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THE PSEUDODIFFERENTIAL OPERATOR A(x,D)
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The pseudodifferential operator (p.d.o.) A(x, D), associated with the Bessel operator d2/dx?
+ (1 —4u?)/4x?, is defined. Symbol class H:)"‘(s is introduced. It is shown that the p.d.o.
associated with a symbol belonging to this class is a continuous linear mapping of the
Zemanian space Hy, into itself. An integral representation of p.d.o. is obtained. Using Hankel
convolution Lgyfx—norm continuity of the p.d.o. is proved.
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1. Introduction. The theory of the Hankel transformation

(huf)(y) = JO () 2 T (xy) f(x)dx, p= —%, (1.1)

where 0 < y < o and J, is the Bessel function of the first kind and of order p, has
been extended by Zemanian [14] to distributions belonging to H,,, the dual of the test
function space H, consisting of all complex-valued smooth functions ¢ defined on
I =1(0,00) and satisfying

XM (Xfl i)k[xfu—l/zd)(x)]

o < oo (1.2)

Ymi(d) = sup

0<x<oo

for each pair of nonnegative integers m and k. Pseudodifferential operators associated
with a numerical valued symbol a(x,y) were investigated by R. S. Pathak and Pandey
[8, 9] and by R. S. Pathak and S. Pathak [10].

We will use the notation and terminology of [4, 7, 11, 12, 14]. The differential opera-
tors Ny, My, and S, are defined by

Ny =Ny = xH3/2 (x”%)x’“’”z, (1.3)
My =M. :x"“'“/Z(x‘l%)x““/z, (1.4)
Sy =Sux=M;Ny, = (2u+2)xH1/? (X’I%)x’“’l/z
e (1.5)
+x,u+5/2 (Xfl_) x—‘ufl/Z_
dx
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From [14, page 139] and [5, page 948] we know the following relations for any ¢ € H:

hys1 (Nyp) = —=yhuo, (1.6)
hy, (Su(l)) = _J’Zhud’a (1.7)
. d k e k k d\Y . d k-v e
() eomon = 3 (1) () o ) e s
r ) ) d r+j
St )= bijJ“‘*”z(x‘la) (x112¢(x)), (1.9)

j=0
where the b; are constants depending only on p.

Next, we define the space Lh(n, 1< p < oo, as the space of those real-valued mea-
surable functions on I for which

w0 1/p
£l = UO |f(x) Ide(x)} < o0, (1.10)
where
do(x) = (2"T(u+1)) 'x21dx. (1.11)

Let A(x,y,z) denote the area of a triangle with sides x, y, and z, if such a triangle
exists. For fixed y > —1/2, set

-1
D(x,y,z) = 23u—1/2(n)—1/2[r(u+1)]2[r(u+ %)] (xy2) 1 [Alx, v, 2) ],
(1.12)

if A exists, and zero otherwise. Then D(x,y,z) > 0 and that D(x,y,z) is symmetric
in x, v, z. From [13, page 411], we know that

jxtjon = [ CiEop ey, 2do @), (1.13)
where
J(x) =2HT(u+1)x# Ju(x). (1.14)
From (1.13) it follows that
Ju(xt)Ju(yt) = (2“T(u+1))~" J: (xyt)*z H ], (zt)D(x,y,z)do (2). (1.15)

Let f € LL(I), then its associated function f(x,y) is defined by

f(x,y):J0 f(z)D(x,y,z)do(z), 0<x,y <o, (1.16)
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and the Hankel convolution of f and g is defined by
f#g(x) =J0 f,)g(y)do(y), 0<x <. (1.17)

From [9, page 102] we know that if f(x) € L&(I), g(x) € Lh(I) with p > 1, g > 1, and
1/p+1/g > 1, then

ILf#glly < 1fNgllgllp, (1.18)
where
11,1 4.0 (1.19)
r o p q

Many algebraic and topological properties of the generalized Hankel convolution
have been given by Betancor and his associates [1, 2, 3, 6].
We also note the differentiation formula

(x’I%) XTHI (xt) = (=)™ xH M J o (XE). (1.20)

In this paper, a general class H;’}(; of symbols associated with the differentiation formula
(1.20) and similar to the Hormander class S)'; is introduced. For p = 1/2 and 6 = 0, the
class H)s reduces to the symbol class Hy" studied by R. S. Pathak and Pandey [8]. An
integral representation for A(x, D) is given when the symbol belongs to the class H;"l(s.
It is shown that A(x,D) is a continuous linear mapping of Zemanian’s space H,, into
itself. The space L}  is defined and an L} 4-boundedness result is also obtained.

