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We consider a family of polyharmonic problems of the form (—A)"u = g(x,u) in Q,
D%u = 0 on 0Q), where ) C R” is a bounded domain, g(x,-) € L*(Q), and |&| < m. By
using the fibering method, we obtain some results about the existence of solution and
its multiplicity under certain assumptions on g. We also consider a family of biharmonic
problems of the form A’u+ (Ag+ [Vo|?)Au+2Vge - VAu = g(x,u), where ¢ € C*(Q),
and Q, g, and the boundary condition are the same as above. For this problem, we prove
the existence and multiplicity of solutions too.

1. Introduction

In this paper, we consider the following polyharmonic problem:

(=A)"u=g(x,u), inQ, (1.1)
D*u =0, onodQ, (1.2)

where O € R” is a bounded domain, g(x,u) = Zejgj(x)lulpf‘lu +h(x), with 0 < g; €
L*(Q), g € {0,1,—1}, 1 < py < pp<--- < py < (n+2m)/(n—2m), |a| <m, and h €
(HE ()"

This problem has been studied before by many authors for special cases as follows.

(1) It is well known that for m = 1, g(x,u) = |u|?~'u, the problem (1.1)-(1.2) has a
solution if 1 < p < (n+2)/(n —2) and does not have any solution if (n+2)/(n —2) < p.
The usual approaches to prove the existence or nonexistence of solutions in this case
are mountain-pass lemma and Pohozaev identity, respectively; see [4, Sections 8.5.2 and
9.4.2]. Moreover, for the critical Sobolev exponents case, that is, p = (n+2)/(n-2), Brézis
and Nirenberg, by considering g = f + u"*?/("=2) 'have proved that, if f = 0, the problem
has no solution in a starlike domain. They have also proved the existence of solutions for
some cases of f 220, [3].

(2) For Q = R", g(x,u) = |ul?~'u,and p = (n+2m)/(n — 2m), Bartsch, Schneider, and
Weth have established that (1.1) has a sequence of nodal finite-energy solutions, which is
unbounded in D"™%(R"), see [2].
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(3) Let B be the unit ball in R” and Q) = B, moreover, suppose that g(x, u) satisfies the
following hypotheses.
(H1) The function g is nonnegative, Borel measurable function on B X (0, o), which is
continuous and nonincreasing with respect to the second variable.
(H2) For each ¢ > 0, the function x — g(x,c(1 — |x[)™)/(1 — |x|)™"! is in K, where
Kin,n is a set of Borel measurable functions, such as ¢, which are defined on B,
and satisfy the condition

. 1-1yl\" 3
lim (supJBmB(x’a) (1 > ) Gun(%, )| o(y) | dy) =0. (1.3)

a0\ xeB

Here Gy, is the green function of (—A)™ on the unit ball B.
(H3) For each ¢ >0, g(+,c) is positive on a set of positive measures.
Under the above assumption, Méagli et al. in [10] have proved the following theorem.

THEOREM 1.1. Assume that (H1)—(H3) hold, then the problem (1.1)-(1.2) has a positive
continuous solution. Moreover, there exist two positive constants a and b such that for each
X € B,

a(l=xD)™ < ux) <b(1—|x])"". (1.4)

(4) Grunau in [5] studied the growth conditions that imply the existence of a strong
solution for the following type of problems:

Lu+g(x,u) = f(x), inQ,

1.5
D*u =0, onodQ, (1.5)

where |a| < m, L = (=A)", and u — g(-,u) exceeds the controllable growth rate
u(nt2m)/(n=2m) Recently in [6] this result has been extended to

n m

S

L={-Ya-2-) + #(x)D", 1.

( Z ajax,-axj> Z b (x) ( 6)
i,j=1 la|<2m—1

with a;; € R, X7 a;;j&j = clé|?, by € C'*M7(Q), and L is assumed to be coercive which

means that for some ¢ > 0 and all u € W{*(Q) () C>"(Q)), one has

| s> clluliyns o (17)
Q

By assuming that g and Q are sufficiently smooth, Grunau and Sweers in [6] proved the
following theorem.

