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The purpose of this paper is to prove a Tychonoff theorem in the so-called “intuitionis-
tic fuzzy topological spaces.” After giving the fundamental definitions, such as the defini-
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1. Introduction. After the introduction of the concept of fuzzy sets by Zadeh [8]

several researches were conducted on the generalizations of the notion of fuzzy set.

The idea of intuitionistic fuzzy set (IFS) was first published by Atanassov [1] and many

works by the same author and his colleagues appeared in the literature [1, 3, 4].

Later, this concept was generalized to “intuitionistic L-fuzzy sets” by Atanassov and

Stoeva [4].

2. Preliminaries. First we will present the fundamental definitions obtained by

Atanassov.

Definition 2.1 [1]. Let X be a nonempty fixed set. An IFS A is an object having the

form

A= {〈x,µA(x),γA(x)
〉

: x ∈X}, (2.1)

where the functions µA :X → I and γA :X → I denote the degree of membership (namely,

µA(x)) and the degree of nonmembership (namely, γA(x)) of each element x ∈ X to

the set A, respectively, and 0≤ µA(x)+γA(x)≤ 1 for each x ∈X.

Remark 2.2. An IFS A = {〈x,µA(x),γA(x)〉 : x ∈ X} in X can be identified to an

ordered pair 〈µA,γA〉 in IX×IX or to an element in (I×I)X .

Remark 2.3. For the sake of simplicity, we will use the symbol A = 〈x,µA,γA〉 for

the IFS A= {〈x,µA(x),γA(x)〉 : x ∈X}.
Example 2.4. Every fuzzy set A on a nonempty set X is obviously an IFS having the

form A= {〈x,µA(x),1−µA(x)〉 : x ∈X} [1].
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One can define several relations and operations between IFSs as follows.

Definition 2.5 [2]. Let X be a nonempty set, and let the IFSs A and B be in the form

A= {〈x,µA(x),γA(x)〉 : x ∈X}, B = {〈x,µB(x),γB(x)〉 : x ∈X}.Then

(a) A⊆� B if and only if for all x ∈X[µA(x)≤ µB(x)];
(b) A⊆♦ B if and only if for all x ∈X[γA(x)≥ γB(x)];
(c) A⊆ B if and only if A⊆� B and A⊆♦ B;

(d) A= B if and only if A⊆ B and B ⊆A;

(e) A[B if and only if for all x ∈ X[πA(x) ≤ πB(x)], where πA : X → I, πA(x) = 1−
µA(x)−γA(x);

(f) Ā= {〈x,γA(x),µA(x)〉 : x ∈X};
(g) A∩B = {〈x,µA(x)∧µB(x),γA(x)∨γB(x)〉 : x ∈X};
(h) A∪B = {〈x,µA(x)∨µB(x),γA(x)∧γB(x)〉 : x ∈X};
(i) �A= {〈x,µA(x),1−µA(x)〉 : x ∈X};
(j) ♦A= {〈x,1−γA(x),γA(x)〉 : x ∈X}.

We can easily generalize the operations of intersection and union in Definition 2.5

to arbitrary family of IFSs as follows.

Definition 2.6. Let {Ai : i∈ J} be an arbitrary family of IFSs in X. Then

(a) ∩Ai = {〈x,∧µAi(x),∨γi(x)〉 : x ∈X};
(b) ∪Ai = {〈x,∨µAi(x),∧γAi(x)〉 : x ∈X}.

Definition 2.7. The ordinary complement of A= 〈x,µA,γA〉 is defined by

AC = 〈x,1−γA,1−µA
〉
. (2.2)

Definition 2.8. 0∼ = {〈x,0,1〉 : x ∈X} and 1∼ = {〈x,1,0〉 : x ∈X}.
Now we will define the image and preimage of IFSs. Let X and Y be two nonempty

sets and let f : X → Y be a function. If B = {〈y,µB(y),γB(y)〉 : y ∈ Y} is an IFS in Y ,

then the preimage of B under f , denoted by f−1(B), is the IFS in X defined by

f−1(B)= {〈x,f−1(µB
)
(x),f−1(γB

)
(x)

〉
: x ∈X}. (2.3)

Similarly, if A= {〈x,λA(x),νA(x)〉 : x ∈X} is an IFS in X, then the image of A under f ,

denoted by f(A), is the IFS in Y defined by f(A)= {〈y,f(λA)(y),f (νA)(y)〉 :y ∈ Y}.
Now we generalize the concept of fuzzy topological space, first initiated by Chang

[6], to the case of IFSs.

