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SHIFTED QUADRATIC ZETA SERIES

ANTHONY SOFO

Received 3 February 2004 and in revised form 30 June 2004

It is well known that the Riemann Zeta function C(p) = >,—; 1/nP can be represented
in closed form for p an even integer. We will define a shifted quadratic Zeta series as
w1 1/(4n? - o)” . In this paper, we will determine closed-form representations of shifted
quadratic Zeta series from a recursion point of view using the Riemann Zeta function. We
will also determine closed-form representations of alternating sign shifted quadratic Zeta
series.

2000 Mathematics Subject Classification: 40C99, 40D99.

1. Introduction. In this paper, we will define a shifted quadratic Zeta series as one
of the form

ol 1
S(a,p) := s 1.1
(@.p) ,Zl (4n?— (a+1)2)? (1)
where p is a positive integer and a = 0,1, 2,....
The Riemann Zeta function, C(p) is defined by
Cp) = i . R(p)>1 1.2
p)= e p)>1, (1.2)
n=1
and we will also define
S-S — L (13)
p) = > Gn 17 .
n=1
The alternating sign series version of (1.1) will be defined as
© (_1)n+1
AS(a,p) := 1.4
(@.p) n; (4n2—(2a+1)2)" (14
for p, a positive integer, and a = 0,1,2,....
The Dirichlet series, D(p) is defined as
x (_1)n+l
D(p):= ). BT R(p)>1, (1.5)

n=1
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and furthermore, we define

) * (_1)n+1

The following formulae for C(p) have also been given.
Euler, in 1748 gave the formula

© 1 —1)a-122q-1 2q
C(2q) = z @ = ()(TT(BZW (1.7)

where By, denotes Bernoulli numbers for g € N. The Bernoulli and Euler numbers, B,
and E; are defined, respectively, by

Bj, |t|<2m, (1.8)

2et
et+1

Ej, |t|=<m. (1.9)

i vy
iz0 o J!
Lin [9] in 1999 gave the following elementary expression for € (2q): let g € N, then

z i =Ky, (1.10)
ot n24a

where K, is given by the recurrence relation

(-nalg T (-
17 ar) 2 a-2jr .

The main aim of this paper is to determine closed form representations of S(a,p) in
terms of d(p) and the Riemann Zeta function C(p). The closed form of AS(a,p) will
also be given. It is well known that C(p) can be represented in closed form for p an
even integer, although no closed representation of C(p) exists for p an odd integer.
Closed form representations of S(a,p), 6(p), and AS(a,p) for particular cases of a
and p can be determined from contour integral methods and the interested reader is
referred to the excellent paper by Flajolet and Salvy [4].

Luo et al. [10] obtained the following three theorems, expressing (1.2), (1.5), and (1.6)
as a recurrence relation, from the point of view of Fourier series analysis.

THEOREM 1.1. Forg €N,

(—1)a-1gm2a ! (1)a-ia-2i
Qa+D! 5 (2q-2j+1)!

C(2q) = C(2j),

(1.12)

00

22q+1 1
Ca+1) = 5507 [2% Gn= Dz +U(2q+1)]
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THEOREM 1.2. For q € N, the following hold:

(71)q7122q71n2q

2q) = ———F———B;
C(2q) 29)! 2q»
mea+lE 22q+2 © 1 (1.13)
C(2q+1) = T :
(22q+2_2)(2q)! 22q+1 _ 1 = (4n—1)2a+1
where Bj and E; are the Bernoulli and Euler numbers defined by (1.8) and (1.9).
For the alternating case, the following holds.
THEOREM 1.3. Forqg €N,
_(-D*im O (—naimad
DD =5 5a 1 & 2q-2j+1)] by,
-1 (1.14)
—1)4aqr2a+1 ., (—1)a+Jqr2a-2j
c2q+1) = DT CDTIm S 2i+1).

22a+2(2q +1)! _1:1 (2q-2j+1)!

Additionally, in particular, cases (1.1), (1.3), and (1.4) can be determined in closed form
by Fourier series analysis.

The Fourier series representation

M:lfzsinx, X € 0,E , (1.15)
(4n2-1) 2 4 2

leads to the result (1.1) and (1.4) for a = 0 and p = 1.
In a similar way, the Fourier series representation

= cos(2n-1)x m (T
%7(211_1)2 =Z<E—|x\), x € [-m,m], (1.16)
leads to the closed form representation of (1.3) for p = 2.

