic derivatives of the roots of P. Also [8, Theorem 1] says
that the logarithmic derivatives of the roots satisfy the nth-degree polynomial whose
coefficients are the terms Fqo_m m, which are the coefficients of the highest degree in «
in the x-resolvent of P. Therefore, [8, Theorem 1] provides a way of partially factoring
all the terms of a minimal-order inhomogeneous 1-resolvent and of finding the minimal
polynomial of the logarithmic derivatives of the roots of P over Q{e}.

5. Partial differential resolvents

DEFINITION 5.1. Define the partial derivation operator ® on the partial differential
field Q(e) tobe @ = >} _ k- ey - 01 k.
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Then we have the Euler-homogeneity partial differential resolvent
Oy=«x-y or Opg=4-pg. (5.1)

In the next theorem, we use the A-hypergeometric partial differential resolvents of
Mayr [5] and Gelfand et al. [1] and their differential consequences to demonstrate that
all compositions of the derivations D and © can be expressed as linear combinations
over Q{e} of a certain set, dg,,, of partial derivatives of distinct weights. Although
explicit formulae have been determined, for instance in [6, Theorem 59, page 109], for
the expression of the operator D"®' as a linear combination of the partial derivatives,
0¢.w, the computation of these formulae is not enlightening and involves no original
ideas. So, these formulae have been omitted. Furthermore, on simple examples, it is
easier to work out the formulae for D™®! by hand, as we will do in Section 9 for a
quadratic polynomial. On more complicated examples, such as for the cubic polynomial
in Section 12, it is easier to use computer algebra systems, such as Mathematica, to
compute D" @t. Rather than programming the explicit formulae, which involve multiple
summations over many n-tuples, it is easier to use the partial and total differentiation
capabilities of the computer algebra system to recursively compute as many DO as
needed.

By induction on i and m, it is possible for the reader to determine that there exist
Wima € Z{e}y such that DO = 3, Yy ma - 0 with the sum over all distinct A € NJ.
It is easy to see that ¢, = O for only finitely many A. Specifically ;2 = 0 for all
A 2 L(A) > i+m. In Theorem 5.2 we will collect terms in this summation and express
D™@! as a linear combination over Q {e} of partial derivatives 9* over A € N{ of distinct
length and weight.

Theorem 5.2 will use the particular system [6, Theorem 49, page 100] of partial dif-
ferential resolvents of P,

n
1,y =— . ei-zi+;y foreachje[n], j>1. (5.2)

i=0
For lack of a published reference for partial differential resolvent (5.2), the author
credits the referees at the Journal of Symbolic Computation for pointing out that these
partial differential resolvents are simply the statement that the partial derivative, 01 ;,
of a function with standard homogeneity 0 has homogeneity —1. By repeated differen-
tiation of partial differential resolvent (5.2), one may determine as in [6, Theorem 56,
page 105] the following partial differential resolvents of P for any £,w,w € N with

w = w > { of the form

K=T0 k=n-(w-{)+w
af,w = Z fK'aK,K+ Z fK'aw,K’ (5.3)
K=w K=w+1

where f, € Q[e] depend upon w, w, and £. We will use partial differential resolvent
(5.3) later to perform a simple computation for a quadratic polynomial. Partial differ-
ential resolvent (5.3) expresses a partial derivative of a given length and weight as a
linear combination of partial derivatives of higher lengths and weights.
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THEOREM 5.2. Leti,m,@w € Ng and w >i+m > 0. Then

@ n-w
D™= z T(i,m)xk * aK,K + z T(i,m)xk * aw,K for some T(im)xk € Qfe}. (5.4)
k=1 K=w+1

PROOF. By partial differential resolvent (2.2), we may write 0* = Opw, Where w =
|A|] and ¢ = £(A) are given by Definitions 2.7 and 2.8, respectively. In the summa-
tion DM@ = 3, Yima - 0* with @ima € Z{e}, we collect together those n-tuples
A € N with a given weight w = |A| and a given length £ = £(A). Define Uy ¢ =

Z/\sgl()\ _0Wima € Z{e}m. Then D™Me! = Zn (rm zrmn(wm ) Oim,bw aé’,w-
w
We first separate out in this sum those partials whose length equals their weight. We

then express all partials, d¢,,, with £ > w in terms of partials with lengths and weights
in the range {(1,1),(2,2),...,(w, @), (w,@w+1),...,(w,n @)} using partial differential
resolvent (5.3). Thus DO = > (X5_1 Oim.e.x) S * O + 200 Cim, b0 ZZ;(ngw Fre:
0w, Where the natural condition w < n - £ guarantees that k < n - w. Define T m)xx =
fi S5 Oiman € Qle} for 1 < k <@ and Timyxx = fer St @0 SPE M G,0
€ Qfe} forw+1 <k <n-w. Then DO = 37| Tim)x - 8K,K e Tlm)xk - Ok

O

DEFINITION 5.3. For particular i, m, and w, a particular set & of partial derivatives
0p.w represents the operator D™@! if D™@! can be expressed as a linear combination
over the differential ring Q{e} of the partials from 2 as in Theorem 5.2.

It is important to remember that the transition coefficients T m)xx appearing in
Theorem 5.2 depend upon the choice of w. In Theorem 7.1, when we choose @w = Q,
we will use T(;m)x«, and in Theorem 8.1, when we choose @ = L, we will use T(;m)x«

6. Demonstration of Theorem 5.2

EXAMPLE 6.1. Let P(t) = t3—e; -t2+ep-t—e3 be a cubic with three distinct roots.
Express D?y as a sum of terms in Q{e} times partial derivatives of y with respect to
e1, €2, and e3 of order up to @ = 3 and with distinct weight up to n-w = 9.

SOLUTION. We add no complications by considering the expansion of y = z% for
any indeterminate power « of any root z of P until the final computation to check
that both sides of the identity in Theorem 5.2 are equal. It is practically impossible to
write a formula for z* as a function of e, ep, and e3 and then to explicitly compute
the partial derivatives of z* with respect to ej, ep, and e3. Instead, we test only the
final partial differential resolvent with a computer algebra system by applying the final
partial differential resolvent to at least nine powersums.

First apply

0 0 , 0

D=e a—+eza—ez+ a— (61)

to v. Now apply D again, where this second derivative is given by

D= ’i+e’i+e'i+e”i+e”i+e” 0
~loe,  %0ey dde3  lde) 2de, °oe

(6.2)



3084 JOHN MICHAEL NAHAY

since e}, e5, and e} appear in Dy. By partial differential resolvent (2.2) we may equate
partial derivatives of equal order and weight. In this case, 02y /de;de3 = aZy/aeg. For
a quadratic, there are no distinct partial derivatives of equal length (order) and weight,
since
Qu+v au’+v’
delldel  de el

sfu+tv=u"+v,l-u+2-v=1-u"+2-v'}

(6.3)
s{u=u,v=v}.