TueOREM 1.2. Fix n = 2m and suppose that g satisfies the sign condition, ug(-,u) = 0, for
all u € R, and the one-sided growth condition

glx,u) = —c(1+1ul?), (1.8)
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with
o=1 ifém<n,
4m

n—2m
o<co if n=2m,

o< if 2m<n<6m, (1.9)

then for every f € C*(Q), the problem (1.5) has a solution u € C2™*(Q2) "\ W™ (Q).

Remark 1.3. For the following two-sided growth condition (instead of (1.8)),

glxeu) = —c(1+ul") foru=<o,
1.10
glou) <c(l+ul") foru=0, ( )

with 7 < (n+2m)/(n — 2m), the existence of a weak solution in W' 2(Q) follows from the
coercivity of L. Moreover, for 7 < (n+2m)/(n — 2m), a linear argument, bootstrapping
between Sobolev imbedding and regularity theory, see [1], shows existence of a strong
solution u € C*"(Q) as well as regularity of any weak solution. Luckhaus [9] also proved
for general elliptic operators that all solutions of (1.5) are classic, that is, u € C*"(Q),
whenever (1.10) holds with 7 < (n+2m)/(n — 2m).

Remark 1.4. For m = 1, no controllable growth conditions are needed. Here the max-
imum principle together with the sign condition for g gives an L® bound to start the
bootstrapping. For m = 2, Tomi in [20] obtained a classical solution by using the maxi-
mum principle for an auxiliary function like a(Au)? + G(u), where G’ = g and a € R.

Remark 1.5. These approaches do not work for general higher-order elliptic equations
with zero Dirichlet boundary conditions. Not only no maximum principle on general
domains exists, but also the restriction to a level set defines a new nonzero Dirichlet prob-
lem. By exploiting the Green function estimates on balls, a local maximum principle can
however be proved.

This paper is organized as follows. In Section 2, we consider the equation

(=A)"u= f(x)|ulPu, (1.11)

with the boundary condition (1.2) and f € L®(Q)). We prove the existence of infinitely
many solutions. In Section 3, we consider the equation

(=A)"u = sf(x)lulp_1u+6g(x)|u|q_1u+h(x), (1.12)

with the boundary condition (1.2) and 0 < f, g € L®(Q). Then we prove that for small
values of ||/]| «, this problem has at least one solution or three solutions depend on ¢,8 €
{1,—1}. In Section 4, we consider the biharmonic equation

ANu+ (Ap+|Vel?)Au+2Ve - VAu = ef (x)|ul? 'u+08g(x)lul?'u+h(x), (1.13)

with the boundary condition (1.2), for |a| < 4, ¢ € C*(Q), and f, g, h, &, & as above. We
prove the existence of one solution or multiple solutions.
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2. A special case

Let Q be a bounded domain in R" and n,m € N. In this section and the next one, we let

n+2m
. P for n > 2m, 2.1)
pri={n- .
0, forn < 2m.

Let H := H™(Q) and Hy := H{"(Q) be the Sobolev spaces, where Hy is equipped with the
scalar product

J A2y A2y m even,
(uyv) =1 (2.2)
I VAm=D2y g Am=172y,  1 0dd.
Q
Consider the problem
(=AN)"u= f()|ul? 'y, inQ,
/ (2.3)

D% =0, onodQ,

where 1 < p < p*, f € L*(Q), f = fi — f», fi = 0, and f; is not identically zero. The Euler
functional of (2.3) is given by

M= 3 () - ﬁ Jﬂf(x)lulp“ dx, (2.4)

where (-, -) is the scalar product on Hy, which is defined by (2.2). It is known that a con-
ditional critical point of I corresponds to a weak solution of the boundary-value problem
(2.3). Let us split the function u € Hy as follows:

u=rv(x), reR\{0},veT, (2.5)

where ' = {v € Hy: [ f(x)|v|P*1dx >0, (v,v) = 1}. Now if we substitute from (2.5) into
(2.4), then we obtain