Hence the development of a recurrence formula for S(a,p) in terms of the Riemann
Zeta function, C(p), has the advantage, over contour integral methods and Fourier
series analysis, of simplicity in determining closed form representations of S(a,p) for
any integer values a and p.

The next two lemmas will be useful in the proof of the main results in this paper.

2. Quadratic nonalternating case. The following lemma will be required later.

LEMMA 2.1. Fora=0,1,2,... and p a positive integer > 2,
@)

5p) = (1-55 )T, 2.1)
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(ii)
ii 5(p)+z; (2.2)
o’ (Zn 2a—-1)r (2 2a-1)r’
(iii)
i 2n+2a+1)? —(2n-2a-1)?
= (4n2—(2a+1)2)"
2a+1 1 1 {0, for p odd,
= Z = =+ a 2
2r —2a—1)p 2 1)p =
o @r—2a-1)r  (2a+1) 21 Gari_onr’ for p even,
(2.3)
(iv)
[ a
g 2n+2a+1)1”: g 21/+1)P 24
W) forp=1,
i 2(2a+1) i ( 1 1 )
“ (2n-2a-1)@2n+2a+1)  “~\2n-2a-1 2n+2a+1
B w (2.5)
Z( 1 )+ 11
“\2n-1 2n-1) 2a+1 2a+1’
PROOF. (i) follows directly upon subtracting
o 1
. Gy (2.6)
from C(p).
(ii)
i 1 B LS S | 1 L+L+
= (2n-2a-1)7  (1-2a)? ' (3-2a)” 37 " (—1yr 37
a
1
:gl @r—2a-1yr 0P
(2.7)
(iii)
i ! + ! +oeet ! + L +1+L+
o} 2n7(2a+1)) T (1-2a)r " 3-2a) (=3)r  (=1)? 3r
+ ! + ! + ! o
2a-1)»  (2a+1)»  (2a+3)? ’
:E: 1 N 1 N 1

= 2n+(2a+1)) T GBreay Greay Ti2ap
2.8)
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by subtraction

> 1 1
g{ 2n—(a+1))" (2n+(2a+1))p}
_ LS SR SRR SUN
(1-2a)?»  (3-2a)? (a-3)» (a-1)» (Ra+1)r’
i (2n+Ra+1)" -(2n-(a+1))"

= (4n2 - (2a+1)2)" (2.9)
% 1 & 1+ (-1
- Zl (2r —(2a+1))” (2a+1)?’ g (2a—-(2r-1))»
1 {0, for p odd,
= — 4+ a 2
(2a+1)r Elm for p even.

(iv) From part (iii) we may write
2a+1 1

§ 2n—(2a+1)) ; (2r —(a+1))"’ (2.10)

2n+(2a+1)

and from part (ii),

© Y a 2a+1 1
El 2n+(2a+1)) _n; (Zn 1)r ; 277(2a+1)) ; (2r—(2a+1))”
1 2a+1 1
TS @en-1)p Y%+](21f—(2a+1))p

u[\/_IS \\[\/_]8

1 a+1 1
L 2n—1)P Zl @r-1)r

_go (21’+1)10'

(2.11)
(v) For the case p = 1, we have
> 2(2a+1) = ( 1 )
712::1 2n-2a-1)2n+2a+1) gl 2n — 2(1 1 2n+2a+1/° (2.12)
Let
Up = 1 - 1 (2.13)

2n-2a-1 2n+2a+1’

and note that there are only a finite number of negative terms, for n < a, in the first
part of the expression for u,. Now
1 1 22a+1) 2a+1

_ _ _ LAt . (214
Un = S Toa—1 nizatl  @n-2a-L@n+za+l) " onz " Un 14
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Since >,,_; vy is a convergent p (p = 2) series, it follows by the comparison test that

> -1 U, converges, see [3]. Moreover, by telescoping of the series,

i 2(2a+1) i( 1 1 )
o @2n-2a-1)2n+2a+1) T \2n-2a-1 C2n+2a+1
00 a a+1
1 1
‘%(m 1 Zl 2r — 2a 1 2n—1+T§127—
> (1) 3
=> +
o\2n-1 2n 1 2a+1
< 1 1
+§1<2r—2a—1+2r—1>
1
S 2a+1"

Hence the lemma is proved.