2. The pseudodifferential operator A(x,D)

DEFINITION 2.1. Let a(x,&) be a complex-valued smooth function belonging to the
space C®(I xI), where I = (0,00), and let its derivatives satisfy certain growth condi-
tions such as (2.3). The pseudodifferential operator (p.d.o.) A(x, D), associated with the
symbol a(x, &), is defined by

AGDIF ) = [0 2, (xE1ax,E) (huf) (D), @.1)

where
(huf) (E) = j:<x§>”2]u<x§>f<x>dx, pe-t 2.2)
DEFINITION 2.2. The function a(x,&) : C*(I xI) — C belongs to the symbol class

H;“f(;, meR,0=<6=<p<=1,if and only if for all &, € Ny, there exists Cygm > 0 such
that

‘ t= diz)a()(l%)l;a(x,ﬁ) < Coupom (1+82) 2700700, (23)
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A few examples of elements of H,'s are given as
A 1+x2+&8)™2 m <0,
(i) sinx?(1+x2+&2)™/2 m <0,
(i) e~ (1+x2+E2)™2 m <.
We give a proof for example (i). We have

a(x, &) =(1+x2+&)™* m<o,

B
(xflix) (1+x2+E)™? = Dpg(1+x2+82)"2F

so that

() (i e

(2.4)

- ’Dm‘(x‘ﬁ(l +x2+§2)m/2_3_“‘ < Dpnap(1+E)™* 7% (m < 0)

forO0<d<landO=<p<1.

(2.5)

THEOREM 2.3. Let the symbol a(x,§) € H;’fé. Then for u > —1/2, the p.d.o. A(x,D)

is a continuous linear mapping of H, into Hy,.

PROOF. Let ®(x) = A(x,D)f(x), f € H,. Then using definitions (1.3) and (2.1), we

have

N,®(x) = xH+3/2 <x‘1 %)x‘“‘”zd)(x).

By induction, we get

Nysk-1- - Nu®@(x)

k
:xu+k+1/2<x—1%> X H12¢ (x)

— yeHHk+1/2 (X—li
dx

k 00
) x-“-”ZL (XE)2 ], (xE)a(x,E) (hyf) (E)dE.

Using formula (1.8), we get

Nyiko1 -+ - Ny (x)
[k wka1y2 [ L d T
_ u - —u
g()(r)x Jo (X dx) X Hu(xE)

x (x*l%) a(x,E)E2 (hyf) (§)dE.

(2.6)

(2.7)

(2.8)
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Next, applying (1.20), we have

Nysk-1---Nu®(x)

k k o
_ yé) <T> Xu+k+1/2 IO (_g)kirxiuikﬂfjwkfr (XE)

d v
x("_la> a(x,§)8" (huf) (€)dE 2.9
k k Y
B Zo (T) Jo X" (X kv (XE)

x (x’l %)Ta(x,E)(—E)"*V(huf)(E)dE.

Using formula (1.6), we get
(_x)(N‘Ll‘Fk*l e -NHCP(X))

= Ag JOOO (XE)I/ZJ;H—kH (XE)Nu+k[a(x1§) (_E)k(huf) (E)]d%

AL XE ) Nk
[ —li _e\k-1
<[ (¥ a8 () ) | dg

[

+ A, JO XP2EV2 T ko1 (XE) N2

B 2
X _(x’I%) a(X,E)(—E)kZ(huf)(E)}dE"‘ -

© d k
+Akj0 xk“/zgl/Zle(xg)N,,[(xldx) a(x,a(huf)(g)}dg,

(2.10)
(_Xz)(ka*l < Nu®(x))
=Ap JO (Xg)l/zju+k+2(XE)Nu+k+1Nu+k[a(Xsg)(_g)k(huf)(E)]dg