2 |p|ptt
E(r,v):=1[rv] =

r
2 p+l

L) FlvlP dx, (2.6)

Following the fibering method suggested in [12, 13, 14], we obtain

'lu] =0 e | B0V =05 (2.7)
e E,(r,v)=0 '

where E,(r,v) is the derivative of E(r,v) in the tangential direction on the boundary of
the unit sphere in Hy. The equation E;(r,v) = 0 plays the same role as the bifurcation
equation in the classical approach. Therefore, it is referred to as the bifurcation equation
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in the fibering method as well. In this case, the bifurcation equation acquires the form
r—rlr|P~1 [, flv|P*1 dx = 0. This equation has three roots:

-2/(p-1)
N0 =0, M =-nm=(] fvrd) 28)
Q
The nontrivial roots give rise to the functional
1 1 P+1d D .
E(v) = E(ri(v),v) = (5 - Im) <L2f|v| x) =23 (29

If we set E(v) = [o fIvIP™ dx, then we see that E(v) and E(v) have the same conditional
critical points. Moreover, E(v) is strictly positive and is bounded from above for all v € T.
In order to see this notice that for 0 < p < p*, the embeddings Hy(Q) C LF*}(Q) are
compact continuous and there exists a ¢ > 0 such that

llull i1 < cllull s (2.10)
thus

0<E(v)=J FIvIPdx < | f ocP < o, (2.11)
Q

Now we arrive to the following theorem.

THEOREM 2.1. The problem (2.3) has at least one weak solution. In other words, there exists
a point vo € Hy, which is a maximum point for the problem

M =sup{E(v) |veT}. (2.12)

Proof. Let {v;} C I be a maximizing sequence for M, thatis, v; € T and E(vi) — M. From
compactness of the embedding Hy C LF*1(Q), for 1 < p < p*, and boundedness of {v;}
in Hy, that is, (v;,v;) = 1, and by weak continuity of the functional u — [, f(x)|ul?*'dx,
it follows that there exists a subsequence {v;;} of {v;} and vy € Ho such that v;; is weakly
convergent to vy in Hy, and strongly convergent to the same v, in LP*1(Q)). Thus

E(vi)) — E(vo) =M >0. (2.13)

We claim that vy # 0. Indeed, if vy = 0, then E(vo) = 0, which contradicts with M > 0.
Now it remains to show that vy € T. By lower semicontinuity of the norm, we have

(vo,v0) < liminf (v, v;,) = 1. (2.14)

If we suppose 0< (vy,vo) < 1, then for a suitable k > 1, (kvy,kvy) = 1 and E(kvy) = kPH'M >
M, which contradicts with the definition of M. The proof of the theorem is completed.
(]

Remark 2.2. For vy as above, we have |vy| € T and also E(Ivo )= EN(V()) = M,. Therefore,
we have ug(x) = ([ flvolP*1 dx) P~V ]wy(x)|, as a positive solution of (2.3).
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Remark 2.3. Notice that Lyusternik-Shnirelman theory can be applied to the functional
E(v) on the unit sphere in Hy. According to this theory, E(v) has countably many al-
ternating conditional critical points v;,vs,...,Vk,... such that |[v|g, = 1 and E(vk) -0
as k — oo. Therefore, the problem (2.3) has countably many alternating solutions {u}:
u(x) = =(Jo f v dx) =PV (x).

3. The general case

Consider the problem

(=AN)"u=ef(x)|ul” 'u+h(x), inQ,

3.1
D*u =0, onodQ, (3.1)

where 1 < p < p*, e € {1,-1}, h € Hy (dual space of Hp), and f € L*(Q) with f > 0.

The above problem for the case m = 1 has been studied before for existence of solu-
tions by many authors. Tarantello in [19] considered the problem for ¢ f(x) = 1, then he
showed that for the limiting exponent p = (n+2)/(n — 2), the problem has two solutions
in H)(Q),if f € H'(Q) and f 20.