LEMMA 2.2. Forp =1,2,3,...,a >0 and

1 di-1 2a+1\" .
A= M T 1[<x— 5 )F(x)] i=1,2,...,p,
where
F(X): ! 2 )
(x2=((2a+1)/2)7)"
then
i 1Al 1
= (Qa+1)p-itl  2(2a+1)%’
PROOE. For
. 1
i=1 1Al = e
o B p
i=2 1Al = e
) (p+1)---(p+p-2)
i=p (A, =P Prp_

(p—1)12p+pP- 1(2a+1)10ﬂ’ 1’

)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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then
i [Ajl 1 N p pp+1) - (p+p-2)
F:(2a+]JVJ+1 T 02r2a+1)P

2P iQar)pl

(p-1)1220-1(2a+1)2r

i m+12>
(2a+1 et 1)12r+i-1(p—1)!
i 1 (p+j-2
(2a+1)2 qert\ -1
=; 1 p-1
(2a+1)2r 2p°
1

T 2Qa+1)%r’

(2.20)
hence the lemma is proved. |
We now state and prove the main theorem for the quadratic nonalternating case
THEOREM 2.3. For p, a positive integer, and a € NuU {0}
S@ap - L Cyr S A (09 (15 g, @2y
2(2 +1)2p = p—k+1 ok y .
where A; is defined by (2.16) and C (k) by (1.2).
PROOF. We may write
> 1 S & [ Aj B; ]
- — + — |,
,Zl 4n2—(2a+1)2)" %; 2n-a+1))"7" 2n+@a+1)" 7!
(2.22)

where A; is given by (2.16) and similarly

1 -t 2a+1\* .
= Bl GoDe T dxr- 1[( T2 )F(X)]’ J=b2eop. (229)

Now A; and Bj are related by

Aj=(-1)"HAjl,  Bj=(-1P|A]l. (2.24)

So if we wish, Bj = (=1)P*/*1]A;].
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Using (2.24), we can now write

00

! S [ (CDITA) (—1)714;|
(4n2 - (2a+1)2)" ZZ[ — + — ]

alen-a+)" M @2t a+ 1)’

P i j+1
(=1)/ (-1)P
:J§| g [ * )vfjﬂ]'

(2n-@a+1)" 7" @2n+@a+1)

nzl

(2.25)

upon interchanging the summation.
By telescoping of the series, from Lemma 2.1, (2.2), (2.4), and (2.1), we have

i 1

o (4n?2 - (2a+1)2)?

L > j+1
_ 1 1)?
_Jg:l 14 g [(2" 1)p-i+l * (2n-1)p-j+l

a (_1)j+1 a (=1)?
+> —— ~ ]

= 2r-@a+1)T S Qr+1roitl

14 a . a
(=17 (—1)p+1
2 [Z - Z ] (2.26)

i1 o1 (2r—a+1))? 1 2 Ry 1ypin

00

P j+1
(=1)/ (-1)*
+J§1 A Z [(Zn 1)p-j+1 + (Zn_l)pfjJrl]

- (VP AL S S (=1)J*! (1)1
=2 Garnran T 214 | + ]

Jj=1 (2r—(a+1))P7*  @r+1)p-itt

14 )
)J+1 (_1)’0
+1=Zl| Z::[(Zn nr- 7+1+(2n—1)n—j+1]'

The second term in the last expression can be simplified until we obtain

[(_1)n+1 — (_1)n+1]

D S L LTI Y
(4n2 - (2a+1)2)" o Qat+1ypitt o (2r —1)P I+t

nzl

iM&

(2.27)

14 o
(-1 (-1
+§1| Z:: [ 2n—1ypiel " (2n—1)n—j+1]'
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TABLE 2.1. Some values of C(p) and S(a,p).

p | Cp) | Sa,p)
Ll 1
2(2a+1)2
) ni e B 1
6 16(2a+1)2 2(2a+1)4
5| — 1 B 312
2(2a+1)6  64(2a+1)6
4 14 t . 512 _ 1
90 768(2a+1)* " 128(2a+1)6 2(2a+1)8
s | 1 3w smt
2(2a+1)10  1024(2a+1)8 3072(2a+1)6
6 LG 6 . 74 N 6312 3 1
945 30720(2a+1)6 * 4096(2a+1)8 ~ 2048(2a+1)10 2(2a+1)12
. 1 231w 7t B 7t
22a+1)14  8192(2a+1)12  4096(2a+1)10  122880(2a+1)8
8 8 1718 N 376 N 551 . 429772 B 1
9450 | 216.32.5.7(2a+1)8 * 213.5.(2a+1)10 " 215.(2a+1)12 " 211.(2a+1)14 2(2a+1)16
9| — 1 . 6435m2 429wt g6 17m8
2(2a+1)18  218(2q+1)16  218.(2q+1)14 217.a+D12 " 218.35(2q+1)10