This construction, in some sense, has a close resemblance to that of Brown [5], the

so-called “fuzzy ditopological space.”

Definition 2.9 [7]. An intuitionistic fuzzy topology (IFT) on a nonempty set X is a

family τ of IFSs in X satisfying the following axioms:

(T1) 0∼,1∼ ∈ τ ,

(T2) G1∩G2 ∈ τ for any G1,G2 ∈ τ ,

(T3) ∪Gi ∈ τ , for any arbitrary family {Gi : i∈ τ} ⊆ τ .
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In this case the pair (X,τ) is called an intuitionistic fuzzy topological space (IFTS) and

any IFS in τ is known as an intuitionistic fuzzy open set (IFOS) in X.

Example 2.10. Any fuzzy topological space (X,τ0) in the sense of Chang is obvi-

ously an IFTS whenever we identify a fuzzy set A in X whose membership function is

µA with its counterpart

{〈
x,µA(x),1−µA(x)

〉
: x ∈X} (2.4)

as in Example 2.4.

Example 2.11. Let (X,τ0) be a fuzzy topological space in Chang’s sense such that

τ0 is not indiscrete. Suppose now that τ0 = {0∼,1∼}∪{νi : i∈ J}. Then we can construct

two IFTs on X as follows:

(1) τ1 = {0∼,1∼}∪{〈x,νi,0〉 : i∈ J},
(2) τ2 = {0∼,1∼}∪{〈x,0,1−νi〉 : i∈ J}.

Example 2.12. Let (X,τ) be an IFTS on X. Then, if τ = {Gi : i ∈ J}, where Gi =
〈x,µGi,γGi〉, i∈ J, then we can also construct several IFTSs on X in the following way:

(1) τ0,1 = {�Gi : i∈ J},
(2) τ0,2 = {♦Gi : i∈ J},
(3) τC = {GCi : i∈ J} (the conjugate fuzzy topology of τ).

Example 2.13. Let (X,τ) be an IFTS.

(a) τ1 = {µG :G ∈ τ} is a fuzzy topological space on X in Chang’s sense.

(b) τ∗2 = {γG : G ∈ τ} is the family of all fuzzy closed sets of the fuzzy topological

space τ2 = {1−γG :G ∈ τ} on X in Chang’s sense.

(c) Since 0≤ µA(x)+γA(x)≤ 1 for each x ∈X and each G ∈ τ , we obtain µG ≤ 1−γG.

(d) Using (a) and (b) we may conclude that (X,τ1,τ2) is a bifuzzy topological space.

Definition 2.14. An IFTS in the sense of Lowen is a pair 〈X,τ〉 where 〈X,τ〉 is an

IFTS and each IFS in the form Cα,β = {〈x,α,β〉 : x ∈ X}, where α,β ∈ I are arbitrary

(α+β≤ 1), belongs to τ .

Notice that any fuzzy topological space (X,τ) in the sense of Lowen is obviously an

IFTS in the sense of Lowen.

Definition 2.15. The complement A of an IFOS A in an IFTS (X,τ) is called an

intuitionistic fuzzy closed set (IFCS) in X.

Definition 2.16. Let (X,τ) be an IFTS on X.

(a) A subfamily β⊆ τ is called a base for (X,τ), if each member of τ can be written

as a union of elements in β.

(b) A subfamily S ⊆ τ is called a subbase for (X,τ), if the family of all finite inter-

sections of S forms a base for (X,τ). In this case it is said that (X,τ) is generated

by S.

Now we define fuzzy closure and interior operators in an IFTS.
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Definition 2.17. Let (X,τ) be an IFTS and let A = {〈x,µA(x),γA(x)〉 : x ∈ X} be

an IFS in X. Then the fuzzy interior and fuzzy closure of A is defined by

cl(A)=∩{K :K is an IFCS in X, A⊆K},
int(A)=∪{G :G is an IFOS in X, G ⊆A}. (2.5)

It can also be shown that cl(A) is an IFCS and int(A) is an IFOS in X, and A is an IFCS

in X if and only if cl(A)=A, A is an IFOS in X if and only if int(A)=A. In addition, for

any IFS A in (X,τ),
(a) cl(A−)= int(A)−,

(b) int(A−)= cl(A)−.