Thus, we chose a cubic to demonstrate distinct partials of equal length and weight.
We get

0%y
dejdes

2 _ e ror 7\ 2
Dy = (e}) ; +2e1e2aelaez+(2e1e3+(e2)) o

,, 0%y 202y 0y 0y 0y
e) 0e3 €1 e, e dey e des’

where we have ordered second-order and then first-order partial derivatives by in-
creasing weight. In the notation of Section 5, the coefficient of the partial derivative
dM+A2+A3 3 190 9ed2 Ded’ is o

Example 6.1 requests that we expand these partial derivatives of  as sums over the
ring Q{ey,es,e3} of partial derivatives of v of order up through @ = 3. More specifically,
we wish to expand these partial derivatives of y as sums over the ring Q{e;,e»,e3} of
the n -w =9 partial derivatives

{al,lv---aaw,w1aw,w+l1---,aw,n-w}
={01,1,022,03,3,03,4,03,5,03,6,03,7,03,8,03,9}
_(oy @y &y &y @y _ &y 6.5)

- {ael’ de2’ 03’ 0e2de,’ 0eldes dejoel’
By 2y 2y 3y 3y a3y7§

de1dexdes el De1del  deldes’ desdel’ ded

To do this we apply partial differential resolvent (5.2) with j € {2,3},

3 3
d12Y =—> ei- 02y, 013V =—) i 02i:3Y, (6.6)
i<0 i—0

and their differential consequences. In traditional notation,

oy LY 0%y 2%y ERY

oy __oy . A AU 7
des 0e? el dejder ez e’ es desdes’ 6.7)
oy By @y By oy o
des  deider ' 0e2 ° desdes ° ded’ '

We may apply 0/dey, 0/0e», and 0/0e3 to (6.7) and (6.8) to get six higher-order differen-
tial consequences. One of the resulting six partial differential resolvents is redundant
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because 92y /(de;de3) = 02y /de5 and another is redundant because 82y /(dexde3) =
02y /(de3dey). Thus we get four distinct partial differential resolvents

321?(32 ) _8837)%}_ ajfayez ser ajjaez e ajfz;yeg s aelaagﬁ (6.9)
2 3 3 2 3 3
%T%/ - ajlaez e 321322 _?372_62 %T% e aj%;jea' (6.10)
agjévea - _aggaeg cer aelaasejzfae3 s azae3 aj;yea —e3: ajjéyeg (6.11)
° 3 3y 3y 3 25
837351 T 36185632)563 s aj 20e3 ser 8228625 e %e); %e3 (6.12)

Solving for the second-order partials, we get the following formulae. In the notation of
Theorem 5.2,

n-(w-"L)
aZ,w = af,w = Z So- aw o+w = Z Jo- aw o+w forw e {3,4,5,6}, (6.13)
o=0 o=0
2%y 1/ 33y 3y 3y 3y
5 (5T - s e s e ) (6.14)
dejde, 2 ael defde; dey0e3 de10er0es
?y 1 ( 3y 3y 3y )
- ey S 6.15
FES T2 Bez e dej0e3 ez de3 e de3de3 6.15)
%y 1( 3y RERY 3y )
_1 e, 0Y .. , 6.16
dexdes 2\ Qe 8e3 1" Berdesde; de3des3 & dez0e3 (6.16)
%y 1 3y 3y 33y)
gy _ - : —ey- 22, 6.17
de2 2 ( aelaezaeg T BeZ0es % des0el P aed ©.17)

If we substitute (6.14), (6.15), and (6.16) into (6.7) for the second-order partial deriva-
tives, we get

oy 0%y 1 a3y 1 Py 1 3y
=-S5 +t-er g +t-(ef+ =(2 +
dez 0e? 2% e ; 2(8l 62)86%8 2( erez e*)aelaeg (6.18)
1 3y o3y , 03y ’
+=(2 +e3)—+ . 2 )
2( eres+ey) e’ e26s de3de;  °deyde’

If we substitute (6.14), (6.15), (6.16), and (6.17) into (6.8) for the second-order partial
derivatives, we get

oy 18y, 8y 1. Oy o’y
des 2 de} e ' 9e20e; T2 (el+262)8 10€3 *(ereates) 0e3
o3y , 03y

DY ey LY 120y
de30e; S9e,002 20 de3

1 (6.19)
+§(2e1e3 +e3) -



3086 JOHN MICHAEL NAHAY

Now substitute (6.18) and (6.19) for the first-order partial derivatives and (6.14), (6.15),
(6.16), and (6.17) for the second-order partial derivatives into equation (6.4), and com-
bine terms to get

oy 2 2%y 1 1 o3y
D? :e"-—+( e —e")—+(—e’e’+fele”+fe")—
y 1" e, (e}) 2 ae% €25 2T 5€ 8e§
1 2 124 1 2 11 1 N a3y
+<—e1e’e’—e/e’——(e’) +ejer +—efey + —ese )—
162- €183~ 5 (€ 3tphe TRl )5 s,
1 7\ 2 ror 14 1 12 1 2 .17 // agy
+<—e2e’e’—e1e’e’——e1(e —ehen+erere, +—eze, +—efes +ere )—
1€2 18375 2) 2€3 2 These +5eies 3ae18e§
1 2 1 2
+<fe3eie§fe2e’1e’37§e2(e§) feleéeéfi(eé)
1 03
+e1e3e'2’+fe§e'2’+e1e2e§’+ege’3’>—%/
2 oe;
1 7\ 2 ror 1 7\ 2 124 14 1 2 1 aSy
+<—e3e’e/——e3-(e —eseses ——eq(ey)” +epeszey +ejeszey + —ese )
16375 2) 232(3 2 32238e§6e3
1 7\ 2 1 2 11 lr agy 1 2 1 1 7\ 2 aSy
+<—e3e'e’——e2 es)" + —eses +eseze )—+<—e ey ——e3(e )—
232(3) 5¢3€2 38e28e§ 2332(3) del
(6.20)

If we now specialize « to a positive integer g and sum over the three roots of P, we
may replace y with the gth powersum p,. With Mathematica one can easily recursively
compute the first twenty powersums as polynomials of e;, e;, and e3. One can then
easily verify that this partial differential resolvent holds for these powersums. In the
notation of Theorem 5.2, T(0,2)x1 = 3’1', T(0,2)x2 = (ei)z — evlz',...,T((),z)Xg = (1/2)6%6’3’ —

(1/2)esz(e})?.

