IJMMS 2004:66, 3565-3576
PIL S0161171204406516
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

PRECISE LIM SUP BEHAVIOR OF PROBABILITIES OF LARGE
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Let {X,Xy;; n > 1} be a sequence of real-valued i.i.d. random variables and let S;, = 2?:1 Xi,
n > 1. In this paper, we study the probabilities of large deviations of the form P(S, >
tnl/P), P(Sy < —tnl/?), and P(|Sy| > tnl/?), where t > 0 and 0 < p < 2. We obtain precise
asymptotic estimates for these probabilities under mild and easily verifiable conditions. For

example, we show that if S, /nl/? 2.0 and if there exists a nonincreasing positive function
¢ (x) on [0, c0) which is regularly varying with index &« < —1 such that limsupy ., P(|X]| >
x1/P) /¢ (x) = 1, then for every t > 0, limsup,_.. P(ISn| > tnl/?)/(np(n)) = tP*,

2000 Mathematics Subject Classification: 60F10, 60F05.

1. Introduction. Throughout this paper, let {X,X,; n > 1} be a sequence of real-
valued independent and identically distributed (i.i.d.) random variables and, as usual,
let S, = 2?:1 X;, n = 1 denote their partial sums. If

Sn—an P

b, 0, (1.1)

where {a,; n>1} and {b,, > 0; n > 1} are sequences of constants, then the probabili-
ties of the form

P(Sy—an > thy), P(Sp—an<-tby), P(|Sh—an]| > thy), (1.2)

where t > 0, are called probabilities of large deviations of the sums {S,;; n > 1}. The
study of large deviations started with Cramér [9] and Chernoff [7]. They showed that if

M(t) =E(e'X) <o VteR, (1.3)

then
(i) for every closed set A c R,

logP(n~'S, €A)

lim sup < —-A(A), (1.4)
Nn—oo n
(ii) for every open set A c R,
-1
liminf 08P ISn €A) 4y (1.5)

Nn—oco n
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where, for x € R and A c R,

A(x) =sup (tx —logM(t)), A(A) = ianA(x). (1.6)
teR xe

This fundamental result is what we call the large deviation principle for partial sums
{Sn; n = 1}. Donsker and Varadhan [11] and Bahadur and Zabell [1] established a large
deviation principle for sums of i.i.d. Banach space-valued random variables. Bolthausen
[2] extended the Cramér-Chernoff-Donsker-Varadhan-Bahadur-Zabell large deviation
principle when the laws of the random variables converge weakly and satisfy a uniform
exponential integrability condition. As an application of the Bolthausen large deviation
principle, Li et al. [20] established a large deviation principle for bootstrapped sam-
ple means. In another direction, under the Cramér condition, which asserts that there
exists a positive constant C such that

M(t) =E(e'¥) < o for |t| < C, (1.7)

Petrov [23] obtained asymptotic expansions for the following probabilities of large de-
viations:

P(Sn = nE(X)+n'?x), P(Sp < mE(X)-n'?x), (1.8)

where x = 0 and x = 0(n'/?). Let 02 = Var(X). It follows from the Petrov asymptotic
expansions [23] that if

by by
- 0, " 0, (1.9)
then
. n Sn—nE(X) ) o’
lllgllﬁsol;lp b2 logP (7% eEA| < > )1(r61£ x< for A closed,

o , (1.10)
on = NELA) o A) > -7 infx? forA open.
hn 2 xeA

limigf ;—% logP (
Borovkov and Mogul’skii [4], Chen [5, 6], de Acosta [10], and Ledoux [18] obtained ver-
sions of (1.10) in a Banach space setting under various conditions. There have been
a great number of investigations on the probabilities of large deviations for sums
of independent random variables. Surveys of these investigations can be found in
[3, 16, 25, 26, 27, 28].