For further properties of fuzzy interior and closure operators you may consult [7].

Proposition 2.18. Let (X,τ) be an IFTS. If A= 〈x,µA,γA〉 is an IFS in X, then

int(A)⊆ 〈x, intτ1
(
µA
)
,clτ2

(
γA
)〉⊆A,

A⊆ 〈x,clτ2
(
µA
)
, intτ1

(
γA
)〉⊆ cl(A),

(2.6)

where τ1 and τ2 are the fuzzy topological spaces on X defined in Example 2.13.

Now we present the basic definitions concerning fuzzy continuity.

Definition 2.19. Let (X,τ) and (Y ,φ) be two IFTSs and let f :X → Y be a function.

Then f is said to be fuzzy continuous if and only if the preimage of each IFOS in φ is

an IFOS in τ .

Definition 2.20. Let (X,τ) and (Y ,φ) be two IFTSs and let f :X → Y be a function.

Then f is said to be fuzzy open if and only if the image of each IFS in τ is an IFS in φ.

Example 2.21. Let (X,τ0), (X,φ0) be two fuzzy topological spaces in the sense of

Chang.

(a) If f : X → Y is fuzzy continuous in the usual sense, then in this case, f is fuzzy

continuous in the sense of Definition 2.19, too.

(b) If f : X → Y is fuzzy open in the usual sense, then f need not be fuzzy open in

the sense of Definition 2.20. (If, furthermore, f :X → Y were both one-to-one and onto,

then f would also be fuzzy open in the sense of Definition 2.20.)

Example 2.22. Let (X,τ) be an IFTS in the sense of Lowen, (Y ,φ) an IFTS, and c0 ∈ Y .

Then the constant function c :X → Y , c(x)= c0 is obviously fuzzy continuous.

Example 2.23. Let (Y ,φ) be an IFTS, X a nonempty set, and f : X → Y a function.

In this case τ = {f−1(H) :H ∈φ} is an IFT on X.

Indeed, τ is the coarsest IFT on X which makes the function f :X → Y fuzzy contin-

uous. One may call the IFT τ on X the initial IFT with respect to f .

Proposition 2.24. Let f : (X,τ)→ (Y ,φ) be a fuzzy continuous function. Then the

functions (a) f : (X,τ1) → (Y ,φ1), (b) f : (X,τ2) → (Y ,φ2) are also fuzzy continuous,
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where τ1,φ1, τ2,φ2 are the fuzzy topological spaces defined in Example 2.13. (In other

words, τ1 = {µGi : Gi ∈ τ}, φ1 = {λHj :Hj ∈φ}, τ2 = {1−γGi : Gi ∈ τ}, φ2 = {1−γHj :

Hj ∈φ} if τ = {Gi : i∈ J}, φ= {Hj : j ∈K}, Gi = 〈x,µGi,γGi〉 and Hj = 〈x,λHj,γHj〉.)
The proof of Proposition 2.24 follows immediately from the definitions.

3. Intuitionistic fuzzy compactness. First we present the basic concepts.

Definition 3.1 [7]. Let (X,τ) be an IFTS.

(a) If a family {〈x,µGi,γGi〉 : i ∈ J} of IFOSs in X satisfies the condition ∪{〈x,µGi,
γGi〉 : i∈ J} = 1∼, then it is called a fuzzy open cover of X. A finite subfamily of a fuzzy

open cover {〈x,µGi,γGi〉 : i∈ J} of X, which is also a fuzzy open cover of X, is called a

finite subcover of {〈x,µGi,γGi〉 : i∈ J}.
(b) A family {〈x,µKi,γKi〉 : i∈ J} of IFCSs inX satisfies the finite intersection property

(FIP) if and only if every finite subfamily {〈x,µKi,γKi〉 : i = 1,2,3, . . . ,n} of the family

satisfies the condition ∩〈x,µKi,γKi〉≠ 0∼.

