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We deepen the study of two known neighborhood structures, which here will be called
f - k-neighborhood structures and f - g-neighborhood structures, in the context of
Sostak fuzzy topological spaces. In particular, we characterize fuzzy topologies by
f - k-neighborhood structures. Moreover we introduce and discuss the notions of f - k-
neighborhood prestructure and f - m-neighborhood structure in the same context. At
last we prove that the three neighborhood structures mentioned above are equivalent.

1. Introduction

The problem of characterizing fuzzy topologies by means of suitable local structures has
been investigated by many authors since the end of the seventies. The most important
notions of neighborhood considered are essentially three, as many as the principal no-
tions of membership of a fuzzy point to a fuzzy set, which here will be called belong-
ing, proper belonging, and quasi coincidence. For the corresponding notions of neigh-
borhood, we will use, respectively, the terms k-neighborhood, m-neighborhood, and g-
neighborhood.

The k-neighborhoods in Chang topological spaces were introduced in 1978 by Kerre
[6]. Two years later, in [9], Pu and Liu asserted in a theorem that a certain set of properties
of the k-neighborhoods characterizes the topology, but afterwards this part of the propo-
sition was shown to be false. The purpose of characterizing Chang topologies through
the k-neighborhoods was realized in 1983 by De Mitri and Pascali [1] (this result pub-
lished in [1] is already present in C. De Mitri’s Degree thesis, E. Pascali as Supervising
Professor, of 1977); in this work, the notions of belonging and proper belonging were
used contextually, and this choice made possible the reaching of the expected result.

The characterization of Chang topologies through the m-neighborhoods was estab-
lished in 1981 by de Prada Vicente [2], and soon after by Ghanim and Mashhour [5].

As for the g-neighborhoods, they were introduced in [9], already mentioned, and, in
this same paper, a set of properties characterizing the topology was listed.

A comparative analysis of the three notions of neighborhood mentioned above was
done in 1987 by Kerre and Ottoy [7], and two years later it was taken up again in [8]
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by the same authors. But unfortunately, these two works did not take into account the
results contained in [1], so the first of them ends with inexact valuations that have not
been denied in the second one, where the authors have stated how it is possible to express
any one of the three neighborhood systems in terms of either of the other two.

Finally in 1990, Sostak [11] generalized the notions of k-neighborhood and of
g-neighborhood setting them in the context of Sostak fuzzy topological spaces: as a con-
sequence of the fuzzification of the notion of openness, the fuzzification of the notion
of neighborliness was obtained. But also here the results established in [1] have been
ignored, and the treatment concerning the k-neighborhood system has remained incom-
plete. We can repeat analogous remarks with regard to the results achieved in 1997 by
Demirci [3]. The results established in [11] about the g-neighborhoods were found again
in 2004 by Fang [4].

This short survey here made about the problem of the neighborhoods is limited to
those notions of neighborhood which are analyzed in this paper, and which present a
strong homogeneity one another. We left out, for instance, all neighborhood systems re-
lating to crisp points only, for example those of Ludescher, Roventa, and Warren (see
[7]), which are set in Chang topological spaces, and those of Ying [12], which are set in
fuzzifying topological spaces. Likewise, we left out the neighborhoods of fuzzy points in-
troduced again by Ying in [13]: concerning this, we observe that although the context is
that of Chang topological spaces, where the property of openness is crisp, nevertheless
these neighborhoods are fuzzified through a fuzzification of the membership relation.

The topic treated in this paper is set in the context of Sostak fuzzy topological spaces
[10]. Differently from [3, 11], but similarly to [4], the neighborhood structures are intro-
duced in a general form, that is, as functions defined even without a topological structure.
In Section 3, dealing with the k-neighborhood structure, the notion of fuzzy pretopology
is involved too, and so the results contained in [11] are used as a basis for further re-
searches; indeed, in such a context, the opportunity emerges to introduce the notion of
k-neighborhood prestructure, and we obtain a description of the smallest fuzzy topology
among those which are greater than a given fuzzy pretopology. Successively, in the same
section, the k-neighborhood structures are again seen in the more particular context of
Chang spaces, so permitting the improvement of some results achieved in [7] and the
comparison with the neighborhood structure studied in [1]. Finally, in the last two sec-
tions, the structures of the m-neighborhoods and of the g-neighborhoods are analyzed,
and their link with the k-neighborhood structures is established, so proving their essen-
tial equivalence.

2. Preliminaries

For any nonempty set X, we call fuzzy sets of X the elements of IX, where I = [0,1]. Among
them, there are in particular the elements of 2% where 2 = {0,1}, so-named crisp sets; two
notable examples are the characteristic functions y, and y,, which in the sequel we will
denote, respectively, by the symbols @ and X. If A € I¥, we call the support of A the set
At ={xeX|A(x)>0}.

We call each fuzzy set of X having a singleton as its support a fuzzy point of X. If {x}
is the support of the fuzzy point p and p(x) = A, we write p = x). The family of the fuzzy
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points of X will be denoted by ¥(X); moreover we put *(X) = {x) € F(X) | A< 1}. If
p =x € $*(X), we call the dual of p the fuzzy point p’ = x1_;.