Clearly, (1.4), (1.5), and (1.10) provide the rate, in a certain sense, at which the con-
vergence in probability takes place in the weak law of large numbers (WLLN). However,
it can be shown that the Cramér condition (1.7) is necessary for the classical large de-
viation principle (1.4)-(1.5) to hold. Under some mild conditions, the convergence rates
of the law of large numbers have been studied by many authors. There is a large lit-
erature of investigation on this topic; see, for example, Stout [29], Petrov [25, 26], and
references in these three books. The introduction of [19] provides a concise summary
of this topic. For example, assume h(x) is positive, nondecreasing, and slowly varying



PRECISE LIM SUP BEHAVIOR OF PROBABILITIES OF LARGE DEVIATIONS ... 3567

at infinity, and let 0 < p < 2 and r > 0. Heyde and Rohatgi [14] showed that

P(Mze>:o< 1 )Vs>0 (1.11)

nl/r nh(n)

if and only if

E(X)=0 ifl<p<?2,

Iim n' =P E (X cqipy) =0 if0<p <1, (1.12)

PUXT> ) = o )

A version of Heyde-Rohatgi’s result in a Banach space setting was obtained by Li [21].

It is natural to ask if it is possible to establish a Cramér-Chernoff-type large devia-
tion principle if the random variable X is not assumed to satisfy the Cramér condition
(1.7). While the Cramér condition (1.7) is of course weaker than (1.3), it implies that
E(|X|") < o for all » > 0. In this paper, we will answer this question in the positive by
presenting, under mild and easily verifiable conditions, precise asymptotic estimates
for the probabilities of large deviations of the form

P(Sy>tn''?),  P(S,<-tn''?),  P(|S,]>tn''?), (1.13)
where t > 0 and 0 < p < 2. This will be accomplished by Theorems 2.1, 2.2, and 2.3.

2. Main results. We now state our main results. Proofs will be given in Section 4.

THEOREM 2.1 (two-sided large deviation probabilities). Let {X,X,; n > 1} be a se-
quence of real-valued i.i.d. random variables, and let S,, = > | X;, n > 1. If, for some
0<p<?,

Sn P
=0, (2.1)

and if there exists a positive nonincreasing function ¢p(x) on [0,c0) which is regularly
varying with index « < —1 such that

. : P(IX|>x1/P)
1 =0, 1 e I 2.2
imxg(o =0, limsup =503 22
then
. P(ISul > tn'/P)
hlylllas;lp —nqb(n) =t vt >O0. (2.3)

THEOREM 2.2 (one-sided large deviation probabilities). (i) If, for some 0 <p < 2,
(2.1) holds, and if there exists a positive nonincreasing function ¢, (x) on [0, ) which
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is regularly varying with index « < —1 such that

1/p
lim x¢;(x) =0, limsupM =1,
X—00 X—00 ¢1(x) 2.4)
xP(|X] > x!P) . )
m=——————>=0 forsomeintegerm=>1,
xmo (xdr(x))
then
. P(Sy > tnl/P)
limsup———= =t* VvVt >0. 2.5
naoop ne(n) (2.5)

(ii) If, for some 0 < p < 2, (2.1) holds and if there exists a positive nonincreasing
function ¢, (x) on [0, 00) which is regularly varying with index « < —1 such that

_xl/p
lim x> (x) =0, limsupM =1,
X—oo x— 00 P2(x) 2.6)
xP(|X]| > x!/P) . :
m——————7-=0 for some integer m > 1,
= (xa(x))
then
. P(S, < —tnl/P)
limsup————~= =tP% Vit > 0. 2.7
sl nga(n) 1)

THEOREM 2.3. If, for some 0 < p < 2, (2.1) holds and the conditions (2.2), (2.4), or
(2.6), respectively, are satisfied with “lim” in place of “limsup,” then

P(t11’ll/p < |Sn| stzn””)

lim () =t/ =8 Vo<t <tr <o, (2.8)
%%P(tlnl/i;pf?ng) LP) e e o <ty <ty < oo, (2.9)
or
lim P(_tml/izf(’;? —tn'P) e e oo <ty < oo, (2.10)
respectively.