In [8], Li and Liu considered the above problem for m = 1 and |¢| small, then they
proved the existence of multiple solutions for the problem under some reasonable as-
sumptions.

In [18], also Rddulescu and Smets considered the problem with critical exponent and
a small inhomogeneous term. Under some conditions, two solutions are found.

In the following theorem and Theorem 3.4, we consider the above problem for the
existence of solution, if m > 1.

THEOREM 3.1. The problem (3.1) has at least three solutions for € = 1 and sufficiently small
|kl «. This problem has one solution for e = —1 and every hin Hy.

Proof. The Euler functional of this problem is given by

I[u]:= %(u,u) - ﬁ L)f(x)lulerl dx — L)hudx. (3.2)

Let u =rv(x), r € R\{0}, v €T, where I' = {v € Hy | (v,v) = 1} and as before we define
E(r,v) :=I[rv]. Then u = rv is a critical point of I, if E, = E;, = 0. But

E;zr—erIrIP*IJ' fIVIP“dx—J hvdx. (3.3)
Q Q
Nowlet y(r) =r— er|r|P! folvlerl dx. Here we consider two different cases as follows.

Case 1 (¢ =1). In this case, the graph of y looks like the graph of y = x — x*. Thus the
equation E, = 0 has three zeros r;(v), i = 1,2,3, if h satisfies

‘I hvdx
Q

forall v € T, that is, [|hll« < (1/c)localmaxy(r), where c is a constant defined in (2.10).
Suppose that 7,(v) >0 and r3(v) < 0 are the local maximum points of E(r,v), and r;(v) is

< localmaxy(r), (3.4)
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its local minimum point. Notice that r,(v) [ hvdx > 0. Let

OO
2 p+1

E;i(v): . J flvIPdx —ry(v) - J hvdx, i=1,2,3. (3.5)
Q Q

We know that r;(v), i = 1,2,3, are weakly continuous functionals. From (3.3) we have
Iri(v) <c(ll fllwo, 1Rl 5) for v € T, and from (3.5) we have |E;(v)| < c(ll f ll, [ 2]l +). More-
over, E;(v) < 0. In order to complete the proof in this case, we have the following lemma.

LemMa 3.2. There exists vy € Ho, which minimizes the value of E;(v) on T, fori=1,2,3.

Proof. Let
m; =inf {E;(v) | v €T}, (3.6)

and {vf} C T, be a minimizing sequence for E;(v). As we see in th¢ proof of Theorem 3.1,
{v} is bounded in Hy. Therefore, there exists a subsequence {v } of {v;} and v; € Hy
such that vfj — v} weakly in Hy and vfj — v} strongly in LP*1(Q), for 1 < p < p*. Hence, by
continuity of r;(v) we must have r,-(vl’]_) — ri(vy) and E,'(v;J) — E;(vy) = m;. Now we show
that v} # 0. Suppose v) = 0. Then E;(v}) = r(v})/2 = 0, which is a contradiction to m; <
0. It remains to show that v € I, that s, (vg,() = 1. Notice that by lower semicontinuity
of the norm we have (vg,vp) < liminf(v;],,vl’j) = 1. Suppose that we have 0 < (v, vp) < 1.

Let Ay = (v),v})~" > 1. For 0 < A < A9, we consider the function E;(r;(Av}),Av}). For this
function, we can write

dE; . ‘ . o 4 i
cTi - (”Wé) —ri(vg) () | ‘waw ‘dx—fgh(m)dx) .
_ %(r,-(/lvf)) |1’i(/\v6) |P_1 L}f”vé |P+1dx+1’i(lvé) JQh(/\vé)dx) (3.7)
- (W)’ <0

Therefore, E; is a decreasing function of 1. Hence, we must have E;(r;(Agvi), Agvi) <E; (r;(v}),
v(), which is a contradiction to the definition of ;. By considering the above lemma, the
proof in Case 1 is complete. O

Case 2 (¢ = —1). In this case, the graph of y looks like y = x + x%, it follows that the
equation E, = 0 has exactly one root r(v), for every h in H{'. Let E(v) = E(r(v),v). Notice
that E(v) < 0 and E is bounded from below. Now by using some arguments similar to the
proof of Lemma 3.2, we can prove the following lemma, which completes the proof in
Case 2.