+A1 JO X3/2§1/2.]u+k+1 (Xg)NqukNka—l

x| (x‘l %)a(x, &) (=) (huf) (E)]d‘é

LA, jo X3ZEV2 ] 4 (XE) Nyt Nysk—a

B 2
X _(x*%) a(xé)(—&)“(huf)(a}d& e

o0 k
+AkJ0 xk““g”zm(xaszwu[(x1%) a(x,a(huf)(g)]da
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By induction, we have
(=) (Npsk-1- - - Ny®(x))
= Ao [0 s (x8)
X Npsken-1 -+ Nusela(x, ) (=8)* (huf) ()| dE

+Al JO x3/2§l/2ju+k+n—l (x§)Nu+k+n—2 tt 'Nu+k—1

(2.11)
71i _x\k-1
%[ (71 )a e, 8 (-0 () () g +
+ Ak J: Xk+1/2§1/21u+n(X§)Nu+n—l <Ny
d\k
-1 4
x[(x dx) a(x,§)(huf)(§)]d§.
Therefore,
(=)™ (Npsk=1- - - Ny®(x))
AV re1/2¢1/2
_VZO(?,) JO X EV Tuik—rin(XE)Nysk—rin-1" " Nyrk—r (2.12)
X [(xljx) a(x,E)(—E)ky(huf)(E)}dE,
which in view of formula (2.7) can be written as
k
(_X)nxu+k+1/2<x—1%> x—u—l/Zq)(X)
k o
_y (k) (_1)k—rj XTFVZEVZT L () ER kL2
r=0 r 0
AN\ e (1 4
(27 %) [5 (L) a0 (nf) (6 | dE -

-3

k
r=0

k o
(7’) (-1 .[0 (XE) M Jpskpan (XE) T/

a\"
% 52(u+k—r)+n+1 (g—l I&)
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Putting u+k—7 = A, we get
d k
(—x)"(x‘l—) x7H12¢(x)
dx

: k k-7 ” -A 2A+n+1 ld
=Z(,)(1> [, o gt (57 ) 2.14)

r=0
y [g—u—l/Z (X—1%>Ta(x,§)(huf) @}ii-

Now an application of formula (1.8) yields

nfo-1 d k——1/2
xxax“ ®(x)

k k °° —A 2A+n+1
ggo(r) jo |(xE)™Main (XE) |E

xvi (:) ‘(E_I%)v(x‘ldd ) a(x, 5)‘

|

(2.15)

) e @ ’dg.

Then using inequality (2.3) and the boundedness property of the Bessel function, we
find that the right-hand side of (2.15) is bounded by

k n
DY ( )( )AZ\nCvrmJ gaenl (] 4 g2ymizopur

r=0v=0

<| (1) e @ |ag

k(K (n * 2\ A+N/2+1/24m/2—pU—5r
< Z Z ” v A/\,nCv,r,m 0 (1+§)

r=0v=0

(2.16)

(E . E)n—vg,u*l/Z(I,LIJJL‘)(E) ’d§

Let p be a positive integer greater than or equal to y+k+m/2+mn/2+1/2, then we can
write

k
x" (x i) xH 128 (x) ’

d
i i ( ) (’3) ArnCorm

r=0

(1)’
XL (1+£2)

(e 5e) &) @) |ag
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k n p+l
k\ (n\ (p+1
= z z ( ) ( ) ( )A/\,nCv,r,m
r=0v=0s=0 \'/ \V S

) gk n-v o d§
xjo g (e 1d§> £ () )| (1 gy
(2.17)
Thus
k n p+l1
Yii(®) < Z ST DankmYhs o (huf), (2.18)
r=0v=0 s=0

where Dy, km IS a positive constant. From (2.18), the continuity of A(x,D) follows.
O

3. Anintegral representation. The function ay (§), associated with the symbol a(x, &)
and defined by

ax(E) = jo EM2 1, (nE) [(xm) 2 T, e a e, m) ]dn, (3.1)

will play a fundamental role in our investigation. An estimate for a, (&) is given by the
following lemma.