EXAMPLE 2.4. Consider a sequence of real-valued i.i.d. random variables {X, X;; n >
1} with the following common probability density function:

1 3
f(x) = ;I{le} +ﬁ1{xs—1}, —00 <X < 00, (2.11)

Then (1.7) fails but

E(X)=0.25, E(X|P)<o VO<p<2. (2.12)
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Thus, by the Marcinkiewicz-Zygmund strong law of large numbers (SLLN) (see, e.g.,
Chow and Teicher [8, page 125]),

Sn—0.25n

i — 0 a.s. (2.13)

Note that for 0 < p <2 and x > 1,

P(X > x)=0.5x"2, P(X < -x) =0.5x"3,

(2.14)
P(IX|>x)=0.5(x"?+x73)
whence, for all large x,
P(X-0.25>x7P) =0.5(0.25+x/7) % ~ 0.5x 27,
P(X-0.25 < —x1?P) =0.5(x'/7 —=0.25) " ~ 0.5x 737, (2.15)
P(1X=0.25] > x17) = 0.5(0.25+xY7) 2 +0.5(x1/? —0.25) > ~ 0.5x /7.
Thus by Theorem 2.3, for any 0 < p < 2, we have the following conclusions:
lim n@P=1p(§, >0.25n+tn''?) =0.5t72 Vvt >0,
lim n®/P 1P (S, <0.25n—tn!/?) =05t Vit >0, (2.16)
lim n®P-1p(ls,-0.25n| > tn'/?) =0.5t % Vt>0.

EXAMPLE 2.5. Let 0 < p < 2 and let {X,X,; n > 1} be a sequence of real-valued
symmetric i.i.d. random variables such that

L(x?)
P(|X|>X)~W as X — o0, (2.17)
where L(x) is a positive function on [0, o) which is slowly varying as x — o and either
B=1and L(x) - 0as x — o or §> 1. Then

L(x)

1/py
xP(|X|>x1P) o

— 0 asx — o (2.18)
and (2.1) then holds by the Klass and Teicher [17] WLLN analogue of Feller’s [12] famous
generalization of the Marcinkiewicz-Zygmund SLLN. Since ¢(x) = P(|X| > x1/P) =
L(x)/x# is regularly varying with index —f < —1 and (2.2) holds with “lim” in place
of “limsup,” it follows from Theorem 2.3 that

P(|Sn| > tnl/r) . nPP(|S,| > tnl/P)

; — _t-pB
rltlglo nL(n)/nb %1{1010 L(n) e (2.19)

It may be noted that E (| X|") = o whenever v > Bp whence (1.7) fails. Moreover, S, /n!/?
does not necessarily converge to 0 a.s. To see this, suppose =1 and L(x) ~ 1/logx
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as x — oo. Then for x; sufficiently large,

0 p_l p
E(X17) = const. [ L) g

p)) Xp

> COl’lSt.J L (2.20)
xo Xlogx

= 00,

Thus by the (converse of the) Marcinkiewicz-Zygmund SLLN, S,,/n!/? does not converge
to 0 a.s.

3. Auxiliary results. In this section, we collect some auxiliary results needed for
the proofs of our main results. We need some additional notation. Let k;(Y) denote
a quantile of order g, 0 < g < 1, for a real-valued random variable Y. The inequalities
provided by (3.1) and (3.2) are extensions of the classical Lévy inequalities wherein
q=1/2.

LEMMA 3.1. Let {Vi; 1 < k < n} be a set of n real-valued independent random vari-
ables and set Uy =0 and Uy = V1 +-- -+ Vi, 1 < k < n. Then, for every q in the interval
(0,1) and every real x,

P(lmkax (U + Kk1-q(Un — Uy)) >x) < éP(Un > x), (3.1)
=Kk=n
1

P(IIBI?E;HUH — kg (|Un—Ux])) >x> < EP(|UH| > x), (3.2)

P( max (Vi +K1-q(Uk-1)) > x) < lP( max Uy > x), (3.3)
l<k=n q 1<k=<n

P( max (|Vi|—kq(|Uk-1])) >x> < lP( max |Uy | >x>. (3.4)
l<k=n q l1<k=n

PROOF. Note that we can put k14 (U —Ux) = —kq(Ux—Uy), 1 <k <n,and so (3.1)is
due to Petrov [24]; also see [26, Theorem 2.1]. Using almost the same argument as in the
proof of (3.1) given by Petrov [24], (3.2) follows. Our proof of (3.3) is also a modification
of Petrov’s [24] proof of (3.1). We write

M; = max (Vi +k1-4(Ux-1)), j=12,...,n,

Jj<k=n
Dy ={Vp+ki1-q(Un-1) > x},
Dj={Mj1 <x, Vi+ki4¢Uj1) >x}, j=12,...,n-1,
Ei={Uj-1-Kk1-q(Uj_1) 20}, j=1,2,...,n.