Given p = x) € #(X) and A € I¥, we define the relations of belonging, proper belong-
ing, and quasi coincidence, respectively, as follows: p < A if A < A(x), p < A if A < A(x),
and pqAifd>1-A(x).

Foranyt e 1", we consider the following axioms:

(t) 7(@) =7(X) = 1;

(tz) forall A, A, € IX, T(A] /\Az) = T(Al) A T(Az);

(t3) forall sd < ¥, 7(\/ A) > N\ pey T(A).
Each map 7 verifying the conditions (t;,) will be called here an f-pretopology on X; if T
also verifies the condition (t3), we will say that 7 is an f~topology on X. The pair (X, ) will
be called, respectively, an f-pretopological space and an f-topological space. If the map 7 is
such that 7(IX) < 2, then we will prefer, respectively, the terms c-pretopology, c-topology,
c-pretopological space, and c-topological space; we note that, in this case, 7 is the character-
istic function of a subset of I, which we will indicate by the same symbol 7.

If 7 is a c-topology on X, given 3 < 7, we say that f3 is a base of 7 if for all A € 7, there
exists ' < B such that A =/ f3'.

We have that if & is a c-pretopology, then the family 7 = {A € I¥ | 3§’ < § such that
A =\/§"} is the only c-topology of which § is a base, and it is the coarsest c-topology
among the ones which contain §; or rather we observe that 7 is the smallest f-topology
among the ones which are greater than §.

Given the f-topological spaces (X, 7) and (Y,d), any function f : X — Y is said to be
continuous if for all B € §, 7(f ~(B)) = §(B), where f~(B) = Bo f. Moreover, we recall
that for any x) € F(X), f~(x1) = (f(x))r € F(Y).

3. k-neighborhood structures and prestructures

For any « € I7*" \where X is a nonempty set, we can consider the following axioms:
ko) forall p € $(X), Vyer k(p,U) = 1;
ki) forall p e $(X) and forall U,V € IX,if U < V, then k(p,U) <k(p,V);
ky) forall p € ¥(X) and for all Uy, U, € IX, k(p, Uy A Uz) = k(p, Uy) A k(p, Us);
k;) forall p € ¥(X) and for all U € I, if x(p, U) > 0, then p < U;
ky) forall p € F(X) and forall U € IX, x(p, U) < \/y-u(x(p, V) A (Ag=v (g, V)))s
ks) forall p € ¥(X) and forall U € I*, x(p,U) > Ng<p¥(q,U).
We observe that the second member of the inequality in (ks), in the presence of the con-
dition (ks), shrinks to \/ p<y -y Ag<v x(q, V).

The axioms (ko,1,3,4) are taken from [3, 11]; however the axiom (ks) is new, although
deduced from [1], and we prove (see Example 3.10) that it is independent of the others.
We note that the axioms (ks4) involve the relation of belonging, while the axiom (ks)

involves the relation of proper belonging.
(X)xIX

(
(
(
(
(
(

Every map « € I verifying the conditions (ko,1234) will be called an f - k-
neighborhood prestructure, or an f - k-prestructure, on X; if x also verifies the condi-
tion (ks), we will say that x is an f - k-neighborhood structure, or an f - k-structure,
on X.
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ProposITION 3.1. Let € I700XT"

If k satisfies the conditions (ko1 ), then it also satisfies the condition

(ka) forall p e (X), x(p,X) = 1.

If k satisfies the conditions (ki 3.4), then it also satisfies the condition

(ky) forall p,q € S(X) and for all U € 1%, if g < p, then x(p, U) < x(g,U).
If k satisfies the condition (ks ), then it also satisfies the condition

(ke) forall U € 1%, Np<u(p,U) < \p<u(p,U).

If « satisfies the conditions (ki 34,5), then it also satisfies the condition

(ky) forall p € F(X) and for all U € %, k(p,U) = /\q<P x(q,U).

Proof. The check of (k,) under the conditions (k¢,;) is immediate.

In order to prove (ky) under the hypothesies (k;34), we suppose on the contrary
that p,q € F(X) exist such that g < p and x(q,U) < x(p,U). Then, by (k3 4), x(q,U) <
Vp<v=u/Nr<v «(r, V), hence V € ¥ exists such that p XV < U and x(q,U) < A\,<y
x(r, V). From this it follows, since g X V, that x(g, U) < x(g, V), in contrast with (k; ).

As for (kc) under the condition (ks), we only need to observe that for all p < U, it
holds that Ay (g, U) < \y<, (g, U) < x(p,U).

Finally, we recognize that the condition (k) trivially follows from the conditions (ks)
and (kyp). |

With any map 7 € 1", we associate the map %, € I*" defined by

VpedX), VUe, J.(p,U)= \/ t(A). (3.1)

p=A<U

On the other hand, with any map « € & )XIX, one can associate the maps %, I, € I
defined by

VAeT, B(A)= N\ x(pA), TA) = A\ «(p,A). (3.2)
p=A p<A

It is immediate to note that 9, < J, in general, and that 9, = J if « satisfies the
condition (k).

Now we present an example of an f - k-structure. The case of an f - k-prestructure
which is not an f - k-structure is showed forward (see Example 3.10).