(c) An IFTS (X,τ) is called fuzzy compact if and only if every fuzzy open cover of X
has a finite subcover.

Now we will give two characterizations of fuzzy compactness.

Proposition 3.2. An IFTS (X,τ) is fuzzy compact if and only if for each family

δ= {Gi : i∈ J}, whereGi = 〈x,µGi,γGi〉 (i∈ J) of IFOSs in X with the properties∨µGi = 1

and ∨(1−γGi) = 1, there exists a finite subfamily {Gi : i = 1,2, . . . ,n} of δ such that

∨ni=1µGi = 1 and ∨ni=1(1−γGi)= 1.

The proof of Proposition 3.2 is obvious.

Proposition 3.3. An IFTS (X,τ) is fuzzy compact if and only if every family {〈x,µKi,
γKi〉 : i∈ J} of IFCSs on X having the FIP has a nonempty intersection.

For the proof of Proposition 3.3 see [7]. Here we state that fuzzy compactness is

preserved under a fuzzy continuous bijection.

Proposition 3.4. Let (X,τ), (Y ,φ) be IFTSs and f :X → Y a fuzzy continuous bijec-

tion. If (X,τ) is fuzzy compact, then so is (Y ,φ).

For the proof of Proposition 3.4 see [7].

Definition 3.5 [7]. Let (X,τ) be an IFTS and A an IFS in X.

(a) If a family {〈x,µGi,γGi〉 : i ∈ J} of IFOSs in X satisfies the condition A ⊆ ∪{〈x,
µGi,γGi〉 : i∈ J}, then it is called a fuzzy open over of A. A finite subfamily of the fuzzy

open cover {〈x,µGi,γGi〉 : i∈ J} of A, which is also a fuzzy open cover of A, is called a

finite subcover of {〈x,µGi,γGi〉 : i∈ J}.
(b) An IFS A= 〈x,µA,γA〉 in an IFTS (X,τ) is called fuzzy compact if and only if every

fuzzy open cover of A has a finite subcover.

Corollary 3.6 [7]. An IFS A= 〈x,µA,γA〉 in an IFTS (X,τ) is fuzzy compact if and

only if for each family δ= {Gi : i∈ J}, where Gi = 〈x,µGi,γGi〉 (i∈ J) of IFOSs in X with

the properties µA ⊆ ∨i∈JµGi and 1−γA ⊆ ∨i∈J(1−γGi), there exists a finite subfamily
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{Gi : i= 1,2, . . . ,n} of δ such that

µA ⊆∨ni=1µGi, 1−γA ⊆∨ni=1

(
1−γGi

)
. (3.1)

Example 3.7. Let (X,τ0) be a fuzzy topological space in Chang’s sense and µA ∈ Ix
a fuzzy compact set in X. We can construct an IFTS τ on X as in [7, Example 5.9]. Now

the IFS A= 〈x,µA,1−µA〉, also fuzzy compact in the IFTS (X,τ).

Corollary 3.8. Let (X,τ), (Y ,φ) be IFTSs and f : X → Y a fuzzy continuous bijec-

tion. If A is fuzzy compact in (X,τ), then so is f(A) in (Y ,φ).

For the proof of Corollary 3.8 see [7]. Here we present a version of the Alexander

subbase lemma for IFTSs.

Proposition 3.9 (the Alexander subbase lemma). Let δ be a subbase of an IFTS

(X,τ). Then (X,τ) is fuzzy compact if and only if for each family of IFCSs chosen from

δc = {K :K ∈ δ} having the FIP there is a nonzero intersection.

Proof. Let K = 〈x,µK,γK〉 denote a typical element in δc .

“If” part. Straightforward.

“Only if” part. Suppose, on the contrary, that (X,τ) is not fuzzy compact. Then

there exists a family K = {〈x,µKi,γKi〉 : i ∈ J} of IFCSs in X having the FIP such that

∩i∈JKi = 0∼. The collection of all such families K, ordered by classical inclusion (⊆), is

inductive. Hence, by Zorn’s lemma, we may find a maximal family K, say M = {Mj : j ∈
K}, where Mj = 〈x,µMj,γMj〉, j ∈K. The family M satisfies the following properties:

(1) M is a fuzzy filter consisting of IFCSs in (X,τ),
(2) ∩(M∩δc)= 0.