Notice that on the right-hand side we have the last term

®© j+1 _1\p
T(p,j) = Z|A,|Z[ (=1’ I G DL ] (2.28)

2n-1)r-itl = (2n-1)p-Jj+l

For j = p, we have

1y (—m) o,

T (2.29)

T(p,p) = |Ap| Z (

which causes the annihilation of any possible contribution from a divergent series.
Now if we use Lemma 2.2 and (2.1), we obtain

(1) p+1

Sap) =5Ga e *

Z|AJ| ( 1)j+1+(_1)r’)( » M);(p j+1), (230

and by the change of counter k = p — j + 1 we arrive at our result (2.21), hence the
theorem is proved. |

Some values of C(p) and S(a,p) are listed in Table 2.1.
Jolley [7] lists the values of $(0,1), S(0,2), and S(0,3), which he attributes to Adams
[2]. Jolley also lists

> 1
ngl 4n2_1) -3 (2.31)
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moreover using (2.31) and (2.3) results in

> n s 1
S(a,2) =
n; (4n2—(2a+1)2) 8(2a+1) g (2r—(2a+1))°
) " (2.32)
T 8QRa+1)3 4(2a+1 g(zau 2r)2’
and putting a = 0 results in (2.31).
From (2.3) and for p = 3,
> n? 2
= , 2.33
Z a2 —(2a+1)2)°  256(2a+1)2 (2.33)
and for p = 5, we have
S 2nt+n?(2a+1)2 I 712
2 ant—@ar 127 253 Gar1E 25 Gar T (239

We now deal with the alternating case.
3. Quadratic alternating case. We first state the following lemma which will be use-
ful later.

LEMMA 3.1. Forp =1,2,3,... and a an integer bigger than or equal to zero,
@)

i (- 1)1’l+1 i (_1)V+1 +(_1)a0.(p) 3.1)
= (2n-(2a+1))" = (2r-(a+1)” :
(ii)
S G R L
Z n+2a+1)P  (Qa+1)P -(=1) Z QRr—1)r - (-D%(p), (3.2)

n=1 r=1

(1ii)

o o f(@n+Qa+1)"+(2n-(2a+1))"
2, (=1) { (4n2 - (2a+1)2)" }

n=1

2a+1 (—1)r+1 1 0, for p even, s

g' (2r—(2a+1))” T Qarr ] a 2(=1)"
o1 (RQa+1-2r)r’

for p odd.
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PROOF. (i) We have

© (_1)n+1
gl (2n-(2a+1))”
1 1 (_1)a+1 (_1)a+2 (_1)a+3 (_1)u+4
T-2ap G-2ay T Cnr T ap 37 5¢
B a (- 1)r+1 ad (_1)a+n+1
- § @r—1-2a) & @n-1r
a (_1)r+1 "
=2 Gr—gasny HV P!
(3.4)
(ii) Firstly we have
ad ( 1)n+1 2a+1 (- 1)r+1 0 (- 1)n+1
§(2n+2a+1)’” g (2r-1)-2a)” % (2n-(a+1)"’ (3-3)
From part (i) we can write
o0 (—1)n+! - a (—1)r*1 2a+1 (—1)r+!
n; (n+2a+1)» _Zl (2r-1)-2a)” +r:§+l (2r-1)-2a)”
(3.6)
< (=D o (D!
%m 1- 2a)l”_(_1) gl(anl)P'
and changing the counter in the second term we have
i (—1)n+1 i yra 7(71)‘1% (=1)n+1
o @n+2a0)P 0 = ( 2r+1)P o 2n-=1)p
) a1y (3.7)
= Ga+iy —(—D“E1 Gr_p D).
(iii) We have
L © (_1)n+1 (_1)n+1
Q'*%[(zn—(zaﬂ))’”(2n+(2a+1))’“]
v, [ @n+a+1)"+(2n-(2a+1))"
_gl( b [ (4n2-(2a+1)2)" ]
a (71)1@1 i (71)n+1 (3.8)
:Zl (2r72a71>v+(_1)un§ (en—-1)r