Example 3.2. Let X be a singleton {x}. For A\ (0,1] and U e 1%, we define

U(x) ifA<U(x),

Kl U) = {o i1 > Ulx). (33)

yyyyy

Moreover, we have

VAL, B (A)=T(A)= {A(x) ifAGx) >0, (3.4)
1 if A(x) =0.



Cosimo De Mitri 3913

The following theorem includes [3, Proposition 2.5] and [11, Theorems 1 and 3], and
furthermore it states that if 7 is an f-topology on X, then X is an f - k-structure on X.

THEOREM 3.3. If T is an f-pretopology on X, then I, is an f - k-prestructure on X, and
T=< @3{1.
If T is an f-topology on X, then I, is an f - k-structure on X, and v = Dy, = Ty,.

Proof. As for the proof of the first part and of the equality 7 = %@y, at the end of the
second part, see [3, Proposition 2.5] and [11, Theorems 1 and 3].

Now we prove that if 7 is an f-topology, then ¥, also satisfies the condition (ks).
Given p € ¥(X), U € ¥, and a > JH:(p,U), we claim that there exists g < p such that
J:(q,U) < a. Instead, we suppose that for all g < p H,(q,U) > a, that is, A; € I¥ exists
such that g < A; < U and 7(A;) >a. If A=V ., Ay, we have that p=\/,.,q <A< U.
Moreover, by (t3), one has that 7(A) > /\q<p 7(Aq) = &, hence 7(A) > I (p,U), which
obviously contradicts the definition of 3. (p, U).

Finally, we observe that by the condition (k) applied to J{, it follows that @y, =
gj{f.

O

Remark 3.4. If 7 is an f-topology on X, then by the theorem above, we have 7(A) =
Np=<aF:(p,A) forall A € I* (we note more precisely, due to the condition (k) applied
to J;, that 7(A) = Ayear H:(Xax),A)). Thus the f-topology 7 can be expressed in terms
of the f - k-structure associated with it.

Moreover, since also the equality 7(A) = A p<aJt(p,A), forall A € I¥, holds, one can
assert that although the function ¥, is defined on ¥(X) xI%, its restriction to $* (X) x IX
is enough to characterize the f-topology 7.

The following two theorems concern both the maps %, and I, generated by a map
x € I7XT; the statements relating only to 9, appear in [11, Theorem 2], while the ones
involving also 7, are new.

THEOREM 3.5. If k is an f - k-prestructure on X, then D, is an f-pretopology on X, and
k = Hq,. Moreover T is an f-topology on X, and x < K.

Proof. As for the proof of the first part, see [11, Theorem 2].

Now we prove that I is an f-topology on X. The check of the conditions (t; ;) can be
done in the same way as for 9, in [11]. There remains to check the condition (t3): given
s < I, we claim that T (\/ s4) = A ey T(A), that is, Np<ysa €(p;V ) = Naea T (A).
In fact, given p < \/ of and A € s such that p < A, we have, using the condition (k; ), that
k(p, V) = k(p,A) = T(A) = Naca Tk(A).

Finally, we observe that the relation x < Ky, trivially follows from the already proved
fact that x = Hg_ and from the fact that since @, < I, it obviously follows that Jg_ <
Ha,. (]

THEOREM 3.6. Ifkisan f - k-structure on X, then I is an f-topology on X, and the equal-
ities T« = Dy and x = Hg, hold.

Proof. By the condition (k.), a consequence of (ks), we have that I, = %,. So the thesis
trivially follows from Theorem 3.5. O
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We note that by Theorems 3.3 and 3.6, if 7 is an f-topology on X, then X, is the only
f - k-structure on X such that 7 = Ty, ; similarly, if x is an f - k-structure on X, then I
is the only f-topology on X such that x = K.

Remark 3.7. From Theorems 3.3 and 3.5, we easily deduce thatif kisan f - k-prestructure
without being an f - k-structure, then the f-pretopology %, cannot be an f-topology, and
furthermore the equality x = ¥, cannot hold.

On the other hand, it is proved (see Example 3.12) that some f-pretopology 7 exists
which is not an f-topology, and nevertheless it is such that J{; is an f - k-structure. For
such an f-pretopology, the equality 7 = %g;, cannot be true, since, due to Theorem 3.6,
9Dy, is an f-topology. Consequently, by Theorem 3.5, we can exclude the existence of an
f + k-prestructure « such that %, = 7, since otherwise we would have 3, = Hg,_ = x and
hence 7 = Dy

Theorems 3.3 and 3.5 suggest a procedure to build f - k-structures from f - k-pre-
structures and f-topologies from f-pretopologies: in fact, with the f - k-prestructure x,
one can associate the f - k-structure Hg, and with the f-pretopology 7, one can associate
the f-topology T, .

We know that the relations x < Hg_and 7 < Jg, hold; the following theorem states
that ¥ g, is the smallest f - k-structure among the ones which are greater than «, and that
T g is the smallest f-topology among the ones which are greater than 7.

TaeorEM 3.8. Ifkisan f - k-prestructure on X, then g, is the smallest f - k-structure on
X such that k < Hg,.
If T is an f-pretopology on X, then J o, is the smallest f-topology on X such that T < Ty,.