7. Trivial factorization of the powersum formula. Now we return to the problem
of finding the Cohnian, 3, _o S 0; m - D™y = 0, of a polynomial P of degree n
whose roots are differentially independent over constants. By an easy extension of basic
algebra to differential algebra (see [6, Theorem 1, page 23]) the roots of P are differen-
tially independent over constants if and only if the coefficients e of P are differentially
independent over constants. So, we may refer interchangeably to either the roots or the
coefficients of P as being differentially independent over constants. Reformulating the
notation in Section 1, the set S of indices of the nonzero coefficients in the Cohnian
equals {(i,m) 2 i+m € [Q], m € [n]o, i = 0}, where Q =n-(n—-1)/2+ 1. So, by
Definition 3.2 for ® as the size of the set S and for ¥ as the dimension of the matrices
appearing in the powersum formula (3.1), we see that ¥ =n-Qand ® =n-Q+1.

We wish to present first a “trivial” factorization theorem. We refer to it as trivial
because the determinant of the matrix that factors from the matrix A;,, in (3.1) has
no weight if g is taken to span the set [¥]. In other words, this determinant is just an
integer.
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THEOREM 7.1 (trivial factorization theorem). Fix a pair (i,m) € S. Then the matrix,
[D™ g% paliir myxq, With columns indexed by q € [¥Y] and rows indexed by (i'’,m’) € S >
(i",m’") # (i,m), factors over the differential ring, Q{e}, as

[Dm’qi’ pq](i’,m’)xq (7 l)
= [T myxi] - [51,1Pq <o+ Ogabq Oaa:1Pq - aQ,‘I’pq] .

qslyl’
The factor [011pq -+ OaoPaq Oo0+1Pq "+ 00¥Palseryy is a ¥ x Y upper-
triangular matrix with entries in Z{e}. The factor [ T(im)x«] is a' ¥ X' ¥ matrix with entries

in Q{e}y.

PROOF. By Theorem 5.2, we have D™@'p, = 37| Teim)xk * Ok xPg+ Doneaws1 Tlim)xk -
Ow,kPq With T(im)xk € Qie}y. Setting w = Q gives us D"O'p, = X1 T(i,m)xk * Ox,xPq +
v
2k—0+1 T(i,m)xk * 00,k Pq- SO

[D™O' Py (imyxg = [Teimyx] - [51,11% <o+ Ogabq Oaai1Pq - 3@,‘?Pq]q€m-
(7.2)

It is obvious that the entries 9y, p4 lie in Z[e]. O

In Theorem 8.1 we will be interested in an important variation of Theorem 7.1, in
which we choose @ = Q — 1 instead of @ = Q, and ignore the powersums. Define the
1 x ¥ row vector, fa = [pqlgerw), of powersums. In Theorem 8.1 we will define the ¥ x 1
column vector of partial derivatives Ag = {0y, 2 ¥ =w € [Q]}U{0ow 2 Q+1 < w <
Y.

DEFINITION 7.2. If Mjep is @ matrix whose (i, j) entry is >, h}’w - 0pq With h}Jw IS
Q{e} and Myighe is a matrix whose (j,k) entry is gjx € Z[e], then the operator * is
defined such that Miefr * Mrign: is the matrix whose (i,k) entry is >; >, hxu “0pwdjk-
Similarly, if Mie is a matrix whose (i, j) entryis >, ,, hL’v - DYV with hfﬂv € Q{e} and
Mighe is @ matrix whose (j, k) entry is g;x € Z[e], then the operator * is defined such
that Miesr * Myighe is the matrix whose (i,k) entry is >3; >, , hil, -D"OVgj k-

Then we may write the right factor ¥ x ¥ matrix in (7.1)

[51,1l9q <o+ 0o0Pg Oo0+1Pq - aQ,‘I’pq]qE[\y] (7.3)
as the product of a ¥ x 1 with a 1 x ¥ matrix 2, * ;71 We will use this shorter notation as
much as possible from now on. By Theorem 7.1, the term det(%q * 17)) € Z[e] factors out
of det[DT"@ipq](i,m)xq, leaving +det([T(m)xx]) € Q{e} as the quotient. The isobaric
weight of the entry 0y, p4 in 2q *75 isgq-wifg=wanddp,p;=0if g <w.Whengqg =
w, it is well known that 0y, p; = w! € N. Since Aq * p is upper-triangular, det(%q * p)
is just the product of the entries down its main diagonal H‘f;:l wl.

The matrix, [T’ m’yxx ] i’;m")+(i,m), iIn Theorem 7.1 is the transition matrix expressing
the operators, D@1, that appear in the powersum formula (3.1) in terms of the basis
of ¥ distinct partial derivatives 2.
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The reader might consider it unnecessary to use the powersums of the roots, and
hence the powersum formula (3.1), to find the terms of a resolvent since the problem has
been reduced to finding a linear combination of the operators, D@, over Z{e}. This is
true in the case under consideration, when the roots are differentially independent over
constants. However, the powersum formula (3.1) is indeed useful for finding resolvents
of polynomials whose roots may bear unknown relations. Furthermore, even in the case
when the roots are differentially independent over constants, it turns out that itis much
easier and faster on a computer algebra system to compute total derivatives and partial
derivatives of the powersums with respect to the polynomial coefficients, e, than to
compute such derivatives of a transcendental element like . As a demonstration, the
author will use these powersums to compute the terms in a resolvent of a particular
cubic polynomial in Section 12.

8. The main factorization theorem. We now wish to expand these ordinary deriv-
ative operators D™@! as sums of the partial derivative operators d;,, with respect to
the coefficients e of the polynomial P given by Definition 1.1. First, we must count the
number of distinct partial derivative operators 0y, needed to represent a particular
ordinary derivative operator D" ®! appearing effectively in the Cohnian.

THEOREM 8.1. For any @ € [Q], define Ry = (DO 3 (i,m) € S, i+m € [w]}
to be the subset of ordinary derivative operators D™® corresponding to the derivative
operators x!D™ appearing effectively in the «-resolvent >\ _ Z?gom Fim-&D™y =0
of P, constrained by i+m < w. For this same w, define A4 = {ag,,,;}gz? U{0ww i
to be the set of partial derivative operators needed to represent the derivative operators
in Rg. Let L denote the unique minimal positive integer such that |Ry| = |Ar|. Then

L=n-(n-1)/2.