Now the second assertion gives an immediate contradiction to the hypothesis of the

theorem. Hence, (X,τ) is fuzzy compact.

4. A Tychonoff theorem in IFTSs. With a Tychonoff-like theorem in mind, we must

first present the product of IFTSs. Let (Xi,τi) be an IFTS on Xi for each i ∈ J, and let

X =πXi. For each i∈ J, we may construct the ith projection mapping as follows:

πi :X �→Xi, πi
((
xj
)
j∈J
)
= xi. (4.1)

Then we define

S= {π−1
i
(
Si
)

: i∈ J, Si ∈ τi
}
. (4.2)

Definition 4.1. The product set X equipped with the IFT generated on X by the

family S is called the product of the IFTSs {(Xi,τi) : i∈ J}.
For each i ∈ J and for each Si ∈ τi we have π−1

i (Si) ∈ τ ; so πi is indeed a fuzzy

continuous function from the product IFTS onto (Xi,τi) for all i ∈ J. The product IFT

τ is, of course, the coarsest IFT on X having this property.
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Now we express Tychonoff theorem in two steps, one of which is valid in general,

but its reverse is true for finitely many terms.

Theorem 4.2. For each i ∈ J let (Xi,τi) be an IFTS on Xi. Then if the product IFTS

(X,τ) is fuzzy compact, then each (Xi,τi) is fuzzy compact.

The proof of Theorem 4.2 follows from Corollary 3.8.

Theorem 4.3. Let the IFTSs (X1,τ1) and (X2,τ2) be fuzzy compact. Then the product

IFTS on X =X1×X2 is fuzzy compact, too.

Proof. Here we will make use of the Alexander subbase lemma. Suppose, on the

contrary, that there exists a family

P = {π−1
1

(
Pi1
)

: i1 ∈ J1
}∪{π−1

2

(
Pi2
)

: i2 ∈ J2
}

(4.3)

consisting of some of the IFCSs obtained from the subbase

δ= {π−1
1

(
T1
)
,π−1

2

(
T2
)

: T1 ∈ τ1, T2 ∈ τ2
}

(4.4)

of the product IFT on X such that P has the FIP and ∩P = 0. Now it can be shown easily

that the families

P1 =
{
Pi1 : i1 ∈ J1

}
, P2 =

{
Pi2 : i2 ∈ J2

}
(4.5)

have the FIP, and since (Xi,τi)’s (i = 1,2) are fuzzy compact, we have ∩P1 ≠ 0 and

∩P2 ≠ 0 which mean that

(∧µPi1 ≠ 0 or ∨γPi1 ≠ 1
)
,

(∧µPi2 ≠ 0 or ∨γPi2 ≠ 1
)
. (4.6)

But from ∩P = 0 we obtain

(∧µPi1◦π1
)∧(∧µPi2◦π2

)= 0,
(∨γPi1◦π1

)∨(∨γPi2◦π2
)= 1. (4.7)

Here there exist four cases.

Case 1. If ∧µPi1 ≠ 0 and ∧µPi2 ≠ 0, then there exist x1 ∈ X1, x2 ∈ X2 such that

∧µPi1(x1) ≠ 0 and ∧µPi2(x2) ≠ 0 from which we obtain a contradiction to (4.7), if it is

evaluated in (x1,x2).
Case 2. If ∨γPi1 ≠ 1 and ∨γPi2 ≠ 1, then we get a similar contradiction as in the first

case.

Case 3. If ∧µPi1 ≠ 0 and ∨γPi2 ≠ 1, then there exist x1 ∈ X1, x2 ∈ X2 such that

∧µPi1(x1)≠ 0 and ∨γPi2(x2)≠ 1 from which we obtain ∧µPi2(x2)= 0 and ∨γPi1(x1)=
1, and then, since γPi1 ≤ 1−µPi1 for each Pi1,

∨γPi1 ≤
(
1−µPi1

)= 1−∧µPi1
�⇒ 1=∨γPi1

(
x1
)≤ 1−∧µPi1

(
x1
)

�⇒∧µPi1
(
x1
)= 0,

(4.8)

we obtain a contradiction.
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Case 4. If ∨γPi1 ≠ 1 and ∧µPi2 ≠ 0, then we obtain a similar contradiction as in the

third case.