Proof. Let «' be an f - k-structure such that ' > «, and take p € ¥(X) and U € I*.
By applying (ki) to x and (ks) to «’, one gets that for all A € I*, if p < A < U, then
Tk(A) = Ng<ax(q,A) < Ng<ak(q,U) < Ng<px(q,U) < Ng<p €' (q,U) < «'(p,U). Hence,
W, (p,U) = Ngea (@, 4) = & (p, U).

Now, let 7° be an f-topology such that 7" > 7, and assume on the contrary that there
exists A € I¥ such that 7/(A4) < T, (A). Taking a € (77(A), T %, (A)), for all p < A, since
a <V p<y=a(U), there would exist A, € I¥ such that p=XAp,<Aand a<1(Ap). Since
A =V 4 Ap, using the condition (t3) we would have 7/(A) = \ 24 7' (Ap) = N\ p<a T(Ap),
and hence 7/ (A) > a. O

The theorem below characterizes the continuity of the functions between f-topological
spaces by means of the related f - k-structures.

THEOREM 3.9. Let (X,7) and (Y,8) be two f-topological spaces. The map f : X — Y is con-
tinuous if and only if, for all p € F(X) and for all V € Y, He(p, f- (V) =Hs(f~(p), V).

Proof. The proof is straightforward. O

If the map « € P& s such that K(P(X)xT¥) € 2, we use the terms ¢ - k-
neighborhood structure and prestructure, or shortly ¢ - k-structure and prestructure. If we

yyyyy
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can be written, respectively, as follows:

(k§) forall p € F(X), k(p) + D;

(k) forall p e ¥(X) and forall U,V € IX,ifU e k{p)and U <V, then V € x(p);

(k§) forall p € ¥(X) and for all U, U, € X, ifU, U, € k(p), then Uy AU, € k{p);

(k§) forall p e F(X) and forall U € X, ifU e k(p), then p X U;

(k§) for all p € F(X) and for all U € I*, if U € «(p), then there exist V € «(p) such

that V< Uand V € k(q) forallg X V;

(ks) forall p e ¥(X) and forall U X,ifU e k{q) forall g < p, then U € «{p).

Moreover, the conditions (k¢ k) become, respectively, the following:

(kS) forall p e F(X), X € x(p);

(ki) forall p,q € F(X), if g < p, then x{p) < x{(q);

(k) forall U e X ifUe x(p) forall p < U, then U € x(p) forall p X U;

(ki) forall p € F(X), k(p) = Ng<, x{q)-

We observe that the conditions (kj ; , 5 4) appear, nearly the same (see also Remark 3.11),
in [1, 6, 9], and that (k§) appears in [1]. Moreover we recognize that (ki) constitutes a
particular case of that property which in [8, Proposition 2] is called the “inf-completeness
property.”

Previously it has been asserted, with respect to any map x € , that the condition
(ks) cannot be deduced from the ones which precede it. Indeed the following example,
drawn from [11], shows that the condition (ks) is not a consequence of the conditions
(Ko,1.2.3.4) even in the particular case where x(¥(X) xI¥) < 2.

~— — —

ISf’(X)xIX

Example 3.10. We define the map x € 27 (0T by setting for all p = x) € ¥(X) and for
Al Uel®, k(p,U)=1e A< 1/2and U(x) >A or A > 1/2 and U(x) = 1. In [11], it is
observed that « satisfies the conditions (kg ;,54). It is easy to check that, however, the
condition (kg) is not satisfied. Indeed, given p = x1, € ¥(X) and U € I¥ such that 1/2 <
U(x) < 1, one has that U € x(q) for all g < p and that U ¢ x(p).

Remark 3.11. In [1], dealing with any map « € 21t , the following condition appears,
very similar to (k§):

(k3) forall p € $(X) and forall U € X, ifUe x{p), then there exists V € x(p) such

that U € x(q) forallg < V.

We can prove what follows. If « satisfies the conditions (ki ,), for example, if k is a ¢ - k-
prestructure, then it also satisfies the condition (kj); the conditions ( i3’4)5) imply the
condition (k§), so that in the definition of ¢ - k-structure, the condition (k§) can be re-
placed by the condition (kj); however this change cannot be made in the definition of
¢ - k-prestructure, which means that maps « in 27" exist satisfying the conditions

(kg)1 2)3’4) but not the condition (kj).

If 7 € 2", then %, € 270 and for all p € $(X), H,(p) = (Uel¥|IA e
such that p X A < U}. If 7 is a c-pretopology, then for all p € ¥(X), the elements of
JH.(p) are the k-neighborhoods of p with respect to 7.

Ifx e Zy(X)XIX, then 9,, 7, € ZIX, and we obtain that 9, = {Ac ¥ |A e k(p) Vp =
Atand T, ={Ac¥|Ae k(p) Vp < A}, where &, = T in general and D, = T if x
satisfies the condition (k).
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From Theorem 3.3, we deduce that if 7 is a c-pretopology, then X, is a ¢ - k-
prestructure and 7 € @s;,. Moreover, also owing to Remark 3.4, if 7 is a c-topology, then
H,isac-k-structure,and forall A€ X, Ac T & A€ I (p) forall p< A & Ac I (p)
Vp<AeAecH (xay) forallx e A+

As a confirmation of what has been announced in the second part of Remark 3.7, the
example below shows that, in order that J{; be a k-structure, it is not necessary for 7 to
be a topology (and hence the equality 7 = %y is not true in general), even if one only
considers Chang spaces.

