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Fuzzy subgroups of finite groups have been treated recently using the concept of pinned-
flags. In this paper, we consider the operations of intersection, sum, product, and quo-
tient of fuzzy subgroups of finite abelian groups in general, in terms of pinned-flags. We
develop algorithms to construct pinned-flags of fuzzy subgroups corresponding to these
operations and prove their validity. We illustrate some applications of such algorithms.

1. Introduction

Some of the past studies of fuzzy subgroups relied heavily on the usual definitions of inter-
section, union, sum of two fuzzy subgroups by exploiting the lattice properties of mem-
bership values in a simplistic way. For instance, the intersection of two fuzzy subgroups p
and v is given by (u A v)(g) = u(g) A v(g); the sum is given by (u+7v)(g) = Vglgz:g(#(gl)
Av(g2)), for g € G, and so forth. On the other hand, one form of representation of fuzzy
subgroups, that proved useful in the literature, is by means of their a-cuts. By refining
the chain formed by the a-cuts, we get a maximal chain of subgroups which is called a
flag. The membership values of elements form a decreasing chain of real numbers in the
unit interval known as keychain. A pinned-flag is a pair consisting of a flag and a key-
chain. One can study the operations on fuzzy subgroups by means of pinned-flags, thus
enriching some properties of fuzzy subgroups. It was observed in [6] that the pinned-
flag resulting from operations of intersection and direct sum of fuzzy subgroups does not
form any particular pattern. Example 4.6 of the same paper [6] illustrated the peculiarity
of the determination of pinned-flags for u A v and g+ v in terms of the pinned-flags of
p and ». As a consequence, the complete characterization of these operations in terms of
pinned-flags was left open in that paper. We develop algorithms to describe the pinned-
flags of the intersection, sum, product, and quotient of fuzzy subgroups and prove their
validity.

In Section 2, we gather all the preliminaries such as flags, chains and keychains,
pinned-flags of fuzzy subgroups and fix notations. In Section 3, given pinned-flags of
two fuzzy subgroups, we develop algorithms to characterize the pinned-flags of their
intersection and of their sum. In Section 4, we look at the operations of product and
quotient as in Section 3.

Copyright © 2005 Hindawi Publishing Corporation
International Journal of Mathematics and Mathematical Sciences 2005:23 (2005) 3819-3826
DOI: 10.1155/IJMMS.2005.3819


http://dx.doi.org/10.1155/S016117120540931X

3820 Pinned-flags of some operations on fuzzy subgroups

2. Preliminaries

We use I = [0,1], the real unit interval as a chain with the usual ordering in which A
stands for infimum (inf) (or intersection) and Vv stands for supremum (sup) (or union).
Throughout this paper, we take G to be a finite abelian group of order N and take Gy to
be the trivial subgroup {0}. Even though almost all results of this paper are applicable to
any finite group, abelian or not, we use + for the group operation and 0 for the identity
element for convenience of notation, rather than the more conventional multiplicative
notation. By an a-cut of y, for a real number a in I, we mean a subset y® = {x € G: p(x) =
a} of G. A fuzzy set y is said to be a fuzzy subgroup it u(x + y) = p(x) Au(y) forallx,y € G
and p(x) = pu(—x), see [7]. We assume that p(0) = 1 throughout this paper. For any fuzzy
subgroup p of G, the a-cut y* is a subgroup of G. By core and support of y, we mean the
crisp subsets of G given by {x € G: u(x) = 1} and {x € G: u(x) # 0}, respectively. For
later use, we recall the definitions of sum and product of two fuzzy subgroups y and v,

(u+2)(x) = sup {u(x1) Av(x2) : 21+ %2 = x5 x,x1,%2 € G},

(uxv)(x, y) = p(x) A¥(y), 2.1)

respectively. For results on product, see [2, 8]. We refer the reader to [6] for results on flag,
keychain, and pinned-flag, but state their definitions here. By a flag 6 on G, we mean a
maximal chain of subgroups of the form

0}=GocGiCcG,C---CG,=G. (2.2)

We call various G;’s the components of the flag 6; in particular, G; is called the ith com-
ponent of the flag. From the Jordan-Hoélder theorem, it is clear that any two flags of G are
of the same length. We assume this length to be n + 1 for some fixed n less than N.

By a keychain €, we mean an (n+ 1)-tuple (Ag,A1,...,A,) of real numbers in I of the
form

=2l =2A=2---=21,>20. (2.3)

The A;’s are called pins. The length of keychain € is n+ 1.