PROOF. By Theorem 5.2, for any @ = i+ m, the operator D@ can be expressed
as a linear combination over Q{e} of the partial derivatives {8&@}52? Ullowln-e®, a
total of n - w partial derivatives. Thus |44 | = 1 - @. By directly counting the number of

indices (i,m) in the set Ry = {D™O! > (i,m) € S, i+m € [w]} we find that
n

|Rg| =—1+ > (@-m+1)=n-w+w-
m=0

n-(n-1)

> , (8.1)

where the initial —1 accounts for the fact that (0,0) ¢ S. Hence, |Ng| = |2 | if and only
ifn-wow=n-w+w-n-(n-1)/2ifandonlyifw=n-(n-1)/2.SoL=n-(n-1)/2.
O

Now give the elements of the sets 8 and X defined in the proof of Theorem 8.1
an ordering. Using these definitions of X4 and A4, we will consider the following three
vectors in Theorem 8.2: the (n-L) X 1 vector

Ry ={D™O'> (i,m) €S, i+m e [L]}, (8.2)
the (n-L) x1 vector

A ={0ppow="Le[L}|J{opwol=L weln-L]>w>L}, (8.3)
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and the ¥ x 1 vector
Ao ={opwow=LelQ}J{0n>30=0Q we[n-Q]5w>Q0}. (8.4)

We remind the reader that S = {(i,m) > i+m € [Q], m € [n]g, i = 0}. Let S, C S
denote the subset of S, Sy = {(i,m)>i+m e [L], me[n]y, i =0}.

Setting @ = L in Theorem 5.2 gives us D™O! = 35| T(im)xx - ke + Sooces T(im) -
oL« for some T(im)xx € Q{e}. Define the n-L xn - L transition matrix with entries in
Z{e}

m= [—f_(i’,m’)XK] (i";m’)eS>i’+m’ €[L],ke[n-L]* (8.5)

Then 2V is the transition matrix, V) : &; — K, from the vector of partial derivatives
A; given by (8.3) to the vector of ordinary derivatives Xy given by (8.2). So we may
write 8; =20 - 4;. For future reference, we note that Xq is simply the complete set of
& operators, D™, appearing in the resolvent. Theorem 8.1 guarantees that 2 is a
square matrix, and therefore det2V) is defined.

THEOREM 8.2 (main factorization theorem). Let P(t) = Zf‘zo(—l)”‘ien,i - tl be a

monic polynomial whose coefficients {e;}], are differentially independent over Z with

respect to the derivation D. Let ", S5 " F; ,n - xiD™y = 0, Fo o = 0, be the differential
resolvent of P given by the powersum formula (3.1). Let V) be defined by (8.5). Let§ cS
denote the subset of 2n + 2 terms in the resolvent, {(0,m)} _, U{(1,0)}U{(i,m) 3 i+

m = Q}n_,. Then a common factor of Fim, for each (i,m) §, is the determinant of ).
In other words, for each (i,m) € S, det)V) divides F;,, in the ring Q{e}.

PROOF. Fix (i,m) € S. Let 72 = (p1,...,pv) denote the 1 X ¥ row vector of the first ¥
powersums. B

By partial differential resolvent (5.3) with @ = L, we may express any 0y, with w <
¥ as a linear combination over Q[e] of 0y, € %q. In other words, there exists an
n-LxV¥ transition matrix, N : g — %;, with entries in Q[e], such that A, = N* 2. Then
Mk N:Ag — 8, s0 8y = (M *xN) xAq. Let Aj,, denote the ¥ x 1 vector of operators,
(DM 3 (i",m') S, (i’,m’) # (i,m)}, appearing in the powersum formula (3.1).

CAsSE 1. (i,m) € § Si+m=Q.

In this case A, = I:D{:,Lm:|’ where R;,, = {D™ @™ m’' e [n]y, m = m} is the
column of n operators obtained from A; ,, by removing x;. Let T;,, be the n x V¥ tran-
sition matrix consisting of entries in Z{e} from XAq to the set of n operators R; . So
Rim = Tim * Aq. Then Aim = I:?r*rf:i?] = [7191*15] kAo = [7(? I?L] * I:Tym] * Aq. So by

(3.1) Aipm = Aim * p and Fipy = detA; = det ([T 0] x [ 1), | * (2o % p)) = det@n) -
det [Tym ]) -det(Aq * f)) after a suitable ordering of the rows of T; .

CASE 2. (i,m) e§ 51=0.

Define 8,0 = {D™' 00 3 D™ O e x;} = {D™O'* 5 (i',m') €S, i’ +m’ e [L]}.
Then Ajm = [ 81O ], where R;, is the column of n operators with entries taken from

Ri,m
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the vector {D™, m’ € [n], m' = m} U{0®} which were obtained from A; ,, by removing
R 0O. We have 8,0 =2 x %, 0, where 4,0 = {07,,0 > 0p,, € P} isan n-Lx1 column
vector of partial derivative operators. Since the order of the derivative operators in 2; ®
is less than or equal to L +1 = Q, we know there exists an n - L X ¥ transition matrix
N: 2%, — 24,0 with entries in Q[e], such that 4,0 = Nx2Aq. So 8,0 = (M % N) % 4. Let
Tim be the n X ¥ transition matrix consisting of entries in Z{e} from A to the set of
n operators R ;. SO Ripm = Tim *xAq. Then

M« N
Ai,m = |: T: :| *AQ (8.6)
im

SO Fim = detAgm = det ([ 10| %[+, ] * (o xp)) = det@n) - det [, |- det(dq * p)

im

after a suitable ordering of the rows of T; .
Case 3. (i,m)=(1,0) €S.

N ,
We have Aj;, = [[RL’@], where R;,, = (D™ )}},_,. The matrix algebra is the same as
im
in Case 2. So det2V divides F;», in Q{e} for all (i,m) € § O

REMARKS 8.3. Theorem 8.2 is [6, Theorem 62, page 114]. Observe that the determi-
nant of the matrix 20 has weight Zﬁ;ﬁ K =mn-L(n-L+1)/2. Therefore, the weight of
Fim +det) equals

Y(Y+1) n-L(n-L+1)  n?-n’+n+l

5 > n- 5 (8.7)

Therefore, Theorem 8.2 has reduced the weight for those terms of the resolvent indexed
by (i,m) € § from sextic in 7 to quartic in n.