Example 3.12. Let X = R. With every fuzzy point p = x € F(R), we associate the fuzzy
set C, defined by C,(t) = max{A — [t — x[,0} for all £ € R, and we take 7 = {C,, | p €
J(R)} U {J,R}. We recognize that 7 is a c-pretopology which does not satisfy the con-
dition (t3). We also see that J{; is a ¢ - k-structure.

From Theorem 3.5, we deduce that if x € I joa e k-prestructure, then %, and

I are, respectively, a c-pretopology and a c-topology. The following proposition states
that 7 is just the c-topology of which %, is a base.

ProPOSITION 3.13. If x € 270071

base of the c-topology T .

is a ¢ - k-prestructure, then the c-pretopology D is a

Proof. 1t is already known that %, € J . Given A € T, if p is any fuzzy point such that
p < A, owing to the definition of J,, we have that A € x(p), and hence because of (kj),
there exist V, € «(p) such that V, < A and V, € x(q) for all ¢ < V,. The condition (k5)
ensures that p <V, and furthermore it holds that V, € %, owing to the definition of %,.
Thus, taking 8" = {V, € I¥ |p € #(X) and p < A}, one has that &’ < ¥, and Vpap <
Vp<aVp < A,and hence A =V §'. O

Remark 3.14. In general, given a c-pretopology & and denoting by 7 the c-topology of
which § is a base, we obviously have that, for all p € F(X), Hs(p) = H.(p). As for the
reverse inclusion K. (p) < Hs(p), we observe that it is not necessarily true. Indeed, if it
were true that in all cases Hs5(p) = H.(p) for all p € F(X), then from Theorem 3.5 and
Proposition 3.13, it would follow that every ¢ - k-prestructure k generates a c-topology 7
such that k = K7, in contrast with what has been asserted in the first part of Remark 3.7.

The fact that the above-mentioned inclusion is not true in general constitutes an el-
ement of distinction of fuzzy topology from classic topology, and it is essentially due to
the fact that the notion of k-neighborhood is based on a belonging relation which weakly
interacts with the union operation.

Remark 3.15. From Theorem 3.8, it follows that if 7 is a c-pretopology, then Ty, is the
coarsest c-topology among the ones which contain 7, and hence it is just the c-topology
of which 7 is a base. If we apply this conclusion to the c-pretopology %, considered in
Proposition 3.13, we can get an indirect proof of the proposition itself, simply by observ-
ing that because of Theorem 3.5, it follows that Ty, = T .

From Theorem 3.6, we deduce thatifx € 29COXI" o q ¢ k-structure, then I, (= D) is

a c-topology and that for all p € ¥(X), x(p) = Kg_(p). Keeping in mind Remark 3.11, we
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can assert that this result is equivalent to [1, Theorem 2.1]. Clearly, the k-neighborhood
structure gives a suitable extension of the neighborhood structure of classic topology, as
well as invalidating the final comment of [7], where the k-neighborhood structure was
essentially excluded from consideration.

4. m-neighborhood structures

We call every map u € 17" X verifying the following axioms an f - m-neighborhood
structure, or an f - m-structure, on the nonempty set X:

(my) forall p € F*(X), Vyer p(p,U) = 1;

(m;) forall p e ¥*(X) and forall U,V € IX,if U < V, then ulp,U) < u(p,V);

(my) forall p € $*(X) and for all Uy, U; € ¥, u(p, Ui A Un) = u(p, Up) Ap(p, Un);

(m3) forall p € $*(X) and forall U € I¥, if u(p,U) >0, then p < U;

(my) forall p e ¥*(X)and forall U € ¥, u(p,U) < Vy<u(u(p, V) A (Ng<v (g, V).
We observe that the second member of the inequality in (my4), in the presence of the
condition (m3), shrinks to \/,<y -y Ag<v (g, V).

ProprosiTiON 4.1. Lety € 177 0T
If u satisfies the conditions (mq,1 ), then it also satisfies the condition
(my) forall p e *(X), u(p,X) = 1.
If u satisfies the conditions (1 34), then it also satisfies the conditions
(mp) for all p,q € $*(X) and for all U € ¥, if g < p, then u(p,U) < u(q,U);
(my) forall p € $*(X) and forall U € V¥, u(p,U) = \/{u(q,U) | g € $*(X), q > p}.

Proof. The check of (m,) under the conditions (my,;) is immediate.

To prove (myp) under the hypotheses (m;j34), one can imitate the proof of (ky) in
Proposition 3.1.

As for (my,), after acquiring (my), there remains to prove that if p € ¥*(X) and U €
1¥, then u(p,U) < \Viu(q,U) | g € F*(X), q > p}, that is, given « < u(p, U), there exists
g € ¥*(X) such that q > p and p(q,U) > a. Due to (msy4), one has a <\, vy \g<v
1#(q, V), hence there exist V € I* such that p < V < U and a < Ng<v #(q, V). Given any
q € $*(X) such that p < g < V, we have a < u(q,V), so it follows, by (m,), that a <
u(q,U). O

With every py € 177X and k € IO | we associate, respectively, the maps «, €
1700 and U € 17" X1 defined as follows:
(i) forall p € ¥(X) and for all U € I¥, %, (p,U) = Ng<p (g, U),
(ii) forall p € $*(X) and forall U € 5, (P, U) = Vg p (g, U).