Definition 2.1. A pinned-flag on G is a pair (6,£) consisting of a falg ‘€ on G and a key-
chain ¢ from I, written as follows:

Glc G cGhc.- - cGh. (2.4)

G?”, fori=0,1,...,n, is called the ith component of the pinned-flag. With the pinned-flag
(6,¢), a fuzzy subgroup

w=\ Aigs (2.5)

i=0

can be associated. It is easily checked that u as defined above is a fuzzy subgroup of G.
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Conversely, a pinned-flag (6, €,) is associated with a given fuzzy subgroup u by refin-
ing the a-cuts to yield a flag ‘6, on G and by repeating the membership values if necessary
to yield the corresponding keychain ¢,. The following example illustrates the process.

Example 2.2. Consider a fuzzy subgroup y : Z7; — I defined by

1, x € 75,
/\1) X € ZIS \ Z3>

u(x) = (2.6)
Ay, x €236\ Zss,

A3, x €77\ L.

The chain of subgroups obtained by a-cuts of y can be refined to a flag {0} C Z3 C
Zy C 7,3 C Z36 C Z7,. The corresponding pinned-flag is (‘6,,,@,) {0}l Z% - Z’;l - zég C
Zéé C Z% and its keychain is £, : (1,1,A1,A1,42,43). Since the a-cuts did not form a flag,
the refinement of the a-cuts to a flag has given rise to repetition of some pins in the
keychain £,.

3. Pinned-flags for intersection and sum of fuzzy subgroups

In this section, we give algorithms to find the pinned-flags for intersection and the sum
of two fuzzy subgroups whose pinned-flags are known. Suppose the pinned-flags corre-
sponding to two fuzzy subgroups y and v of G are given by

((Gy,gy) :G(l) C G)lLl cC---C Gﬁn’
(6,,¢) :H(} CHlﬂl Coen- CHE". Then 3.1)
((6[4/\‘1))6‘14/\1/) K& C Klyl CcC---C Kn”

is the pinned-flag for y A v.

Algorithm 3.1

Step 1. Firstly, K{ = G} = H}. We usually denote this by simply 0 in all cases.

Step 2. Find the least j and i such that Gy c Hjfor 1 < j<mnand Hy € G;for1 <i=<mn,
respectively. Then y; = (A, A B;) v (A; A 1) and

we define K| =

{Gl ify1 = A B, 32

H, lfyl I)Li/\ﬁl.

Step 3 (inductive step). Suppose we have defined K{* with either K; = G, or K; = H;. To
obtain K.;}', we proceed as follows: find the least indices j and i such that Gy € H ; for
s+1 < j <n,and similarly H,; < G; for s+ 1 < i < n, respectively.
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Case 1. K < Ggr1 N Hgyp. Then ygiy = (A1 A Bj) V (Ai A Bsy1) and

Gs+1 ify.s-H = )Ls+1 /\/—’)j)
K = ' (3.3)
Hgr o ifyer = Ai Aot

Case 2. K; & Gsp1 N Hgyp. Then either K; C Gy or K C Hgyp only. In these cases, g1 is
defined, respectively, as As1 A B or A; A Boy1. If K = K, the algorithm terminates.

Next, we illustrate the above procedure with an example (the same example as in [6,
Example 4.6]).

Example 3.2. Consider two fuzzy subgroups y and v of G = Z,, a cyclic group of order
72 with the following pinned-flags:

(Gt :Ghc 24 2y calf c 2 c 2,
(3.4)
(6nts) s H} 2 Y 2 Y c T

Carrying out Algorithm 3.1, we get the following pinned-flag for the intersection of y
and »:

(Gunrrbuny) :0' c 2V cZy* c 21 c 73 c 7M. (3.5)

Note 3.3. In this note, we justify that the above algorithm indeed yields the pinned-flag
corresponding to the intersection y A v. Therefore, let x € G and find the least subscripts
i and j such that x € G;\ G;-; and x € H; \ H;; so that (u A v)(x) = A; A ;. We must
show now that if x € K \ K1, then y; = 1; A B;.

Now, either K; = G or K; = H,. Suppose that K; = G, then s = i; for otherwise s > i,
implying that K; C K;. But K; is either G; or H; by the algorithm. This leads to a contra-
diction. Therefore, Ky = K; = G; or K; = K; = H;. From the algorithm again, y; = A; A 3.

We next construct the pinned-flag of the sum y + v of two fuzzy subgroups from their
associated pinned-flags. Suppose that 4 and v are represented by pinned-flags as in (3.1).
Algorithm 3.4 constructs the pinned-flag (€1, €;+,) : K¢ c Kly 'C.-- CKy' foru+.