LemmMma 3.3. If
m:=inf {E(v) | v €T}, (3.8)

then there is vy € T, which minimizes m. The proof of Theorem 3.1 is completed. O
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Now consider the problem

(—A)"u=ef (x)|ulP 'u+8g(x)lult 'u+h(x), inQ,

3.9
D*u =0, onodQ, (3.9)

where 1 < p<q<p* &6 € {1,-1}, f,g =0, and h € Hy (Q). We have the following
theorem about this problem.

TaeoREM 3.4. The problem (3.9) has
(1) one solution for every hand e = § = —1,
(2) three solutions for sufficiently small ||h]l« and e =8 =1,
(3) three solutions for sufficiently small ||h]|« and e = -6 = 1.

Proof. The Euler functional for this problem is given by

1 é
— ptl g+l _
I[u] : 2(u u) p+1 J f) ulP™ dx - g+ ng(x)lul dx Jﬂhudx. (3.10)

As before we let u = rv(x), r € R\{0},v €T, wherel' = {u € Hy | (u,u) = 1}. Let

2 g+l
E(r,v):zI[rV]z%strLl J flvPtdx — 5;|1 ngvlq“dxfrJ’thdx,

d
y(r,v) = EE(T’,V) + L) hvdx

= r—erlrlr | fir = orlrie! | glviedx
Q Q

(3.11)
Again we consider three cases as follows.
Case 1 (¢ =8 = —1). In this case,
w(rv) = r+r|r|P_lJ f|v|P+1dx+r|r|q‘1J glv|T dx, (3.12)
Q Q

and dy/dr > 0, then for every h € Hj and v € T, the equation E;(r,v) = 0 has exactly
one root r(v). Moreover, for fixed v, the graph of E(r,v) looks like the graph of y = x(x —
2r(v)). Then E(v) = E(r(v),v) < 0. Now as before r(v) and E(v) are continuous functions
of v, and E(v) is bounded from below for v € . Thus E has a minimizer vy € Hy. As
before, by considering the lower semicontinuity of the norm, the zero Dirichlet boundary
condition, and an argument similar to the proof of Lemma 3.2, we must have vy € I and
u = r(vp)vp is a solution of the problem (3.9).

Case2 (e =6 =1). In this case,

w(r,v):r—rIrIP*IJ flvlpﬂdx—rlrl‘/*lj glv|T dx, (3.13)
Q Q

and the graphs of y(r,v) and E(r,v), for fixed v € T, look like the graphs of y = x — x°
and y = x? — x* — r(v)x, respectively. Now, for ||k« < (1/¢) localmaxy(r), the equation
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y(r,v) = |ohvdx has exactly three solutions r;(v), i = 1,2,3, where c is the constant which
is defined by (2.10). Let E;(v) = E(ri(v),v), then ri(v) and E;(v) are weakly continuous
functions. Notice that E;(v) is a bounded functional for v € I'. Thus the problem m; =
inf{E;(v) | v € T} has a minimizer v}, € I. Therefore, we have three solutions u;(x) =
r;(vi)vi (x) for the problem (3.9).
Case 3 (e = =8 =1). In this case,

w(rv) = r+r|rlp_1J FlvlP dx - rw-lj glv|T dx, (3.14)
Q Q

and the graphs of y/(r,v) and E(r,v), for fixed v € T, look like the graphs of y = x + x? — x°
and y = x% + |x|® — x* — ax, respectively. Therefore, the equation E, = 0, for sufficiently
small values of [|/]|, has exactly three roots and the problem (3.9) has three solutions in
this case too. |

Remark 3.5. Let p=1,q=n+2m)/(n—2m), f =1, g=1,e=8 =1, h =0, then for
Q = B, the unit ball in R", (3.9) reduced to the problem

(=A)™u=Au+|ulT 'y, inB,
(3.15)
D*u =0, onoB.