9. Quadratic resolvent by the powersum formula

EXAMPLE 9.1. Let P(t) =t?—e; -t +e; be a quadratic polynomial whose coefficients
e; and e, are differentially independent over Q. Son =2, L=n-(n—-1)/2=1,Q =
L+1=2,Y=n-Q=4,and ® = 1+V¥Y = 5. The discriminant of P is A = e% —4e;. Later we
will let the prime * denote differentiation by D. The first four powersums are given in
terms of the elementary symmetric functions by p; = e, p2 = e‘f —2e, p3 = e? —3eye,
and p, = e} —4e?e; + 2e3. Define

PE[Pl p2 P3 P4]- (9.1)

Theorem 8.2 allows us to factor those terms of the resolvent indexed by é’ = {(0,1),
(0,2),(1,0),(1,1),(2,0)}. Thus, for the quadratic, § = S, so all the terms factor by
Theorem 8.2. The form of the Cohnian is given by (4.1) as

90,2 'Dz_’)/ + (90,1 + 91,1 - 0() -D_’)/ + (01,0 - X+ 92,0 - 0(2) Y= 0. (9.2)

First we will show how the powersum formula (3.1) works. Then we will factor it with
the help of Theorem 8.2.
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Specializing « to the integers [V] = {1,2,3,4} in this resolvent and summing each of
the resulting four equations over the two roots yields the system of four equations

o2 -D*pr+ (001 +01,1-1)-Dp1+(010-1+020-1%) - p1 =0,
o2 - D*pa+ (001 +01,1-2) -Dp2+(010-2+020-2%) - p2 =0,
002 - D*p3+ (001 +01,1-3) - Dp3+(010-3+020-3%) - p3 =0, ©-
002 D?ps+ (001 +01,1-4) Dpa+ (010-4+020-4%) - ps = 0.

This is a system of four homogeneous linear equations in the five variables, 0;,,. We
may now solve for the terms 0;,,. First set F; , to be the appropriate cofactor of the

4 x5 matrix [D™ q' pq](l m’)es- This yields the powersum formula (3.1) for F;,,. Then
qeld]
factor each F;,, over Z{e} to get 0;,, such that the only factor common to all five 0; ,,

is +£1. By (3.1),

Dpy 1-Dpy 1p1 1%°p;
Dp, 2-Dp2 2p2 2°p:

2=\ ppy 3Dy 3py 3ps |

Dps 4:Dps 4ps 4°ps
D?py 1-Dpy 1py 1%°py D?’py Dp1 1p1 1°py
Agy = D?p, 2-Dp> 2p, 2%p, Ay = D?p> Dp: 2p> 2°p»
' D?p3 3-Dps3 3p3 3%p3|’ ' D?p3 Dps 3ps 3°p3|’
D?psy 4-Dps 4ps 4°ps D?py Dpy 4ps 4°ps
D?py Dp1 1:-Dp1 1%°py D?py Dp1 1-Dp1 1p:
Arg = D?p, Dp: 2-Dp: 2°p» Avg = D?p, Dp:2 2-Dp: 2p:
' D?p3; Dps 3-Dpsz 3%p3|’ ' D?*p3; Dps3 3-Dpsz 3p3
D?py; Dps 4-Dps 4°py D?py Dpy 4-Dpy 4ps

(9.4)

Then the powersum formula (3.1) gives Fy» = detAg, Fo,1 = —detAg1, Fi,1 = detA; 1,
F1p=—detA;p,and F» o = det A, 9. We have kept the columns of the matrices A; ;,, in the
same order as the corresponding terms in the Cohnian, namely, D2 > D > aD > & > .
We have also indexed the rows of A; , by g, where g is the weight of the powersum p,,
in order for the reader to see more clearly how the powersum formula works. However,
for reasons that will become apparent later, we will prefer to work with a new matrix
Ajim, rather than with A;,,, where A, ,, is the transpose of A;,, after the columns of
Aim have been permuted a certain way.

By Theorem 8.2, A; is the n-Lx 1 =2 x 1 vector of partial derivatives [gi; ], where

011 =0/0e; and 012 = 0/0ep, R is the m-L x1 =2x1 vector [g}, and M is the 2 x 2
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transition matrix from 2; to x;. A is the ¥ x 1 = 4 x 1 vector of partial derivatives

a1,1

922 G @ 2

82,3 y where 82,2 = ae%, 82,3 = aelaez' 82_4 = ae§ . (9.5)
024

By Definition 5.1 we have @ = 1-¢;-(0/0e;) +2-e2-(0/0ep) =e1-01,1+2-e2-012 and
D =e}(d/0e;)+e5(d/0ez) = e}d1,1 +e501,2 when acting on Q(ey,ez). Thus 0 = [121 26-52]
since 0 x 2; = [ e }* [a”] = [g] = Nj.

1-e1 2-e> 01,2

10. Expansion of the partial derivatives for the quadratic. In order to compute
the various compositions of D and O, we note that 0; jOk1 = Oi+k,j+1, SO 01,101,1 = 022,
01,1012 = 02,3, and 0, 2012 = 02.4. We need to express the partial derivatives comprising
2, in terms of the partial derivatives comprising Ag. The only partial derivative not in
common between 2; and X, is 0; 2, so this is the only partial derivative that needs to be
expressed in terms of the others. Choosing j = 2 in partial differential resolvent (5.2),
which corresponds to £ =1, w = 2, and @ = 2 in (5.3), we get

81,2 = —(52,2 +éeq - 62’3 +éep - 62,4). (10.1)

We may now compute the n-Lx V¥ = 2 x4 transition matrix N from 2% to A; such that
A; = N*xAo. We find that

o11
| (10 0 0 02
[81,2}[0 -1 —e —e2:|* 923 (10.2)
024
SO
1 0 0 0
N_[o -1 —e; _QZ]- (10.3)

We may also compute the n-Lx ¥ = 2 x4 transition matrix N from 2q to %;0 such that
24,0 = N 2. We have

2,0 - [91,1@)] _ [51,1(6131,1 + 26251,2)} _ [ 01,1 +e1022+2€2023 } . (10.4)

01,20 01,2(e101,1 +2e201,2) €1023+2012 +2€e2024
So
%@ = 51’1 +6152’2+26252’3 _ 31,1 +e; -82,24-262 -62’3
t €1023—2(022+e1-023+e€2-024) +2€2024 —2-02p—e1-023 ’

(10.5)
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So
011
61’1(’3 _ 1 (4] 262 0 62,2
0120 |0 -2 —e; 0|03
02,4
So

< 1 el 2e0 O
N= |:0 -2 —e 0:| ’
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(10.6)

(10.7)

