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We study the simultaneous approximation for a certain variant of Bernstein-type operators.
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1. Introduction. To approximate Lebesgue integrable functions on the interval I =
[0,1], the modified Bernstein operators are defined by

n-o+p

1
Mg (fx) = (M-t 1) S pn,k<x>J0 Pn-asp(OF(D)dt
k=p . 1.1)
+ pn,k(x)f — I
2 ruor()
where
Prk(x) = (1]:) xk(1—x)nk (1.2)

for n > «, where «, f are integers satisfying « > 8 > 0 and I,, < {0,1,2,...,n} is a
certain index set. For « = 8 = 0, I, = {0}, this definition reduces to the Bernstein-
Durrmeyer operators, which were first studied by Derriennic [3]. Also if x = 8 =1,
I, = {0}, we obtain the recently introduced sequence of Gupta and Maheshwari [4],
that is, My,1,1 (f,x) = P, (f,x) which is defined as

1
Pu(f,x)= JO W (x,t) f(t)dt
(1.3)

n 1
=13 k) | Proricr (OFOAE+(1-3)"FO), x€1=10,1],
k=1

where W, (x,t) = nZ’ﬁ:Ipn,k(x)pn,l,k,l(t) + (1 —=x)"6(t), 6(t) being a Dirac Delta
function.

In [4] Gupta and Maheshwari have estimated the rate of convergence for functions of
bounded variation for the operators P,, n € N. The approximation properties for dif-
ferent values of «, B were studied by several researchers. Recently Abel [1] obtained the
complete asymptotic expansion for the Bernstein-Durrmeyer operators (x = =0, I, =
{0}) in a concise form in simultaneous approximation. The operators M, «p(f,x) are
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linear positive operators but their approximation properties are different with different
values of o and . In the present paper, we study the pointwise convergence and asymp-
totic formula in simultaneous approximation for the operators M, 1,1 (f,x) = P, (f,x).
In the end we give a remark that similar results can be obtained for different values of
« and B, for example, we mention the asymptotic formula for another particular case,
namely, My, 0.1 (f,x) = B, (f,x). Our main theorems can be stated as follows.

THEOREM 1.1. Let f € C[0,1] and let £ exist at a point x € (0,1), then
PI(f,x)=fT(t)+0(1) asn — . (1.4)
THEOREM 1.2. Let f € C[0,1]. If f*2) exists at a point x € (0,1), then

Tlli_I'l;lon[P,E[f) (f,x) ff(r) (x)] =x(1 7x)f(r+2)(x)

(1.5)
+[r—x(1+2n)]f"V(x) =2 f 7 (x).

2. Auxiliary results. In this section, we mention some results which are necessary
to prove the main theorem.

LEMMA 2.1. For m € N (the set of nonnegative integers), if the following definition
holds:

n 1
P ((t=%)",X) = tnm(x) = " o1 ket (D) (E—x)™dt
((t=x)™,x) = Upm(x) n};n ,k(X)JO Pr-1k-1(t)(t—x) o)

+ (=)™ (1 -x)",

then
_ =X _x(1-x)2n+1)-(1-3x)x
Hno(x) =1,  ppa(x) = i) Hn2(x) = i) (n+2) (2.2)
and for m > 1 there holds the recurrence relation
[n+M+ 1 pnme () = X (1 =) [, (%) + 2mptnm-1(x) ] 03

+[m (1 = 2x) = X ] ptn,m ().

PROOF. The values of py,0(x) and py,,1(x) can easily follow from the definition. We
prove the recurrence relation as follows:

n 1
x (1=, () =n Y x(1-x)p L (x) JO Pt (D) (t—x)"dt
k=1

S ! 24
—mn Y x(1=x)ppi(x) fo Pr-1x—1(t)(E—x)™"dt 2.4

k=1
—n(=x)"1-x)"t+m(—x)" (1 -x)"}x(1-x).
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Now using the identity x (1 —X)PLLI,I)((X) = (k—nx)pni(x), we obtain

X (1 =) [t (X) + Mty -1 (x) ]

n 1
nS (k= nx) pur(x) L Pt (D)(E—x)™dt +n(~x)™ (1 - x)"
k=1

n 1
ny pn,k(x>J [k—=1-(n-Dt+n-1)(t—x)
k=1 0
+(1=-x)]pn1xa (O (t—x)"dt
+n(=x)"* (1 —x)"
n 1 )
=ny pn,k(x)J tA-)py e (Dt —x)mdt
k=1 0

+ (M= 1) tpme1(X) + (1 =X) tpm (x) — (=x)™ (1 —x)"