Due to the criticality of exponent ¢, a nontrivial solution to (3.15) may exist at most for
A>0,ifm=1[11],and for A > 0, if m > 1 [16]. We define after Pucci and Serrin [17] that
the dimension # is called critical (with respect to the boundary-value problem (3.15)) if
and only if there is a positive bound A > 0 such that a necessary condition for existence
of a nontrivial radial solution to (3.15) is A > A. Pucci and Serrin [17] showed that for
any m, the dimension n = 2m + 1 is critical and moreover that n = 5,6,7 are critical in the
fourth-order problem, m = 2. They conjectured the following.

Conjecture of Pucci and Serrin. The critical dimensions for the boundary-value problem
(3.15) are precisely n = 2m+1,...,4m + 1.

Remark 3.6. Consider the following polyharmonic problem:

(=A)"u=g(x,u), inQ,

Dt =0, onoQ, (3.16)

where O C R” is a bounded domain, g(x,u) = > &;g;(x)[ul?'u + h(x), with 0 < g; €
L?(Q), & € {0,1,-1}, 1< py < pa<--- < py < p*, |al <m,and h € (H'(Q))*. Let

i
= l — sj J . pi+l _J
Iu] := 2(u,u) ]; 1 nglu\ dx Qhualx, (3.17)

pj

and let E(r,v) := I[rv] and y(r,v) = (d/dr)E(r,v) + [ hvdx, where v € T. Similar to the
above cases, we can show that for every v € I' and h € H{, with sufficiently small norm,
the equation E, = 0 has at least one nonzero root. Therefore, the problem (3.16) has at
least one solution.
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4. Biharmonic problem

Let Q) be a bounded smooth domain in R”. In this section, we let g* = (n+4)/(n — 4) if
n >4 and g* = oo otherwise. Let us now turn to the biharmonic problem

Au+ (Ap+|Vol?)Au+2Ve - VAu= f(x)lul’'u, inQ,

4.1
D*u =0, onodQ, (4.1)

where 1 < p < gq*, |al <4, and ¢ € C?(Q). For this problem, we prove the existence of
weak solution under the following assumptions:

(A1) f €L™(Q),

(A2) f*:=max{f(x),0} is not identically zero.
Let K := H$(Q) be equipped with the scalar product (u,v)x := [ AuAvpdx, with p(x) :=
e?™®. Then the induced norm on K is |lullx = (J,, |Aul?pdx)"?. Notice that K is com-
pactly embedded in L,‘f“ (Q), where

)1/(p+1)
(4.2)

lullgs = ([ teipds
Now we have the following theorem.

THEOREM 4.1. Assume that (A1)-(A2) hold and 1 < p < q*, then there exists a nonnegative
(nontrivial) solution of (4.1).

Proof. The Euler functional of (4.1) is given by

1

1 2, dn
I[u] := 2L}IAuI pdx oo

L} FOlulP pdx, (4.3)

that is, the conditional critical points of I are weak solutions of (4.1):

IHu+tv] -1

lim [u] :J AuAvpdx—J FO)ulPtuvpdx
t Q Q

= J A(pAu)vdx —J F)ulPtuvpdx
Q Q
= J (A’u+ (Ap+IVol*)Au+2Ve - VAu— f(x)|lulP'u)vpdx.
Q
(4.4)
Now let
u=rv(x), reR\{0},verT, (4.5)

whereT'= {veK: [, f(x) IVIP”p dx >0, (v,v)x = 1}, that is, we take the fibering func-
tional H(v) = ||[vl|% = [, |Av|?pdx. Let
|r|p+1

p+1

2
E(r,v) = I[rv] = %JﬂlAvlzpdx— Jﬂflvlpﬂpdx. (4.6)
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If we substitute from (4.5) into (4.6), we obtain