We may now express each of the D™ @' in terms of the partials comprising %q. We

will express all monomials in the order e; < ez < e} < ej < e} <ey:

e = e 61’1 — 262 . 82,2 — 26162 . 32,3 — 26% . 32,4,

D=e)-011—€5022—e5e1-023—e€nep 024,

Dz_(euiﬂgwi%ri%fi)(e'iw'i)
S \loe, 2oe, loey 2dey/\ lde; ‘dey)’

which implies

D = €] 5ol 3o+ (6) 5oz +2(e163) oo+ () s
or
D2 = ¢!y +e5d12+ (€]) 2002 +2(e|e)) 03 + (€5) 004
So
D% =e/011—ey (922 +e1023+e2024) + (€]) D22 + 2 (€} e) D23+ (€)) D2
or

44 4 2 n ’ ’ 44 ! 2 rr
D* =e/01,+ ((61) _ez> “022 + (2€fe) —erey) - 023+ ((e5)” —exey) - 02,4

DO = (e}(0/0e1) +e5(0/0ez))(e1(0/0e1) +2ep(0/0ez)), which implies

2 2 2

4 a 4 a 4 4 4
DO +232E +elelﬁ+(262€1 +81€2)m +2€262ﬁ
1 2

4
=e1
lael
or

DO = eial,l + 2e§81_2 +e1e/182,2 + (2622’1 + eleé) . 82_3 + 2828’252,4,

or, after using (10.2) to replace 0; o,

(10.8)
(10.9)

(10.10)

(10.11)

(10.12)

(10.13)

(10.14)

(10.15)

(10.16)

DO = 8,151,1 - 26; (82,2 + 6162,3 +e262,4) +e1e’162,2 + (26261 + eleé) . 82,3 + 2626’282,4

(10.17)
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or
DO =e1011+ (e1e] —2¢e)) - 020+ (2e2e] —e1€}) - 023+ 0+ 02.4. (10.18)
®% = (e1-011+2e2-012)(e1 01,1 +2ep-01,2), which implies
©2=ey-011+4ey-012+e2-020+4ejep- 023 +4€3-024. (10.19)
So

@2 =e]- 61’1 —4ey - (32,2 +e 82!3 +e282,4) +e% . az,z +4eqep - 32,3 +4e§ . 32,4 (10.20)

or

@2 =ey- 61,1 + (e‘f —482) . 52,2 +0- 82,3 +0- 62,4. (10.21)

We may summarize these partial derivative relations by

2 ” 7\ 2 " o " 7\2 "
D el (e1)"—ey 2efes—ere; (e))” —ezey 11
D e; —e —ere) —ee) 62’2
Ro=[DO|=]|e; ee]—2e, 2ere;—ee, 0 : 62’3 =3-2Ag,
® el —2e; —2ejer —2e3 ’
2 2 02,4
® e e1 —4e> 0 0

(10.22)

where X is defined as the ® XV = 5 x4 transition matrix [ T(i,m)x«x ] (i,m)es from the vector
kel[Y]

of partial derivatives 2, to the vector of total derivatives Xq as defined in Theorem 8.1.
(We defined X here in the application to a quadratic since we do not really need it

elsewhere.)

11. Factoring the quadratic resolvent by Theorem 8.2. If a matrix A is an odd per-
mutation of the rows of a matrix B, then write A ~ —B. If a matrix A is an even permu-
tation of the rows of a matrix B, then write A = B. If A ~ —B, then det(A) —det(B). If
A =~ B, then det(A) = det(B). Then we have AO > = —Ap2 = —Aop * p, where

[ DO D
et | [@}9 [we] [ (40)
B N - M-A;

Ao = =
, D 5
o [@} (11.1)
- [0 (N 24) M 0 N o
- (Nx2g) o w| |N| 7%
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We have just shown that det2W) factors out of det Ay twice. Ag,l ~ Ao,1 * Zr, where

Do D
2 M@’ [N@] {m*(&@)} [m 0} {N}
Ao = = = = * *xAg. (11.2)

0 ¢ Ro,1 Ro,1 0 I To,1
D? D?
AIJ ~ =A% p, where
D
C) N M, m 0 N
A1 = = = = Aq. 11.
b e [Rl,l] [Rl,l 0 I ¥ Ti oo (11.3)
DZ
A{,O ~ Ak fa, where

DO [D} o
0?2 0 N. O 20 % (A.0) M 0 N
A1 = D2 D2 = [[Rl,o] = [ Rio “lo 1 * Tio *2Aq.  (11.4)

D D

AZ,O ~ =N * f), where
D
B O B N1 B MW A B m 0 N
Ao = D2 _[Rz,o}_[ Roo | |0 I * T *Aq. (11.5)
DO

We remark that Ty, ; is the 4th and 1st rows of X, T} ; is the 5th and 1st rows of X, T} o
is the 1st and 2nd rows of X, and Ty is the 1st and 3rd rows of X. Thus

Fop = —det (A(),z * ]?7) = —(detm)z -det |:§:| -det (AQ % i), (11.6)
~ BN ~
Fo1 = —det(Ag1 *p) = —(det2n) - det T -det (%q *p), (11.7)
L 0']_
~ N ] ~
F11 =—det(Ay ;1 *p) =—(det) - det T ~det (Aq x p), (11.8)
L 1'1_
- TN -
Fip=—det(A1o*p)=—(det®) - det T -det (Aq x p), (11.9)
| T10
_ N | _
Fop=—det(Azo*p) = —(det) - det T ~det (Aq x p). (11.10)
L 2'0_

Division of each coefficient function F; ,, by det(Q0) - det(%q * ;3) yields 0; i, the coef-
ficient functions of the Cohnian of P. We note that 2q * p is a 4 x4 upper-triangular ma-
trix whose main diagonal equals [01,1p1 022p2 023P3 0O2apa] =[1 2 -3 4].
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Therefore det(2q * 12) =24,

90,2 = —(detM) - det [E] = —

1l-e 2
€] €2

1
N 0

= —det - _
Box ¢ |:T0,1:| el
ey
1
N 0

= —det =

fr1 ¢ |:T1,1:| el
ey
1
[ N ] 0

01, = —det = -
1,0 7T1’0 elll
el
1
[ N ] 0

0> = —det =—
2,0 _TZ]O ei’
e

e

(]
-2
7262

4 2 rr
(e])" —e3
0
-1
e? —4de;
N2 n
(e])" —e3
el
-2

’ 2 n
(e])" —e3
0
-1
N2
(e])" —e3

eje] —2e),

l-ey 2-ep
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-1
el
-2

S = O -

2e;
—2e1eo
2ele, —ejey
0
0
2ele, —ejel
262
—eq
’ ’ 44
2e1e;—eje;
—ee)
0
2ele, —eey
2elex—ere)

0 0
—eq —er
262 0
—eq 0

0
0
—2¢3
(ey)” —ezef
0
e,
0
(e))” —ezel
0
0
(e)) —ezel
—eze)
0
e
(e))” —ezel
0

(11.11)

(11.12)

(11.13)

(11.14)

(11.15)

The weight of each F;, is ¥ - (¥ +1)/2 = 10. We factored out 24 - det)¥ to obtain 0;
which has weight 7. One can divide the Cohnian by the leading term to get a nonintegral
monic resolvent, D%y + (go1 +g1,1- &) Dy +(g10- &+ goo-&?) -y = 0. 0ne can show

that
__DW 1D Des
o1=""y TN T ey
Dez
g1 = e
_ l(Dez (DW _1%) _Dzez)
gro= 2\ e w 2 A eo
_1 (ﬂ ba _ D_2A> _
92,0 = w A A 91,0
where W = lefl ZG;ZZ = —detM is VA/x-e$! times the Wronskian.