LEMMA 3.1. Let the symbol a(x,n) € H;"‘(;. Then the function ax (&) defined by (3.1)
satisfies the inequality

|@x (§) | < Eypme(1+8%) 7" (1+x)Hratr12) (3.2)

where E,; m+ IS a positive constant, p = —1/2, and m < —u—3/2—t.

PROOF. Using property (1.7), we can write

ax(§) = j (n&)Y2Ju( nE)((IEZ))[(xn)”ZJy(xr))a(x mldn
o (3.3)
2 r H,n 2
J (n&Y Ju(nE);o( 1) ( )m[(xn)” Julxma(x,n)ldn

In view of (1.9), we have

.

J (nE)”ZJu(nE)Xh nzﬁ““/z(n an

Jj=0

x[n7#12a(e,n) (xm) V2 Ju(xm) ]dn
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X JO (nE)I/ZJ“(ng)HZJHJJrl/Z

S el )

i=0

xn~HJu(en)xt?dn.

(3.4)
Again applying formula (1.20), we have
t r r+j .
r+j 1
ax®= Y 5 3 w( )( ) )bj
r=0j=0 i=0 t (1+§2)t
d i
J (nE)”ZJu(nE)nZ”““/Z(n ) ) (3.5)
n
Xa(x’n)(_1)7+]—1xV+J—ln—u—1’—J+i
X Jusrsjoi(xn)xt2dn.
Therefore,
Lt r rij 1/2+42(r+j—1)
t\ (v+j xH* J
ax®l =3 3 3 (5) (7)) Imy
7=0 j=0 i=0 i (1+8&2%)
(3.6)

XI@ | (NE)V2 ], (nE) | n2i+k+/2

(n‘l ;—n)ia(x,n) ‘

X | (em) H T e i (xn) | dn.

Then, using inequality (2.3) and the boundedness property of the Bessel function, we
have

(1+82%)

n2itu+1/2

t r r+j H+1/242(r+j—1)
@ =3 Y Z( (7
r=0j=0 i=0

XAuBu,i,j,rCi,mJ — ,df)
0 (1+r]2) mp (37)

t v r+j
t\ (r+
< Z Z ' ( )( 11) |b |AuBu”rClme+Zr+ZJ 2i+1/2

r

x(1+8) 'B(j+E+ 3B K2 +pi- )
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for m < —pu—3/2—t. Therefore there exists a constant E,; », such that
|ax (E) | < Eppme (1+8%) 7" (1+x)HH4t+12, (3.8)
O

THEOREM 3.2. For any symbol a(x,&) € Hl’)%, the associated operator A(x,D) can
be represented by

A(x,D)f(x) = JO L (&2 Ju (&) ax (&) (hyf)(mdndg, f € Hyu(I), (3.9)
where all the involved integrals are convergent for u> —1/2 and m < —u—3/2—t with
t>1/2.

PROOF. Since ay (&) = [y (n&)'2J,(n&)[(xm)'/?Ju(xn)a(x,n)ldn, by inversion, for-
mally, we have

J:(na”z]u(nf)ax(&)d& = (xm I (xn)a(x,n). (3.10)
Therefore,
AGDIF ) = [ Gem 2 Gema e () (i
= J: (huf) () U:(nE)”ZJu(HE)ax(E)dE] dn (3.11)
=[] e g as© ) man e,
so that

AGD)F 0] = Ay [ lac@( [ 1) o dn) e (3.12)
Since (h,f)(n) € H,(I), we have
| (huf) ()| <CnP* 21+t VI>o0. (3.13)
Now using the above estimate and (3.2), we obtain
|A(x, D) f(x) |
<Ay J: J:E“,m,t(ugz)*t(l +x) A2 Cptl2 (1 4 ) "ldn dE (3.14)

SE;’m’t(l+X)y+4t+l/2 ,[0 (1+§2)—td§J0 (1+n)H+12-lgp.