Example 4.2. Let X be a singleton {x}. For A€ (0,1) and Ue I¥, we define

U(x) ifA<U(x),

poaU) = {0 iA1= Ux). 1

Keeping in mind the function « in Example 3.2, we recognize that y = y, and x = «,,.
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X . .
THEOREM 4.3. For any x € 17X 4 < Ky, If x is an f - k-prestructure, then y, is an
f - m-structure. If k is an f - k-structure, then k = k.

Proof. Givenp € ¥(X)and U € I¥, it is evident that for all g <px(p,U) <V, gk(r,U)=
(g, U), s0 k(p, U) < N\g<p tix(q, U) = 1, (p, U).

Now we suppose that x is an f - k-prestructure. The check of (my) for g, is trivial if
one considers that « satisfies (k,).

It is immediate to check that if x satisfies (k;), then yu, satisfies (m;), and that if «
satisfies (k3), then y, satisfies (ms3).

To prove (my), let us consider p € ¥*(X), U}, U, € X, U=U, AU, and suppose
on the contrary that u.(p,U) < pu(p, Ur) A ue(p, Uz). Then there exist r,s > p such that
w(p,U) < k(r,U;) and p,(p, U) < k(s, U). Thus, assuming, for instance, that » <'s, one
would have, by (ky) and (k,), that x(r,U) < k(r,Uy) A k(s,Uz) < k(r,Uy) A x(r,Us) <
k(r,U).

As for (my), taking p € $*(X), U € I¥, and a < (P, U), we need to prove that there
exists V € I¥ such that p < V < U and & < A,y (s, V). From a < Vg»px(q,U), it fol-
lows that there exists g > p such that « < x(g, U). Because of (ks4), one has that there
exists V € I¥ such that p<V <=Uanda<x«(r,V) forall r < V. There remains to check
that & < Aoy pe(s, V): in fact, if there existed s < V such that a > p,(s, V), then, tak-
ing r € ¥(X) such that s < r <V, one would have at the same time « < x(r, V) and
a>x(r,V).

Now we suppose that x is an f - k-structure and we prove that given p € ¥(X) and
U e 1%, it follows that k(p,U) = x,,(p,U). Since x,,(p,U) = /\qﬂ, ux(g,U), the purpose
is reached if given « > x(p,U), one finds g < p such that a = (g, U). Actually, if o >
k(p,U), due to (ks) there exists g < p such that « > x(g,U), so, by (ky), one has that
a>x(r,U) forall r > g, thatis, « > \/,, ,x(r, U) = ux(q, U). O

THEOREM 4.4. Forany u € 177 00X, = . Ifpisan f - m-structure, then x, isan f - k-
structure and p = piy,.

Proof. If p € $*(X) and U € ¥, one sees that for all g > p, u(p,U) = Nr<qui(r,U) =
x,(q,U), and hence u(p,U) = V5 , %u(q, U) = p, (p, U).

Now let 4 be an f - m-structure. The check of the condition (ko) for «,, is trivial if one
considers that y satisfies (m,).

It is easy to check that for all i € {1,2,3}, , satisfies (k;) if u satisfies (m;).

As for (ky), given p € ¥(X), U € I¥, and a < xu(p,U), we need to prove that there
exists V € I¥ such that p < V < Uand a < A<y Ku(s, V). From a < A\, 4(q, U), for any
q < p, one has that a < u(q, U), and hence, by (ms,4), that there exists V, € I such that
q<Vg<Uanda<u(r,V,) forallr < V. Letting V.= \/,_, Vg, wehave that p < V < U,
and there remains to prove that given s < V, we have a < x,(s, V). Actually, for all r <s,
since r < V, there exists g, < p such that r < V; , so, by (m;), one has that a < u(r, V) <
u(r,V)sthus a < A\, u(r, V) = (s, V).

Now we prove that «, satisfies (ks), that is, for fixed p € ¥(X) and U € 1%, ku(p,U) =
/\q<p xu(q,U). On the contrary, we suppose that there exists » < p such that u(r,U) <
Ng<p%u(q, U). It follows that, for all g < p, u(r,U) < x,(q,U) = /\<q (s, U). Then, taking
q € ¥*(X) such that r < g < p, it would follow that u(r, U) < Ay (s, U) < u(r,U).



Cosimo De Mitri 3919

Finally, we check that given p € ¥*(X) and U € I, we have u(p,U) < phe, (> U). Since
the, (P, U) = Vg5 p ku(q, U), the purpose is reached if taking a < u(p, U), one finds q > p
such that & < «,(g, U). Indeed, if « < u(p, U), because of (my,) there exists q >~ p such that
a < u(q,U), so, by (my), it follows that a < u(r, U) for all r < g, that is, a < /\Hq‘u(r, U) =
ku(q,U). O

If we denote by f - M(X) and f - K(X), respectively, the families of all f - m-structures
and of all f - k-structures on X, then because of the two theorems above, we can assert
that they are equivalent, namely there exists the bijection

h:ue f-MX)—x, € f-K(X). (4.2)

One recognizes that the inverse of & is the map defined by h™! () = py, forallx € f - K(X).
Keeping in mind the results of Section 3, with any f - m-structure y, we can associate
the f-topology 7 4(,), which is expressed this way:

VAETY, Ty = A\ upA). (4.3)
p<A

By comparing this expression with the one for 7, (A) in the previous section, it seems
justified to indicate the f-topology 7, by the symbol 7 ,.