(11.16)

(11.17)

(11.18)

(11.19)

12. Factoring a cubic by Mathematica. We will now present an example which re-
quires the use of a computer algebra system to test the conjecture that the determinant
of the matrix 20 given by (8.5) in Section 8 divides every term of the resolvent obtained
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by the powersum formula (3.1). Consider the cubic (3.1) in z
23 —x-22+x%z—(3x3+2x°-11x-10) =0 (12.1)

with Dx = 1. The form of the third-order x-resolvent of a general cubic was given by
(4.5) where n = 3, Q =4 by (1.1), and L = 3. Let g(x) denote the greatest common
divisor in the ring Z[x] of all thirteen F; ,, in this resolvent.

Let 210 denote the 9 x 9 transition matrix from the 9 x 1 column vector of partial dif-
ferential operators A = [0;,1,022,033,034,035,036,037,038,030]1 to the 9x 1 column
vector of operators X; = [D,0,D?,D0,02%,D3 D?0,D02,03]t. One first computes the
entries of 20 as elements of Q{e;,e»,e3} and then specializes e; — x, e» — x?, e3 —
(3x3 +2x%2—11x - 10), e; — 1, and so forth. Since 8; = 2 * 2;, we may apply this
9 x 1 vector to the 1 x9 row vector of the first nine powersums 1?7 to get the 9 x9
matrix ) = NLfa =M % (ALfJ). Since AL?) is a 9 X 9 upper-triangular matrix whose
main diagonal is [1,2,6,-8,10,-12,14,-16,18] we have that det(Q)) = —46448640 -
det(0) = 214.3%.51.7L.det(20). The computer directly computes 20, not 2V, since
M =[D™ q" palii' m'yxa.1<q<0 IS Very easy to compute.

The author use(]iJ Mgtlfggiatica 4.0 for Students on a Dell Dimension XPS R400 com-
puter, Windows 98. The computation time was about 5 minutes. The computer found
that

glx)=231.39.52. 7. 110 (=24 x) - x?- (1 +x) - (5+3x) (12.2)
(=15-11x+x)" - p(x) - p(x), (12.3)

where
P (x) = (2700 + 5940x +2187x% — 2688x3 — 1520x* + 296x° + 204x5), (12.4)

Y(x)=(-10-11x +2x%2+6x3), and det(M) = 222.35.51. 71 . x2(=15-11x +x2)10.
Y (x).So deg, g(x) = 36. One sees that det(10), and hence det(20), divides g in the ring
Q[x]. Therefore, the conjecture has been verified for P(t) = t3 —x -t +x2 -t — (3x3 +
2x%2-11x—-10).

We also note from the output of this program that the leading term in the resolvent
Fo3+ - Fi 3 equals

(=24+x)-(14+x)-(5+3x) - (=15-11x +x?)°

(12.5)

~p(x) - (W(x) +x(50+55x —10x2% —18x3)).
Atx € {2,-1,-5/3} and the roots of —15—11x +x2 and ¢ (x), the powersum formula
fails, since the formula yields an identically zero differential equation. However, for
all powers, « = 1/5, there exist roots of (g (x) + o« (50 + 55x — 10x2 — 18x3)) which
are not roots of g(x). These yield the apparent singularities of the resolvent. At « =
1/5, Fo3+ - F; 3 reduces to (12/5)x3 whose only root is x = 0, which satisfies g (0) = 0.
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Appendix. We now state two theorems regarding the existence and form of resol-
vents for any polynomial with differentiable coefficients. We will prove in a nonrigorous
manner the main result of the second theorem asserting the maximal degree of «.

THEOREM A.1. Let P(t) = XY (~1)N~ley_; -t be an Nth-degree polynomial over a
d-field, F, with n distinct roots {zj};‘:l. Let & be either a transcendental indeterminate
over | with Dx = 0 or an integer. For each j € [n], let y; be a nonzero solution to
the ordinary differential equation, z; - Dy; = «-y;-Dz;. Define o to be the maximal
number of the y = {yj}?zl which are linearly independent over constants. Then there
exists a nonzero oth-order x-resolvent, R, of P with terms in Z{e},[ «]. Furthermore, no
x-resolvent of P has order less than o.

REMARKS A.2. This is [6, Theorem 16, page 39]. Theorem A.1 asserts a little more
than the well-known result that there exists a linear ordinary differential equation of
order o which is satisfied by any set of o functions which are linearly independent over
constants. One has to work through the details that the terms of this linear ordinary
differential equation lie in the desired differential ring.

THEOREM A.3. LetP(t) = Xﬁo(—l)"‘ieN,i -tt € F[t] be a polynomial of degree N in
t over a d-field, F, with n distinct roots {z;}!" . Then there exists an oth-order differential
resolvent, 9y = 3% _o ST Ry - D™y = 0, with Rim € Z{e}, and Ry = 0 for some
0 € [n] where Q is defined to be 0(0o — 1) /2 + 1. Furthermore, o may be chosen to equal
the number of {y; 3‘:1 linearly independent over constants.

PROOF. If P(t) = t¥ - P(t), where P(t) has no zero roots, then P and P have the
same differential coefficient field Q(e) and the same nonzero roots. The zero roots
of P satisfy the resolvent of P, since a resolvent is a homogeneous linear ordinary
differential equation. So P and P have the same resolvent. So, henceforth, assume v = 0.
Write P(t) = [, (t—z;)™.