Algorithm 3.4

Step 1. Firstly, K} = G} = H}. We usually denote this by simply 0! in all cases.

Step 2. To find K]", the second component of the pinned-flag, we proceed as follows: let
Y1 = Al \Y% ﬁ]. Then K =Gy if Y1 = Al. Otherwise, Ky =H,.

Step 3 (inductive step). Suppose that we have defined K!*. To obtain KZ;}, we proceed as
follows: we base our cases on whether both Gy, and Hy; split or not.

Case 1. Suppose that both do not split, then set ys11 = A1 V B and Koy = Gyyp if
Ps+1 = As1, otherwise Koy = Hyyy.
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Case 2. Suppose that one of them splits and the other does not, say, Gy11 = G; + H; for
some indices i and j (choose the least values), then set ys1 = (A; A B;) V Ag1 V Boy1 and

K1 = Ggrr when ygi1 = (A A Bj) V Agi1, otherwise Ky = Hyyy provided that K € Gy N

.. . . . o+ AinBi)VAss .
Hy, 1. If the last condition is not satisfied, then simply K} = GiﬂAﬁJ Sk provided that

K; € Gy and K & H,y1. We handle the case when G and H swop places similarly.
Case 3. When both G,y and Hy, split, firstly they are equal. Secondly, we follow the steps
in Case 2. If K; = K,,, the algorithm terminates.

Carrying out the above algorithm in Example 3.2, we get the following pinned-flag for
the sum py+»:

(G Curv) : 0 C 2V c 7Y c T4 C 78 < 7). (3.6)

Note 3.5. The argument for the justification of the above algorithm is similar to the one
given in Note 3.3, and therefore omitted here.

4. Pinned-flags for product and quotient of fuzzy subgroups

In this section, we study the operations of product and quotient. We describe below al-
gorithms to find the pinned-flags for the product and quotient of two fuzzy subgroups.
First, we take up the product operation.

Suppose that the pinned-flags corresponding to two fuzzy subgroups u of G and v of
H are given by

(€ut,):GYC Gl -+ C G, -
4.1
((6V)€v) .H(} C 1’—1'18l Conn CHE,,m,

The pinned-flag (6,.xy, €yx») ‘KlcK]'c---c KZ” for p X v is constructed as follows.

Algorithm 4.1
Step 1. Firstly, K§ = (Go x Hy)'. We usually denote this by simply (0 X 0)! in all cases.
Step 2. To find K", the second component of the pinned-flag, we proceed as follows:

G1XH0 if)/l :Ala
Let Y1 = ﬁl v, then K; = ) (4.2)
GoXHl lfylzﬁl.

Step 3 (inductive step). Suppose that we have defined K*}'. To obtain KJ", we proceed
as follows: suppose that Ks_; = (Gs X Hp) N (Gs—1 X H1) N (Gs—2 X Hy) N =+ - N (Go X Hg).
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Let Vs = (/10 /\ﬁs) \ (/\1 /\/5571) \ (/12 /\/3572) \ (A3 /\ﬂs73) ViV (/1571 /\,81) \ (As /\ﬁo)-

'GSXH() lfys ZAS,
Go1 X Hy  ifys = A1 A By,

Gsa X Hy ifys =22 A B,
Then K; = - . (4.3)

Gi1 X Hy— if)/s =\ /\,Bs—b
\GOXHS lfys :ﬁs-

Suppose for some indices i and j that the products G; X Hj, (i + j = s) do not contain
Ks—ly then
(i) ys is defined as above except that the pins A; A 8; of the G; X H; are excluded in
taking the supremum,
(i) Ky is defined as above except that the G; x H; are excluded from the list of possi-
bilities for K.
When s = p = n+ m the algorithm terminates. It is clear that the chain formed by K;’s
is maximal and the number of componentsis p+1=n+m+1.

We illustrate Algorithm 4.1 with an example below.

Example 4.2. Consider fuzzy subgroups ¢ and v of the groups G = Zs3 and H = Zy,
respectively, given by the pinned-flags

(G, ty) : 0 cZV? c 7P c 7Y,

(4.4)
((61/)61/) :01 C 23/4 C Z%‘i C Z%)s C 241166

The pinned-flag (€,x,,€,xy) for u X v in this example has 8 components including the
first zero component, and is given by

(0x0)' c (0x Z2)3/4 C (23 x Zz)l/2 C (Zn XZz)1/3 C (Zy x Zlo)l/4

(4.5)
C (Ze3 % 210)1/5 C (Ze3 % 120)1/5 C (Ze3 % 140)1/6-

We now take up the study of the pinned-flags for the quotients. There are several no-
tions of quotients of fuzzy subgroups used in the literature, see [1, 3, 4, 5, 9]. We work
with one that is used more often. Note that in the following, we find it convenient to re-
vert to the multiplicative notation when writing cosets of subgroups, for simplicity and
conciseness.