The above integrals are convergent since u > —1/2, and t can be chosen greater than
1/2 and [ sufficiently large. O
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4. Lf},a-boundedness of A(x,D). In the proof of the boundedness result, we will
need the following estimate for the Hankel transform of n“+1/2a(x,n). We write

Ax(z) = hy(n"2a(x,n))(2). 4.1)

LEMMA 4.1. For1/2 <p <1 and pu+m+3/2 <0, there exists a constant Aym,p > 0
such that

1

|Ax(2) | < Apmp(1+2%) . (4.2)
PROOF. We have
Ax(z) = J:(zn)”zju(zn)n““/za(x,n)dn- (4.3)
Then using the property (1.7), we can write
Ax(2) = Jw(zn)”zju(zn)Mn“*”za(x,n)dn- (4.4)
0 (1+22)

Using (1.5), we get
A _ 1 * 1/2 u+1/2
x(z)*7(1+22) . (zm) " Ju(zmn**a(x,n)dn
« a
_ 1/2 +1/2( -1
(2u+2)J0 (zm' Ju(znn* (n dr')a(x,n)dn (4.5)
h 1/2 H+5/2 -1 d 2
—fo (zm) "< Ju(znmn (n Tin) a(x,n)dn},
so that

1 [
’AX(Z)| < (1-FZZ)|:JO Aunu+1/2(l+n2)m/2dn

+(2u+2)J A2 (14n2)™* P an (4.6)
0
+JmAun“*5/2(l+n2)"”2Zpdrl}-

0

Since all the three integrals are convergent for y+m+3/2 <0and 1/2 < p < 1, therefore
there exists a constant A, ,, , such that

|Ax(2)| < Apm,(1+22)7" (4.7)
O

We will use the following subspace of H,,.

DEFINITION 4.2. The space L} +(0,0), x € R, 1 < p < o, is defined as the set of all
those elements f € H, (I) which satisfy

1fllzp = IE“F @z 4.8)
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THEOREM 4.3. Pseudodifferential operator A(x,D) is a continuous linear mapping
from Lﬁ,yn/z into L wherel <p <oo,q> Qu+2)/(u+5/2),and 1/r =1/p +

o,u+1/2s
1/q-1.

PROOF. From (3.9), we have
A(x,D) f(x) = jo ax@(jo (1821, (1) (. f) ()l ) dE

. Jmax(E)f(E)dE-

0

Using (3.1), this can be written as

A(x,D) f(x) :JO (JO (nE)”zJu(nE)(xn)”ZJ,,(xn)a(x,n)dn)f(E)dE.

Next using relation (1.15), we can express it in the form
A(x,D) f(x)
N Jm (Jm<n§>”2<xn>”2(2“r<u+1))‘1
0 0
XJO (XEn)“z“Ju(zn)D(x,E,Z)da(Z)a(x,n)dn)f(E)dE
= Jm Jw (Jm(zn)”ZJu(zn)n““/Za(x,n)dn)
0 Jo 0

X xHHL2E==112 £y 2712 D (x, E,2)do (§)d o (2)
= xHt1/2 r JmAX(Z)E’“’I/Zf(g)z’“’l/ZD(x,E,z)da(g)do(z).
0 0

An application of inequality (4.2) yields

[xH12A(x,D) f(x)|

o (oo . . B (4
SAu,m,pL JO |EH12FE) ||z 12| (1+22) ' D(x,E,2)do (E)do ().

(4.9

(4.10)

(4.11)

12)

In view of definitions (1.16) and (1.17), the last expression can be expressed as a con-

volution, and for F(§) = |E V2 £ (&) and G(z) = |z7#1/2](1 +2z°)~1, we have

|x*u*1/2A(x’D)f(X) | =< Au’m,p (F#G)(X)!

so that

[

(J: |x B 124 (x, D) £ (x) |Tdo(x)>m < Au,m,p(J (F#G)Wx)da(x))l/y

0

(4.13)

(4.14)
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We note that for g > (2u+2)/(u+5/2), G(z) € L&(I),and F(z) e L5 (I), 1 < p < , and
using (1.18) finally we obtain

|lx#12A(x, D) f 0|y, < IF#G I < IIFIl 2 Gl a, (4.15)

where 1/¥ =1/p+1/q—1 > 0. Therefore, in view of Definition 4.2, we get

(1]
[2]
[3]
(4]
(5]
(6]
[7]
[8]
[9]
(10]
(11]
[12]
(13]

(14]

1AGeD) £ g irso < IF Nz o] (1227 (4.16)

L p+1r2°
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