" o (_1)n+1 a‘“'l (-1)"
- n% en-nr 7V ; r-1)r

from (i) and (ii).
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Now
2a+1
( 1)1f+1
Q= z (2r —2a-1)»
B 1 a (=1)r+! " a (=1)r+!
T 2a+1)r +Zl @r—2a—1pr TV gl 2r-1)r
1 N i (-1 ((-1)P-1) (3.9
T (a+1)p o Qa+l-2r)p
- 1 . 0, for p even,
T (a+1)r a 2(-1)" ¢ dd
2 Qarl_2rp OTPOAE
The main theorem is now proved. O
THEOREM 3.2. Forp =1,2,3... and a € NU{0},
aS@p) = S A (- DM ek, G.10)
’ 2(2a+1)2r poRr ’ :

k=1

where A; is defined by (2.16) and o (p) by (1.6).

PROOF. We have

S G Dl el S Aj B;
n% (4n?—(2a+1)2)" Z( Y ;[(271 2a-1)r-itl (2n+2a+1)’”‘1+1]'
(3.11)

where A; is defined by (2.16) and B; by (2.23). A; and B; are related by (2.24) and hence
we can write

hod n+1 4 —1)J+1 [4 —DP?A;

o 4“r12—(2(1+1)2 =L (2n-2a-1)ri+t  (2n+2a+1)p-i+l
(3.12)

Interchanging sums gives us

a (=1t ntl (—1)J+1 (=P
Z (4n2 - (2a+1)2)" Z|AJ| Z( D [(2n—2a-1)n71+1+(2n+2a+1)V*J+1]'

nzl
(3.13)
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Utilising (3.1) and (3.2), we have

g (_1)n+1
2.

= (4n2 - (2a+1)2)”

)

p n+ r+1
=2 14; l[( 1)]*“”27( Y + (- 1>J*1Z gt
j:

(2n—1)r-i+l © (27 —2a - 1)P-J+1
(=1)P a a (=1)r+ a i (—1)n+1
T Qa+1)p-itt e Z (2r—1)p-itt - Z L (2n-1)P- J+1]
_ < (=174
B z (2a+1)p-i+l

r+ a _1\r+l
" 314, |- wlz o e S |

 (2r —2a-1)r- J+1 = (27—1)P—J+1

14
i+1+a ( 1)n+1 +a ( 1)n+1
£3 1A |[< b 2(2 (-1p¥ 2(2 ]

n-1)p- j+1 n—1)p-Jitl
p |A | ® (_1)n+1

_ J+1+a p+l+a
2 (Zaﬂ)p s JZ A7 ] (( +(-1) ); G

14 a

£ 14, |[Z D" _Vi (—1)P+a+f]

Jj=1 o @r-2a-1p-itl = (2r—1)pitt [

(3.14)
The inside sums of the last term in (3.14) can be simplified as follows:
a (— 1)r+j (—1)pratr a (_1)r+p+1 (—1)pratr
§ [(2r 2a—1)r-i+l (21/—1)1’*1“] B [(2a+1—21f)19*1+1 - (21/—1)?’*1“]'

(3.15)

Collecting first and last terms, second and second last terms, and so forth, we have
from (3.15)

i[ (—1)r+p+l B (—1)p+a+r ]
SLa+1-2r)p-itl (2r —1)p-itl
i[ (—1)p+1+r (—1)pra+a+l-r ]_ (3.16)
o (2a+1-2r)pr-i+l (2a+1—21f)p*j+1 =
Hence, from (3.14),
ad (_1)n+1
1’;1 (4n2—(2a+1)2)"
(3.17)

P 1 A L4 ) © _1)n+l
i%—(—wz|Aj|(<—1>i+<—1>”)2 —

Jj=1 n=1 (Zn_l)p7j+l-
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TABLE 3.1. Some values of o (p) and AS(p).

p|op) AS(p)
|- (=D 1
4 4(2a+1) 2(2a+1)2
5 | 1 _(=1))4m
2Qa+1)* 8(2a+1)3
5| ™ (-pamd  (-D*-3-m 1
32 128(2a+1)3 * 32(2a+1)°> 2(2a+1)6
4| _ 1 (=D*5.m (-}
2Qa+1)8  64(2a+1)7 128(2a+1)5
s | 5T D5 (D5t (CD®-35em 1
1536 213.3.(2a+1)>  21.2a+1)7 = 29Qa+1)? 2(2a+1)'0
6| — 1 _(-D?-63-m  (-D*-7-w3  (-D*.5-m°
2Qa+1)12 210.(2g+ 11T 210.(2g+1)9 21.(2a+1)7
2 | 6Lm’ (=D*-6l-m7  (=D®-35-m  (=D)T-105-7  (~1)®-231-7 1
184320 | 218.32.5.(2a+1)7  215-(2a+1)9  2M.Qa+D! " 212.2a+1)13 2(2a+1)M
s | — 1 _(=D?-429.-m  (-1)%-99-m3 (-1)*-25-m>  (-D)?%-61-7’
2a+1)16  213.(2a+1)1> 2M.(Q2a+1)13  216.(2a+ 1) 217.32.5.(2a+1)9