= nkilpn,k(x) JOI [(1=-2x)(t—x)+(t—x)>+x(1-x)] (2.5)
xpa L (D (E=x)™dt
+ (M= Dpnmr1 (X)) + (1 =X) (X)) = (=)™ (1 =x)"
= —(m+1)(1=2x) [Hn,m (%) = (=x)™ (1 = x)"]
+ (M +2) [ 1 (%) = (=)™ (1= x)"]
=X (1 =x)M[tpm-1(x) = (=2)™ (1 =2)"] + (= 1) tp,m 1 (X)
+ (1 =) Hnm (X) = (=)™ (1 —x)"
= [(1=2x) = (m+1) (1 =2x) [Upnm (x) + (MM +1) fm1(X)

—mx (1 —=Xx)tnm-1(x).

This completes the proof of the recurrence relation. O
The value of p,2(x) can be easily obtained from the above recurrence relation.

REMARK 1. For each fixed x € [0, 1], it follows from the above lemma that
Pp (@i, x) =0 m 7ty oo, (2.6)

where @, =t — x.
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LEMMA 2.2. For m € NuU {0}, if the mth-order moment is defined as

Upn () = ankm( )m, 2.7)

k=0

then Upo(x) =1, Uy (x) =0, and
MUpm+1 (%) = x(1=x) [U5, (X) + MUp -1 (x)]. (2.8)
Consequently,
Upm(x) = O (n-Lm+D/2]y, (2.9)

LEMMA 2.3 [5]. There exist the polynomials Q; j,-(x) independent of n and v such
that

. ) d
Xx(1-)}' D" [pur(x)] = D nik—nx)Qijr(X)pui(x), D= o @10
2i+j<r X
i,j>0
3. Proof’s of theorems
PROOF OF THEOREM 1.1. By Taylor’s expansion of f, we have
rop) )
Fio =3I 4t -, (3.1)
i=0 !

where &(t,x) — 0 as t — oo,
Hence

1
P (f,x) =J W (t,x) f(t)dt

:Zf (X)I Wi (£,x) (£ —x)1 dt+J Wi (et x) (t-x)rde 3-2)
i=0

=R; +R>.

First to estimate Ry, using binomial expansion of (t — x)" and Lemma 2.1, we have

(t,x)tvdt

r (i) i . )
R, = Z(:)f ﬂ(X) Z (;) (—x)iv

v=0

(r) v 1
= %air JO W (t,x)t"dt = f7 (x) +0(1), n— oo.
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Next using Lemma 2.3 we obtain

) \QllT(x)| j
|Rz|Sn2i%g KO & Sk —nxl puk(x)
i,j=0

(3.4)

J Pn-1k-1 () |e(t,x) | (t—x)"dt + ————
= R3+Ry4.

n!
)1 (1-x)""]e(0,x) |x"

Since £(t,x) — 0 as t — x for a given € > 0, there exists a 6 > 0 such that |&(t,x)| < ¢
whenever 0 < |t — x| < 6. Thus for some M; > 0, we can write

n
Ry<nM; > n'> pur(x)|k—nx|’
2i+j<r k=1
i,j=0

(3.5)
el pewilt-xl”
lt-x|<5
+J Pn—l,k—l(t)M2|t—X|rdt} = Rs +Rg,
lt-x|=6
where
M, = sup M (3.6)
2Hq<r{x(1 X)}

i,j=0

and M, is independent of t. Applying the Schwarz inequality for integration and sum-
mation respectively, we obtain

1/2
Rs<e-Min > n Zr)nk (x) 1k~ nXIJ(J Pri k- 1(t)dt)

2i+j<r k=1
1,j=0

) Uol pn_l'k—l(t)(tfx)Zrdt)l/z

n n 1/2 3.7)
<se-Mn D> n') purlx) ( > nn,k<x>(k—nx>zf)

2i+j<r k=1 k=1
i,j=0

1/2
(ZPnk(X)J Pn-1k-1(t)(t— X)”dt) .
k=1

Using Lemmas 2.2 and 2.1, we get

Rs<e-M; > nio(m/?)o(n"?)=0(1). (3.8)
2i+j<r
i,j=0
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Again using the Schwarz inequality and Lemmas 2.2 and 2.1, we get

Ro<ndy S ntS pasl)lk— nXIJL Pk Olt-xlde
X|=

2i+j<r k=1
i,j=0

<ndz 3 n' Y pastolk-nxl!( |

2i+j<r k=1
i,j=0

172
6pn71,k71(t)dt)

[t—x|=
1/2
X(J vn_l,k_l(t)u—x)”dt)
|t—x|=6

n 1/2
<nM, > ni( > Pn,k(X)(k—nX)2j>

(3.9

2i+j<r =
i,j=0
n 1/2
(ank(X)I Pn-1k-1(t) (L — X)Zrdt)
k=1
= > nlom?)o(m ) =0mV ") =00).
2i+j<r
i,j=0

Thus, due to arbitrariness of &€ > 0, it follows that R3 = 0(1). Also R4 — 0 as n — «
and hence R, = 0(1). Collecting the estimates of R; and R», we get the required result.