2 |T‘ p+l

- J flvIP 1 pdx. (4.7)

E(r,v) = % p+1

Now the bifurcation equation E;(r,v) = 0 takes the form r — r|r|?~! [, flv|?" pdx = 0
The nontrivial roots of this equation are

-2/(p-1)
nw=-no)= ([ fwripd) (438)
Thus we define the functional E as
~ 1 -2/(p-1)
By = Bnm) = (5 - pﬂ)(f fnlripds) L i1, @9)

and we let E(v) := [, f|v|P*1pdx. It is clear that the conditional critical points of the E
and E are the same. In order to find the conditional critical points of E, we will use the
following lemmas.

LEMMA 4.2. Let
My :=sup {E(v) | v €T}, (4.10)
then 0 < My < o and every maximizing sequence of (4.10) is bounded in K.

Proof. From (A2) we know that M > 0. For the second inequality, let 0 < py := min{p(x) |
x € Q}. Thus, for all v € T, we have

()| = Hﬁﬂﬂpﬂ,,dx‘ <l fllslpllallviifiy
(4.11)

ptl
<cpflavy! < CU |Av|2pdx) =
Q

where ¢ is a constant. This means that E (v) is bounded from above on T and M < co. [
LemMma 4.3. There exists a minimizer 0 < v € K for (4.10).

Proof. Let {v,} be a maximizing sequence for (4.10). Then, from boundedness of {v,}
in K and compactness of the embedding K C Lﬁ“ (Q)), we can suppose that there exists
v € K such that {v,} converges weakly to v. Since the norm is lower semicontinuous, we
have H(¥) < liminf||v,|lx = 1. Since E is continuous, E(v,) — E(¥) = M. If H¥) = 0,
then ¥ = 0 and E(¥) = 0, which is a contradiction. We also show that H(¥) = 1. If not,
then we must have 0 < H(V) < 1. Hence, for suitable k > 1 H(kv) = 1 and

E(kv) = kP E(@) = k"' My > My, (4.12)
which is a contradiction to (4.10). Finally, we have v € K and

~

H(W)=H®@) =1,  E(I7]) =E®) = M,, (4.13)
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therefore we can take v > 0. Now, let u = r(v)v, where

-2/(p-1)
r(@) = (J flvlp“pdx> > 0. (4.14)
Q
Then u is a nonnegative nontrivial weak solution of (4.1). O
|

Remark 4.4. Notice that here again Lyusternik-Shnirelman theory can be applied to the
functional E(v) on the unit sphere in K. According to this theory, E(v) has countably
many alternating conditional critical points v1,v2,...,V,... such that |[v|]lx, =1 and

E(v) — 0 as k — oo. Therefore, the problem (4.1) has countably many alternating so-
lutions {ux}: uk(x) = =(Jq flvk| P pdx) =Dy (x).

Remark 4.5. Consider the equation
ANu+ (Ap+|Vel?)Au+2Ve - VAu=ef (x)|ulP 'u+08g(x)lulT'u+h(x), (4.15)
with
D*u =0, onoQ, (4.16)

where || <4, 1<p<g<q*,heK*, 0= f,g€L*(Q),0< by < g(x). For the problem
(4.15)-(4.16), we can apply the techniques presented in the proof of Theorem 3.4 to the
functional

1
Il = EJQ |Aul2pdx - ﬁjgf(x)lulpﬂpdx
(4.17)
5
— q+1 —
a1 Jﬂg(x)lul pdx L)hupdx,

and arrive to the following theorem.

TaEOREM 4.6. Under the above condition, the following results hold.
(1) Ife = 8 = —1, then for every h € K*, (4.15)-(4.16) has one weak solution.
(2) If e = 8 = 1, then for sufficiently small |||l «, (4.15)-(4.16) has three weak solutions.
(3) Ife = =8 = 1, then for sufficiently small || h|| «, (4.15)-(4.16) has three weak solutions.
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