Now using Lemma 2.2, we have

(=1D*

AP = 5 Rar e -

14
DS A (1) + (=1)P)o(p—j+1), (3.18)

Jj=1

and by the change of counter k = p — j + 1, we arrive at our result (3.10), hence the
theorem is proved. |

Table 3.1 lists some values of o (p) and AS(p).

Jolley [7] lists the value of AS(0,1) and some particular cases of AS(a,p) are also
given by Gradshteyn and Ryzhik [6].

From Lemma 3.1, for p = 2 we get

i (-D™(8n2+2(2a+1)2) 1 510
o (4n2-(a+1)?)° (2a+1)? :
From Theorem 3.2, where for p = 2
A2| = (3.20)
217 4a+1)3 :
we have
D (3.21)
S (An2—(2a+1)2)°  2(2a+1)? 8(2a+1)3’ -
and therefore
i _1)yn+1y,2 _1\a

(4n2 - (2a+ 1)2)2 T 32(2a+1)°

n=1
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For p =4,
o (=)™ (2n* +3n2(2a+1)?) _ (=D)45m (-1)amd
2T Gni-Garnn)t DRarDd 20 @asl) (3:23)
and for p = 3,
w1 (An3+3n(2a+1)%) ! 2 (-1)"
Z( 1) (4n2— (2a+1)2) 4(2a+1)3 2 g (2a+1-2r)3" (3.24)

n=1

4. The hypergeometric expression. The series (1.1), (1.5), and (1.9) can be repre-
sented as a generalised hypergeometric function, see, for example, [5]. Consider the
series (1.5),

had (_1)n+1 3 (_1)p+1 had (_1)n+1
2 (4n2—(a+1)2)"  (2a+1)?r +n§1 (4n2 - (2a+1)2)"’ (4.1)

n=0
let T,, = (-=1)"*1/(4n% - (2a+1)%)? where Ty = (-1)P*1/(2a+1)??, hence

Tpo  (m+l)(n+1/2+a)’(n-1/2-a)’ 42)
Tn  (m+1)(n+3/2+a)’ (n+1/2-a)”" '

We can now write

4n2—(2a+1)2) C (2a+1)2r

® 1)n+1 (-1)?
2.

n=1

1 1 1 1 1 1
l,5+a,5+a,....,5+a,—3-a,—3—-a,...,—;—a
+To 2p+1F2p -1,
3 1 1 1

2+a,2+a ,§+a,§—a,§—a,. ,E—a

(4.3)
and from (3.10),
1 1 1 1 1 1
l,s+a,5+a,...,5+a,—;-a,—3—a,...,—;—a
2pr1F2p -1
3 3 3 1 1 1

§+a,§+a,.. §+a,§—a,§—a,. ,E—a (44)

=

f+< D2Q2a+ 1% Y |Ap ki1 | (1= (=D¥)a (k),
k=1

where A; is defined by (2.16).
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REMARK 4.1. The series (1.1) and (1.4) can be expressed in terms of the Lerch tran-

scedent or the Catalan beta function. In particular, from (1.4)

© (_1)n+1 B (_l)p © (_1)n+1
2 GnZ-Qa+1)2)?  @a+1)r 2. (4n?2—(2a+1)2)”

n=1 n=0

The Lerch transcedent, ®(z,s, «) is defined as

00

d(z,5,0) = > "

— (n+005’

where the n + & = 0 term is excluded from the sum.
The Catalan beta function, B(s), is as follows:

)

Bisy= > B 2*S<1>(71 s 1)
B 2n+1)s )
and in particular the Catalan constant, for s = 2 is

B G DL SR A
BR2)y=C=> (2n+1)2_4¢>( 1,2,2) 0.91596.

Moreover, we note that the generalised Zeta function C(s,a) is defined by

[

C(s,a)i=d(1,s,00 = > !