O
PROOF OF THEOREM 1.2. Using Taylor’'s expansion of f, we have
r+2 (i)
Ft) = zf I(X)(t X) 4 e(t,x) (t—x)"*2, (3.10)
i=0
where €(t,x) — 0 as t — x. Applying Lemma 2.1, we have
T+2f(l)(x
n[P (f(6),x) - f7 ()] =n [Z jw%x)(t x)idt - f”(x)}
i=0
1
+ [nj Wr(f)(t,x)s(t,x)(t—x)”zdt]
0
:El +E2|
r+2
_ f(l)(x) i— (r) (r)
Er-ny I > (! I Jj W (0t dE—n ) (x) G

i=0 T j=0
3 £ (x) Fr+D (x)
r! (r+1)!
xn[(r+1)(=x)P" (t",x) + P (t"1, x)]
fr2(x) [(T+2)(T+1)
(r+2)! 2

n[P (t7,x) - (rH] +

x2P (L7, x)

+(r+2)(=x)P (17 x) + P (t”z,x)].
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It is easily verified from Lemma 2.1 that for each x € (0, 1),

v . myr _ (nh? v-1 2
P, (t ’X)_(n—v)!(n+v)!x +v(v 1)(n—v+1)!(n+v)!x +0(n=°). (3.12)
Therefore
_ (r) (n!)Z _
Er=nf (X)[(nfr)!(nﬂf)! 1]
f(r+l)(x) (n!)z
r+1)l [(Y+1)(_x)(r!){(n—r)!(n+r)!}
(n))?
{(n—r—l)!(n+r+1)!(r+1)!x
(n))?
+T(T+1)(n—r)!(n+r+1)!(ﬂ)}]
FOD ) [ (r+2)(r +1)x2 (nh?
n (r+2)! [ 2 ) n-r)!n+r)!
(3.13)
(nh)?
+(T+2)(_X){(nfrfl)!(n+r+1)!(r+1)!x
(nh)?
+T(T+1)(nfr)!(n+r+1)!(r!)}
{ (n})? }(1’+2)! )
m—r-2ln+r+2t) 2

(n})?
n—-r-D!n+r+2)!

+(r+1)(r+2)

X (r+1)!x+0(n’2)].

In order to complete the proof of the theorem, it is sufficient to show that {x(1 +
x)}"E» — 0as n — oo, which can easily be proved along the lines of the proof of Theorem
1.1 and by using Lemmas 2.1, 2.2, and 2.3. O

REMARK 2. Just like the operators in (1.3), very recently Abel and Gupta [2] consid-
ered the following operators:

n 1
Ba(fox) = (4 1) S pus(x) JO Prko1 (O F(DdE+(1-x)"f(0), xel=[0,1],
k=1

(3.14)

where p, k(x) is as defined by (1.3). These operators are My 0,1 (f,Xx) = Bn(f,x).
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For these operators, we can easily verify the following: for m € N° (the set of

nonnegative integers), if we define

n 1
Bu((t—x)",X) = ppm(x) = (n+1) nk (X) nk—1 (1) (t—x)"dt
( ) = ¢, Elv K L Prj-1 515)
+(=x)™(1-x)",

then for m > 1 there holds the recurrence relation

[+ + 2] ppmer () = x(1=x) [Pil), (%) + 2MPpm-1(x)]

(3.16)
+[m1-2x) = 2x|Ppnm(x).
Also, it is easily verified that
n!(n+1)! n!(n+1)! 1
v _ v _ v
B (t",x) = m-v)!n+v+ 1)!X tvv-D nm-v+Dl(n+v+1)! (3.17)
+0(n7?).
Thus we have the following asymptotic formula for the operators B,,.
THEOREM 3.1. Let f € C[0,1]. If f"*2) exists at a point x € (0,1), then
lim n[B (f,x) — f7) (x)]
e (3.18)

=x(1-x)fT"*20) +[r=2xA+M)]f"V(x)=rr+1)f7 (x).

The proof of Theorem 3.1 is parallel to that of Theorem 1.2; we just have to use the
above estimates for the operators.
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