(3.5)

We then have

{ max (Vi —Ki—q(Uk-1)) > x} ={M >x}=U",D; (3.6)

1<k=<n
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and, noting that {Dj; 1 < j < n} is a disjoint collection of events,

M=

P(M, > x) = > P(D;). 3.7)

1

-
Il

Furthermore,
P(Ej)=q, j=12,...,n (3.8)

Note that the events D; and E; are independent and

Dijjg{Uj>x}g{lmkaxUk>x}, ji=12,...,n. (3.9
=Kk=n
Hence
n n
P(lmkaxUk>x>>P(uk1kaEk Z (D;nE;) = > P( E;) (3.10)
<k<n
j= j=1

Taking into account (3.7) and (3.8), we conclude that

1<k=<n

n
P( max Uy > x) z =qP(M; > x), (3.11)
proving (3.3). Inequality (3.4) follows from the same procedure as above if {M;; 1 < j <
n}, {Dj; 1 <j<n}, and {Ej; 1 < j <n} are defined, respectively, by

Mj = max (|Vi|-ks(|Ux-11)), Jj=1,2,...,m,
j<k=n

Dy ={|Va| =kq(|Un-1]) > x},

(3.12)
DJ'={MJ'+1 <X, |Vj~—Kq(|Uj71{)>X}, j=1,2,...,1’l—1,
EJ':‘HUJ;1|—Kq(<UJ;1|)SO}, j:1,2,...,’l’l
The lemma is proved. |

The following result due to Li [22] is a generalization of the Hoffmann-Jergensen [15]
inequalities.

LEMMA 3.2. Under the conditions of Lemma 3.1, for alln > 1 and all x,y,z >0,

P(Un>x+y+z)<P(mkaka>x)+4P(U >y—uP(U,>z-pu?), (3.13)
<<n

P(|Up| >x+y+2) sP(lm’?X [ Vi | >x)+4P(|Un| >y—uP(|U,| >z-u'?),
=K=n
(3.14)

1 2
where pi) = max <g<n k12 (|Up — Uxl) and pi’ = max <k<n k1/2(|1Ug]), n = 1.
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4. Proofs of main results. We only give the proof of Theorem 2.2. The relations
(2.3), (2.8), and (2.9) can be proved in the same vein. Replacing {X,X,; n > 1} by
{=X,—Xy,; n =1} in (2.5) and (2.9) yields, respectively, (2.7) and (2.10). The proof of

Theorem 2.2 will be broken down into the following four steps.

STEP 1. We show that (2.1) and (2.4) imply that there exists an integer v > 1 such

that

P( [Sn | >£) =0((np1(m)""") ve>o.

To see this, write

n
Xni=Xil{x,jeniivy, 1=12,...m,  Tp=2 Xpi, n=1.
i=1

Then it follows from (2.1) that (see, e.g., Chow and Teicher [8, page 359])

rl[ll.’nE( T ) = hm nl (l/p)E(XI{‘X‘<n]/p}) O

Nn—o0

and (2.4) ensures that
P(% > s) <nP(|X|>n'?) =o((np(m))"'™) Ve>o.

Now it follows from (2.4) and [13, Theorem 1(b), page 281] that

|Tn Tn)| 2n 2
(W > 8) < WE(X I{\X\snl/p})

4

nlip

B WJ YUPP(IX| > ylP)y 1D 1gy

_ O(nl—(Z/mJ y(z/”)’z(y¢1(y))l/mdy)

O( 1-@/p) f il 2(yql)l(y))””dy)
= 0 (n'-@/Ppein- (n¢1(n))1/” )
= 0((np1(m)""),

4.1)

(4.3)

(4.4)

(4.5)

where v > m is an integer such that 2/p — 1+ (1 + «)/v > 0. Thus, the relation (4.1)

follows from (4.3), (4.4), and (4.5).