Definition 4.3. Suppose y and v are two fuzzy subgroups of G. Then the fuzzy quo-
tient group p/v is defined as a fuzzy subgroup of the quotient group G/ core(») given by
(w/v)(xcore(v)) = sup{u(a) : a, core(v) = xcore(v), a € G}, see [3].

Algorithm 4.4. Suppose the pinned-flags for g and v are given as in (4.1). Since y and v
are fuzzy subgroups of the same group G, m = n. If the core(v) = G, then the quotient is
G/ core(v) = {e}. In this case, the pinned-flag of the quotient is simply (G/ core(v))! with
only one component. Assume that core(v) # G. So the core(v) = H; for some 0 < i< n.
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Case 1. Let H; = G;. Then firstly i = j. If not, either i > j or i < j. The case i < j implies
that the maximal chain

GoCcG C---CGj.1CGj=H;CH;j;; C---CH, (4.6)

haslengthn —i+1+j=n+1+(j—i) >n+ 1, a contradiction. Similarly, the case i > j
leads to a contradiction. Secondly,

H,‘/Hi = G,‘/H,‘ C Gi+1/Hi c---C Gn/H,' (4.7)
is clearly a maximal chain in G/H;, leading to a pinned-flag
(G/Hy)' € (Gia/H)"™ < -+ < (Gu/H)" (4.8)

for the quotient y/v, where yx = A if G has no nontrivial decomposition. Otherwise, let
I'and m be the least subscripts such that Gx = G; + Hy,, then yi = (A4} A Bn) V Ak

Case 2 (H; # G;). Choose the least subscript k such that H; C Gy. Clearly, the weighted
chain

(Grrt/H) ™' € (Grao/H) ™2 € -+ € (Gu/Hy) ™" (4.9)

is part of a pinned-flag for /v, where the y; are as defined in Case 1. We now extend the
above weighted chain to a full pinned-flag for y/v. Choose the largest subscript [; < k
such that G, + H; = Gi. Then, find the largest subscript I, such that (G, + H;)/H; D
(Gl + H;)/H;, with I, > I,. Inductively, continue to find the largest /; such that (G, +
H;)/H; C (Gl,-,l +H;))/Hi, k>l >L >--->1, and (Gll +H;)/H; D (Gl2 +H;))/H;D>---D
(G, + H;)/H; = Hi/H;. Consequently, a pinned-flag for the quotient y/v is given by

(H/H)' ¢ (G, +H))/H)"" C -+ - c (G, + H;)/H;)™"

Yo - . (4.10)
C (Gk+1/Hi) " c (Gk+2/Hi) PCc.-.C (Gn/Hz) "

Note that the y; are as defined in Case 1. We illustrate the above construction with an
example below.

Example 4.5. Suppose p and v are two fuzzy subgroups of Z7, given by

1/2 1/5 1/6 1/9 1/10
(Gurty) : Gy c 73* C 73° c 71 c 735 < 73°,

(4.11)
(€,,¢,) : Hy c 7} c 7} c 7}, c 7} ¢ 7312

By following the steps developed above, we get the pinned-flag for y/v in this example as

1/10

(Cuurms ) - (Z12/712)" € (Za6/712)" € (Z7/T1) (4.12)

Notice that Zs¢/Z;, has a membership value of 1/5 since Z36 splits up into Zy + Z,.
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5. Concluding remarks

It is clear from a close look at Algorithms 4.1 and 4.4 that their constructions were based
directly on the definitions of various operations on fuzzy subsgroups. Therefore, a jus-
tification is not necessary, but it is self-evident that these algorithms really indeed yield
the correct pinned-flags corresponding to the respective operations on fuzzy subgroups.
In conclusion, we wish to emphasize that the study of operations on fuzzy subgroups
through their pinned-flags is important for at least two reasons. Firstly, they reflect the
membership values of elements to the associated fuzzy subgroups in a transparent and
useful way. Secondly, they bring out the essential features of the ways in which the mem-
bership values of elements to the constituent fuzzy subgroups are tied up to the member-
ship values of the combined fuzzy subgroups under various operations.
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