Sl
o (n+o)

R(s)>1, «xeCl|Zy; Zy:=7Z"u{0}; Z :={-1,-2,-3,...}.

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

For a definition of the generalised Zeta function and closed form representation of
series involving Zeta functions the reader is referred to the excellent article by Lee and

Choi [8].
The polygamma functions ¥¥)(z), k € N, are defined by

k+1

Tk logl'(z) = d ‘I’(z) k € Ng := NU{0},

K(z):=

where Y@ (z) := ¥(z) denotes the Psi (or digamma) function defined by

I'(z)
I'(z)

Y(z):= ilogr(z) =

z
iz or logl'(z) = L Y(t)dt.

In terms of the generalised Zeta function we may write

YR (z) = (=) KIC(k+1,2).

(4.10)

(4.11)

(4.12)
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From (4.5), (4.6), and (4.7)

had (71)n+1
= (4n2—(2a+1)2)F
(-1)” & P A; B;
_ _1yn+1 [ j ' A ' ]
(2a+1)2?’+n§)( ) ; @2n-2a-1)P-3+1 " 2n+2a+1)r-itl
_ (=D _i[i (-1)"A; . (-1)"B; ]
(2a+1)2r ia n:0(2n—2a—1)?’*1+1 2n+2a+1)p-i+l
__ =D S —(V—j+1)[ ( ‘ 1) ( ’ 1)
T (2a+1)2r J;Z Aj® l,P—J+1,—a—2 +B;® —1,p—]+1,a+2 ]
(G LAY PR : 1
~ s 2|2 A (L -iasg)
j=1
1 S Ol
. _ a _(— a -
+BJ((2a+1)P-f“+( K go(zml)v-f“ (-L%(p ”1))]'
(4.13)
From the relationship between A; and B; we have
hnd (=1)n+L
= (4n2-(2a+1)2)”
(4.14)

__(=DF _i |A_|27(p*j+1)[(_1)j+1q><—1 p—j+1 —a—l>
(2a+1)2p = J ’ ’ 2

+(—1)V¢<—1,p—j+l,a+%>],

and by the change of counter k = p — j+ 1, we have

® (_1)n+1
(4n2 - (2a+1)2)?

- %—(—wé | Ap-ks1 |2*k[<—1)kq><—1,k,—a—%> +q’(—1*k*“+%>]'
4.15)

n=1

From (3.10), (4.3), (4.4), and (4.15) we have

1 1 1
l,§+a,§+a,...,§+a,—

To 2p+1F2p[ \ \ \ X X
§+a,§+a,...,§+a,, —a,5 =0y, 5 —A

- (—1)n§1 |AHH|2—k[(_1)k¢(_1,kl_a_%>+¢(_1,k,a+%>] (4.16)

S G e Dre S (A 1- (-D¥ o (k
_W_(_) 1§1| p—k+1] (L= (=D)*) o (k).
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Since we can write

3 g (_1)n+1 B © 1 *© 2
i) _n% @n-1)k ~ Z 2n-1)k _n% (4n—1)k

=§(k)—217% Z 1/4) c+2(=Dk
n=0 1’l

ii 21- 2’<<1>(1k )+2( 1k

(4.17)

1-

(
o= (1-
(

(k) — 212 <I><1,k,—1) L2(=1)k,

1

T2k
1

2k
1 1-2k 1 k
o)) -2 c(k,—— +2(-1)

1

pi-2k (DD (—1/4)

= k=1

+2(=1k,

C(k) -

~— N~ N~ N~

k

N

we now have

1 1 1 1 1 1
1,5+a,5+a s+a,—5—a,—5—a —-5—a
2 12 ""12 b 2 b 2 LA 2
To 2p+1F2p[
1
2

+a,d+a,...,3+a,
(—=1)p+1 p (4.18)

= +a k
= 2earnzw D kZl | Ap-ker] (1= (=1)¥)

[(1— —);(k) D12k <I>(1,k,—%) +2(—1)’<],

and from (3.10), we have

-1)° 14
W—sz | Apsir ] (1= (=1)¥)
k=1

x[<17%>g(k) _ol-2 <I><1,k,—%) +2(71)’<],

AS(a,p) = i (—1)n+t
(4n2 - (2a+1)2)"

AS(a,p) =

S L o o
= 2arnw TV gllApfml(l (-1)X) (4.19)

-2l ) ]

L 14
- 2(2(01731)21»—(—1)”*“ DAy k[ (1= (=1)¥)
k=1

1 2172k (—)ky k-1 (—1/4) k
<[ (1- 58w - (k-1 “200¥;