Conversely, with any f-topology 7, one can associate the f - m-structure h~!(J;) that
we will indicate by the new symbol M, in the sequel, which is expressed as follows:

VpeS*(X), VUEL, M(p,U)= \/ 1(A). (4.4)
p<A<U

We observe that 7, is the only f-topology such that = g, and .M, is the only f - m-
structure such that 7 = J 4.

THuEOREM 4.5. Let (X,7) and (Y,0) be two f-topological spaces. The map f : X — Y is con-
tinuous if and only if for all p € *(X) and forall V e 17, Mo (p, f~ (V) = Ms(f~(p), V).

Proof. The proof is straightforward. O

23’* (X)x1¥

Ifue , by introducing u(p) = {U € ¥ u(p,U) =1} for all p € *(X), we

the section above for x € 27" (cf. [2, 5]). In this case, we speak of a ¢ - m-neighborhood
structure, or a ¢ - m-structure for short. We note that the condition (m,,) becomes the
following:
(mg,) forall p € $*(X), x(p) = Ulplq) | g € F*(X) and q > p},

which is a particular case of that property of the ¢ - m-structure which in [8, Proposition
2] is called the “supcompleteness property.”

The results stated in this section allow us to assert that if 7 is a c-topology, there re-
mains associated with it the ¢ - m-structure Jl, such that for all p € F*(X), M (p) =
{U e I¥ | 3A € 7 such that p < A < U}, which is the only ¢ - m-structure such that for
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any A € KActeAc Mo {p) forall p < A. The elements of M, (p) are the m-neighbor-
hoods of p with respect to 7. If conversely y is a ¢ - m-structure, there remains associated
with it the c-topology T, = {A € I* | A € u(p) Vp < A}, which is the only c-topology
such that forany p € $*(X) and U € I¥, U € p(p) & JA € T, such that p < A < U. All
this is in accord with the results on m-neighborhoods gathered in [7].

From Theorems 4.3 and 4.4, it follows that with the ¢ - k-structure x and the c -
m-structure y are associated, respectively, the c - m-structure y, and the ¢ - k-structure
k, defined this way: for all p € $*(X), u(p) = Uq>p k(q); for all p € F(X), x,(p) =
ﬂq< p04q). These equalities agree with the corresponding equalities in [8, Proposition 1],
where the case is considered in which « and p are, respectively, the ¢ - k-structure J{; and
the ¢ - m-structure J, associated with the same c-topology 7 (in this case, it follows that
Ky = K and p, = p).

5. g-neighborhood structures

We call every map 7 € /0 verifying the following axioms an f - g-neighborhood

structure, or an f - g-structure, on the nonempty set X, (see [3, 11]):

(qo) forall p € F(X), Vyer n(p,U) = 1;
qu) forall p € F(X) and forall U,V € I, if U < V, then n(p,U) < n(p, V);
q) forall p € ¥(X) and for all U, U, € 5, n(p, Ui AU) =z n(p, Uy) Am(p, Us);
qs) forall p e #(X) and forall U € | if(p,U) >0, then pqU;
qq) forall p € F(X) and forall U € I, n(p,U) < \/y -y (n(p, V) A (Agqv (g, V).
We observe that the second member of the inequality in (q4), in the presence of the con-
dition (qs), shrinks to \/ pgv<u Agqv (g, V).

It is easy to check that the notion of f - g-structure is equivalent to the one of “I-fuzzy
quasi-coincident neighborhood system” [4].

X
X

o~~~ —~

PROPOSITION 5.1. Let 7w € I7X)XI

the condition
(qa) forall p e F(X), n(p,X) = 1.
If 7 satisfies the conditions (qu3,4), then it also satisfies the following conditions:
(qv) forall p,q € F(X) and for all U X, ifq > p, then n(p,U) < n(q,U);
(qq) forall p € S(X) and for all U € ¥, n(p,U) = Vg<pm(q,U).

. If  satisfies the conditions (qo,1), then it also satisfies

Proof. The check of (q,) under the conditions (qp,;) is immediate.

To prove (qp) under the hypothesis (qi3.4), one can imitate the proof of (k) in
Proposition 3.1 (at one point, one will have to observe that from pqV and g > p, it fol-
lows that gq V).