STEP 2. Set Sy = 0 and note that since the X;,, n > 1, are i.i.d.,

u) = max ke (1Sn- Sk|):113%’(1/2(|5k’):“1(12>’ n=l,

O<k<n

(4.6)
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and that (2.1) guarantees that

2
oy

n—o pl/p

=0. (4.7)

Then for every ¢ > 0, it follows from (3.13) and (2.4) that

P( Sn >E)<P(maxx >£n1/r))+4p Sn >£_U£L2) :
nl/r B 1<k=n K73 nl/r ~ 3 nlip

(2) \\ 2
=O(n<l>1(n))+4(P( Sn_ £ M )) .

nliv 3 nl/r

(4.8)

In view of (4.7), it follows by repeating v — 1 times the above procedure for arriving at
(4.8) that for every ¢ > 0 and all sufficiently small €; > 0 and sufficiently large n,

2'U
P(nﬁr/‘p > s) sO(n¢1(n))+O((P(Ti’/‘p >el>) )

= 0(ng1 () +0((np1 ()*"")  (by (4.1))
=0(n¢i(n)).

STEP 3. For every given t > 0, applying (3.13) again, it follows from (4.7) and (4.9)
that for every 0 < € < t,

2)\\ 2
P( Sl’} >t) sP(maxXk>(t—s)n1/’”)+4<P( 517 s> & “11/ ))
=K=Nn
nlir 1<k nt/r =2 nlr (4.10)
<nP(X > (t—e)n''?) +0((nd1(n))°).

Since ¢;(x) is regularly varying with index « < —1 and since limsup,_,P(X >
x1/P)/p1(x) =1 and limy .. X1 (x) = 0, it follows from (4.10) that

P(S, > tnl/P)

limsu < (t—¢g)P*, 4.11)
naoop nei(n)
Letting ¢ | 0 yields
. P(S, > tnl/?)
limsup —————= < tP%. (4.12)
nawp neoi(n)
STEP 4. Forn>1 and 0 < g < 1, write
gn,q) = min k1_4(Sk), (4.13)
O<k=n-1
where Sy = 0. Then we see from (2.1) that
tim 279 o yo<g<1. (4.14)

N—o00 nl/r?
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For every given t > 0, by applying Lemma 3.1, we have

P( max Xy > tn”"’) < P( max (Xg +Ki—q(Sk-1)) > tn'/? +g(n,q))

1<k=<n 1<k=n

< lP( max Sy > tn'/? +g(n,q)) (by (3.3))
q l<k=n
< %P(lmkax (Sk+K1-q(Sn-k)) > tn'/P +2g(n,q)> (4.15)
=Kk=n
= ~p((max (S ki-g(Su-51) > P +2g(n,a) )
q l<k=n
< P(Su> ' 429 (ma) (by G.D)

and this, together with (4.14), ensures that for every € > 0,

P(S, > tn'/?) P(S,> (t+e)nt? +2g(n,q))

limsu > limsu
P T e () v N1 (n) @16
. qzhmsupp(maxlskﬁnxk > (t+&)nl/p) ’
B n—oo nei(n) '
We now show that
. P(maxj<gn Xy > tn'/?)
}Lll’l;lo nP (X > tni/r) =1 Vt>0. 4.17)
Note that
P(maxi<pn Xk > tn'/?)  1-(1-P(X >tn'/?))"
nP(X > tnl/p) - nP(X > tnl/r)
- 1-exp{—nP(X >tn'r)} (4.18)
- nP(X > tnlir)
— 1
by L’'Hospital’s rule since (2.4) ensures that
P(X > x/P
XP(X > x17) — xp () EEZX) g ) 4.19)
¢1(x)
Thus,
i P(maxlsksnxk > tnl/p)
hmlgf nP (X > tniip) >1 (4.20)
whereas
) P(maxy<g<n Xy > tnl/?)
hrylllﬂs;lp WP (X > tnin) <1 4.21)

is immediate thereby establishing (4.17). Since ¢ (x) is regularly varying with index
« < -1 and limsup,_ P(X > x'/?)/¢p1(x) = 1, we have

) P(X > tnl/P)
limsup ——————~

= top
msu b1(n) t vit>O0. (4.22)
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Then it follows from (4.16), (4.17), and (4.22) that

1/p
quz(thﬂ“’” V0<qg<1, Ve>0. (4.23)

Letting g 1 1 and € | 0 gives

1/p
lim sup P(Sn > tn'7)

>t Vt>0, 4.24
n—oo nqbl(n) ( )

which, when combined with (4.12), establishes (2.5).
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