Various particular values of AS(a,p) are also given by Abramowitz and Stegun [1].
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From (3.1) and (3.2) we can subtract the quantities to obtain

o el @n+2a+1)P —(2n-2a-1)F
g( b [ (4n2 - (2a+1)2)? ]

e (! & D (D)
—2(-1)2 Y Z
= n-1r (2a+1)’” o @r-br (4.20)
_ a o (-1 1 0. for p odd,
-2 nZl 2n-1r (2a+1)r " a 2(=1*r
- @r_Dr’ for p even.
r=1 -

For p = 1 we recover the first result in Table 3.1. For p = 2

® (_1)n+1n

,Zl (4n2 - (2a+1)2)°
(=@ 1 1 & 2(-1)a
= 30a+ 07 ? "8ar 13 T 82ax D) § 2r-1)

GtV PRI ST 2 ) B 1 2(=Dr
_4(2a+1)[1 q’( b 2)] 8(2a+1)? 8(2a+1)z(2r e

4.21)
For p =3,
< (= 1)"+1(12n2+(2a+1) ) (=1)am’ 1
gl (4n2 - (2a+ 1)2) T 32Qa+1) 2a+1)4’ (4.22)
and since
< (-1t _ (=Dems (-1)a3m 1
AS(a,3) = 2 (An2—(2a+1)2)°  128Q2a+1)3 ' 32Q2a+1)5 2(2a+1)8’ #.23)
we can determine
i _1\yn+l1,,2 _1)a3 _1)a
Z (-DH)"'n _ (=1)%mr 3 (-1)am . (4.24)

2 (An2-(2a+1)2)°  2°-(2a+1) 27-(2a+1)3
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In a similar fashion we can add (2.2) to (2.4) to obtain

i n+2a+1)P+(2n-2a-1)?
ot (4n2-(2a+1)2)"

a
B (-1P-1
=205 +1 £ a+1-2r)r
0 for p even
1 1 ’ ]
—2l-p P
2 @(1,;9, 2) Qat1)p |a -2 (o p odd
S 2a+1-2v’ P ’
For p = 3 we obtain
< 4nd+3n(2a+1)2 7 1 13 1
Z ( ) *C(3)—73—*27,
= 4n2—(2a+1)2) 16 4(2a+1)3 2 7 (Ra+1-2r)
and for a = 1, (4.26) reduces to
> +27n
g —c<) 108
from which we may obtain
> 4n )3
> =7CB3) -,
n:1<4n279
For p = 4, we have
i16n4+24n2(2a+1)2+(2a+1)4 17_4_ 1
n-1 4n27(2a+1)) 96 2(a+1)¥’

and utilising the fourth entry in Table 2.1, results in

i n*+3n*(2a+1)?  7mt 512
2 (An2—(a+1)2)* T 3211 210.(2g+1)2

As a final note we can see that
© _1\yn+1
1 N Z (-1)

n?-(a+1)2)" = (4n>-(2a+1)2)"

S(a,p) +AS(a,p) = > @

nzl

- 1
,; (4n—-2)2-(2a+1)2)"
_ =Dy
2

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

Z\Ap ken [ [{1+ (=D*}6(k) = (-1 {1 - (-D*} o (k)]

(4.31)
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and similarly

oo 1 ® (71)n+1
S(a P)—AS(a p) Z:', 4n27(2a+1)2)}7_zl (4n27(2a+1)2)p
> 1
n; ((4n)2—(2a+1)2)? (4.32)
-(=1°* ( 1)
2a+ 1) Z [Ap-sr]

x[{1+(-1)k }6(k)+(71) - ok)].

For p = 4 we find that

00

1
2 ((dn-2)2—(2a+1)2)*

_ T B (-1 N 5772 ~_(=D)45m

3.-292a+1)4 28-(2a+1)5  28Qa+1)6 27-(2a+1)7’
i 1
= (162 - (2a+1)2)°
_ T (-1)7r3 N 57r2 N (=D45m 1
3.292a+1)* " 28.(2a+1)5  28Qa+1)6 " 27-(2a+1)7 2(2a+(14)83'3)

All of the analysis in this paper can be done with the series,

[

© n+1
Z DT (4.34)

(4n? — x2)?’ (4n? — x2)?’

n=1
and excluding the 2n — « = 0 term, rather than the series (1.1) and (1.4).
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