Hence, by the Alexander subbase lemma, (X,τ) is also fuzzy compact.

5. Intuitionistic fuzzy dicompactness. First we present a new kind of compactness

in IFTSs.

Definition 5.1. Let (X,τ) be an IFTS K = {Ki : i∈ J}, where Ki = 〈x,µKi,γKi〉, i≠ J,

is a family of IFCSs in X. Then

(a) K is said to have the finite exclusion property (FEP) if for each finitely many

K1,K2, . . . ,Kn chosen from K there exists ∧µKi≤∨γKi,
(b) K is said to be bound in (X,τ) if ∧µKi≤∨γKi.

Definition 5.2. An IFTS (X,τ) is called fuzzy dicompact if and only if every family

K of IFCSs in (X,τ) is bound in (X,τ).

Proposition 5.3 (the Alexander subbase lemma). Let δ be a subbase of an IFTS

(X,τ). Then (X,τ) is fuzzy dicompact if and only if each family of IFCSs chosen from

δc = {G− :G ∈ τ} having the FEP is bound in (X,τ).

Proof. Let G = 〈x,·µG,γG〉 denote a typical element in δ.

“If” part. This is straightforward.

“Only if” part. Suppose, on the contrary, that (X,τ) is not fuzzy dicompact. Then

there exists a family K = {〈x,µKi,γKi〉 : i ∈ J} of IFCSs in X having the FEP such that

∧i∈jµKi ≤∨i∈JγKi.
The collection of all such families K, ordered by classical inclusion (⊆), is inductive.

Hence, by Zorn’s lemma, we may find a maximal familyK, sayM = {〈x,µMi,γMi〉 : i∈ J}.
The family M satisfies the following properties:

(1) F= {γMi : i∈ J} is a fuzzy filter in (X,τ2),
(2) G= {µMi : i∈ J} is a fuzzy filter in (X,τ1),
(3) ∧(F∩{γG :G ∈ δ})≤∨(G∩{µG :G ∈ δ}).

Now the third assertion gives an immediate contradiction to the hypothesis of the

theorem. Hence, (X,τ) is fuzzy dicompact.

Here we state that fuzzy dicompactness is preserved under a fuzzy continuous bi-

jection.

Proposition 5.4. Let (X,τ), (Y ,φ) be IFTSs and f :X → Y a fuzzy continuous bijec-

tion. If (X,τ) is fuzzy dicompact, then so is (Y ,φ).

Proof. Let K = {Ki : i ∈ J}, where Ki = 〈y,µKi,γKi〉, i ∈ J, be a family of IFCSs in

(Y ,φ) with the FEP. Now define

f−1(K)= {f−1(Ki
)

: i∈ J}. (5.1)

Then f−1(K) consists of IFCSs in (X,τ) since f is fuzzy continuous, and furthermore

it has the FEP. (Suppose that it does not have the FEP. Hence there exist i = 1,2, . . . ,n



A TYCHONOFF THEOREM IN INTUITIONISTIC FUZZY TOPOLOGICAL … 3837

such that

∧ni=1f
−1(µKi

)≤∨ni=1f
−1(γKi

)
. (5.2)

Hence f(∧ni=1f−1(µKi))≤f(∨ni=1f−1(γKi)) implies∧ni=1 f(f−1(µKi))≤∨ni=1f(f−1(γKi)).
(Since f is 1−1.) This implies

∧ni=1µKi ≤∨ni=1γKi (since f is onto) (5.3)

which is in contradiction with the hypothesis.) Since (X,τ) is fuzzy dicompact, we

have ∧i∈jf−1(µKi) ≤ ∨i∈jf−1(γKi) from which we obtain f−1(∧i∈jµKi)=∧i∈jf−1(µKi)
≤∨i∈jf−1(γKi)= f−1(∨i∈j γKi) implies ∧i∈j f−1(µKi)≤ (∨i∈jγKi), which is an obvious

contradiction.

Hence (Y ,φ) is fuzzy dicompact, too.
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