Define

’me/m Pm+i| mxil<m=n
bk =(-1 m i#k,0<i<n-1

|pm+i|m><i,lgmgn
O<i<n-1
n i mle . n o me+i (A.1)
Z-j:l M- Zj Zj ijl -2 mxi,lsms=n
m i#k,0<i<n-1

n m+i
‘ Zj:l T - Zj ’mxi,lsmsn
O<i=n-1

=(-1)

By definition, by € Q(e). Factoring the denominator and numerator yields

bk=(—1)m’"f'zﬂmxj' 2" D2

|7TJ' ! Z;Tn | mxj |Z; |j><i,0$isnfl

zt ‘
J | jxi,i#k,0<i<sn-1

(A.2)

-1 R
’zj Dz; Z;

ixj,ixk,0<i<n-1

|2j | ixj,0<isn-1
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Thus by is simply the Cramer’s rule solution of the system of n linear equations
Dzj/zj =S} by X for each j € [n].

For any root z, define By;(z) = 22:_8 by - z*¥. Then Dz% = x-z% - (Dz/z) = x - z% -
B11(2). So the hypothesis that D™z%/z% is a polynomial in & over Q(e)[z] of de-
gree at most m is true for m = 1. Assume that D™z% = z& - 3", «! - B}, (z), where
Bim(z) € Q(e)[z]. Then D™ 1 z% = (Dz*)- Y%, o By (2) +2%- 3 &« DBy (2) = -
Z%B11(2) - 3 ol By (2) + 2% 3% o - DBy (2) = 2% 310 o+ (B11 (2) - Bioym (2) +
DB (2)), where By, (z) =0 for m € [n] and By +1,m(2) = 0. So the hypothesis is true
for all m.

Define By (z) = 1. Let 0 denote the maximal number of {y;}*, = {z{}}*, which are
linearly independent over constants. Let {y;}?_, = {zJ}?_, be linearly independent over
constants. Each of the {z*}?_, clearly satisfies the linear ordinary differential equation

Jy = ‘szix D™y | ism1<i<o (A.3)
O<m=o
0 o | m
= (ﬂ%“) 2 D™y =0, (A4)
i1 m=0|1=0 ixm’

m’+=m,0<m’ <o

The remaining {z{*}}" ,,, also satisfy this linear ordinary differential equation because
they are linear combinations of {z*}?_, over constants. The leading term of J is

W= |Dm2? | ixm,l<i<o (A.5)
O<m=<o-1
0 -
= (1_[2?)- o -Bw(z)| (A.6)
i=1 1=0 ixm',1<i<0

0<m’<o0-1

the Wronskian of 3. Since the {z*}?_, are linearly independent over constants, W = 0.
Let

’ Z?:l/o ol - Bim (ZL') ixm’
Ry, = m’+m,0<=m’ <o . (A7)
‘ S020 ol B (2i)

ixm',1<i<o

0=m’'<o-1

Then 3y /W =Dy +an’:10Rm -D™vy and Ry, € Q(e)(z1,...,20,x). Since R,;, no longer
involves the ath power of z, we may apply each automorphism o in the Galois group
G of P to this equation and sum the resulting equations to getRy = 5, cc 0 (I/W)y =
|G| -D°y + an_:lo)&m - D™y, where the terms R, of R now lie in Q(e)(x) since they
are now fixed under the action of any element in G. Since |G| = 0, R is not identically
zero. So A is a resolvent of P. Clearing denominators of R yields an integral resolvent
R whose terms lie in Z{e},. This proves Theorem A.1.

The resolvent 2 is a rational function of «. Because we have summed over all elements
in the Galois group to get &, when we clear denominators to get % we will get a resolvent
which will be a polynomial in « of degree much greater than the result desired in
Theorem A.3. Therefore, we must try a different approach which is quite similar to the
standard proof of the existence of a resolvent for an irreducible polynomial which uses
the existence of a basis for any vector space over Q(e) ().
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Write X"y &l - By (2) = S¢20 2% - Emx, where Ep . € Q(e)[«], Eox = 1, for all k €

[n—1]o. Let the first  rows of the n X (n+ 1) matrix [Ep k] ook be linearly indepen-
<m=<n
O<k<n-1

dent over Q(e)(x) and let the first » + 1 rows be dependent. Note that the condition

that Egx = 1, for all k € [n— 1], guarantees that ¥ > 0. So the (¥ +1) X (n+1) submatrix

[Em k] oka has rank 7. Then this submatrix has an » X7 submatrix E = [Em’k]()imgr
< €K

=m<r
O<k<n-1

for some subset K c [n— 1] such that detE # 0. Hence,

Jy = z |Em k’|0<m <rom'+=m " S(=1)™-D™My
m=0 k' €K
r

Z z |Em’,k’ O=m’'<r,m’ +m " (=)™ Emx (A.8)
m=0 k=0 k'eK
n-1 r n-1
Z |Em’,k’ O<m’'<rm’+m " (=)™ -Emi = Z zk. |Em,k’ 0m><k’
— ' — m<r
k=0 = k'eK k=0 K eK Uik}

But the (r +1) X (¥ + 1) determinant |Ey, k' lmxk’,0sm<r = 0 since [Ep k lmxk,0cm=<r has

k' eK Uik} 0<k=n-1
rank 7. So 3y = 0. Since the leading term of J is detE # 0, and since |Epy’ i/ lo<m’ <r,m’+m €
k'eK
Q(e)[«], I is a resolvent.
Since degy Emk < m, it follows that degy |Em’ k' lo<m’<rm/»m < 2i—oi—M =7+ (¥ +

k'eK
1)/2 —m. Since By, (z) = 0 for each m’ € [n], « divides Eyy x for each m’ € [n] and
each k' € K. So, for each m € [r], we can factor & out of the m’th row of |Ep k' lo<m’ <r
m’+=m
k'eK
for each m’ € [r], m’ # m. Thus we can factor o ~! out of |Ey k' lo<m’ <r.m’+m- BY @

k'eK
similar reasoning, we can factor &” out of |Ey’ k' | e[y}, the coefficient of v in 3y. Thus

k'eK
the resolvent g = &~ . J has the form
" _ .
= Z Z Rim- D™y, (A.9)
where Q=7r-(r+1)/2—(r—1) =7r-(r—1)/2+1. This proves Theorem A.3. O

REMARKS A.4. Theorem A.3 is [6, Theorem 37, page 67]. We used the letter B to
suggest base field. Referees at several other journals suggested using the left greatest
common divisors of the differential resolvents of the irreducible factors of P to prove
Theorem A.3. However, even for an irreducible polynomial, one would still have to go
through the steps in this proof to get the bounds on the degree in «. A greater com-
plication is proving that the resulting linear ordinary differential equation is in fact a
resolvent of P. The resolvents of the irreducible factors of P lie in the differential co-
efficient fields of the individual factors. But it is very difficult to prove that the terms
of some combination of these resolvents lie in the differential coefficient field of the
original polynomial P.
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