As for (qq), after acquiring (qp), there remains to prove that given p € ¥(X) and
U e I¥, it follows that n(p,U) < \/q<p71(q, U), that is, given a < 7(p,U), there exists
g < p such that 7(q,U) > a. Due to (qs4), it holds that a < \/,3v<u Ain(q, V) | q €
$*(X) and g4V}, and hence there exists V € I such that pqV < Uand a < A\ {n(g, V) |
lg € $*(X) and qq V'}. Given any g < p such that gqV, one has a < 7(q, V), so it turns
out, by (q1), that a < (g, U). O
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Let us denote by f - Q(X) the family of all f - g-structures on X and consider the map
I defined as follows:

vre f-QX), ln)(p,U)=n(p’,U) VpeF*X),VUeTI*. (5.1)

The theorem below states that [ is bijective between the families f - Q(X) and f - M(X),
and that the inverse of I is expressed this way: for all y € f-M(X), I"'(u)(p,U) =
V{u(g,U) | g € $*(X) and qqp} for all p € $*(X) and for all U € I*. One recognizes,
using (my,), that if p € $*(X), then "} (u)(p,U) = u(p’, U); if instead p & F*(X), then
Y uw)(p,U) = \/q<p[/t(q, U). In the sequel, we will write also y, in place of I(7r) and 7, in
place of I"1 (u).

Example 5.2. Let X be a singleton {x}. For A€ (0,1] and U € I¥, we define

|0 ifA<1-U(x),
wlo,U) = {U(x) if1>1- UCx). 52

Keeping in mind the function g in Example 4.2, we recognize that 7 = 7, and y = p,.

TaEOREM 5.3. The map | introduced above is bijective between f - Q(X) and f - M(X). Its
inverse 1~ is the map defined as follows: for all y € f-M(X), I"Y(u)(p,U) = \/{u(gq,U) |
q € 9*(X) and qqp} forall p € F*(X) and for all U € X

Proof. Ttis easy to check thatif 7 € f-Q(X), since 7 satisfies (q;), foreach i € {0,1,2,3,4},
then p, satisfies (m;) (in particular, with regard to (my), it is useful to observe that, for all
V e I, it follows that Ngav (g, V) < NMr(g, V) I g € F*(X) and qqV} = \p<v (g,
V) = Ng<v pn(q, V).

To prove that [ is injective, given 7,0 € f-Q(X) such that I(m) = I(¢0) and fixed p €
Y (X) and U e I¥, we check that n(p,U) =a(p,U). If p e F*(X), we have n(p,U) =
pa(p',U) = pe(p’,U) = a(p, U)s if p & F*(X), using (qq), one has that (p, U) = V., 7
(% U)= \/q<p,“7r(q,: U)= Vq<p["0(q,) U)= Vq<p0(q: U) = 0(P> U).

To complete the proof, we take u € f-M(X), consider the map 7, defined by 7,
(p,U) = Viu(gq,U) | g € ¥*(X) and qq p}, and check that 7, € f-Q(X) and I(m,) = p.

One easily verifies that for i € {0, 1,3}, since y satisfies (m;), then 7, satisfies (q;). Now
we prove that since y satisfies (m;,34), then 7, satisfies (q2). Considering p € F(X) \
$*(X) (the case when p € $*(X) would be trivial) and Uy, U, € I¥, let U = U; A U,
and suppose on the contrary that 7, (p, U) < m,(p, U1) A m,(p, Us). Now there exist r,s <
p such that m,(p,U) < u(r,U;) and m,(p,U) < u(s,U;). Then, assuming, for instance,
r < s, one would have, by (my,) and (my), that 7, (p, U) < u(r,Uy) A u(s, Uz) < u(r,Uy) A
u(r,Uz) < u(r, U). Now we prove that since u satisfies (my34), then m, satisfies (qa). So let
us firstly observe that given V € I¥, one has that A\, -y u(r, V) < Nggv mu(q, V); indeed, if
qqV existed such that 77,(g, V) < \,<v u(r, V), then given r,s € $*(X) such that sqq and
s < r <V, we would obtain u(s, V) < m,(q,V) < u(r,V), in contrast with (my). Hence,
given p e ¥(X)and U € 5, one sees that 7, (p, U) = \/{u(q,U) | g € $*(X)and qqp} <
ViVg<veu A<y, V) | g € F*(X) and qqp} = Vpgveu A<v (V) < Vypgveu
/\ann[d(qr V)
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At last, for any p € ¥*(X) and U € ¥, we compute that () (p,U) = m,(p',U) =
u(p,U). O

Keeping in mind the results of Section 4, with any f - g-structure 7 we can associate
the f-topology ), denoted by €, in the sequel, which is defined by

VAeTX, €,(A) = A\ n(p,A). (5.3)
paA

In fact, for all A € IX, €1(A) = N papin(p,A) = Npar(p'sA) = NMm(p,A) | p € F*(X)
and pgA} = /\pglA n(p,A), where, to explain the nontrivial inequality A{n(p,A) | p
€ $*(X) andpqA} < \pza7(p,A), we note that given g € F(X) such that gqA, if we
had 7(q,A) < N{n(p,A) | p € *(X) and pqA}, then it would follow that 7(g,A) <
n(p,A), which contradicts (qp) if p < g.

Conversely, with any f-topology 7, one can associate the f - g-structure [ (L), de-
noted by 2, in the sequel, which is expressed as follows:

VpedX), VUEF, 2(p,U)= \/ (A). (5.4)
PqA<U

In fact, for all p € F(X) and for all U € 1%, 9.(p,U) = mu,(p,U) = ViM(q,U) | g €
F*(X) and qqp} = V{Vy<azv7(A) | g € F*(X) and qqp}t = Vpga<u 7(A).

We observe that €, is the only f-topology such that 7 = 9%, and 9, is the only f - g-
structure such that 7 = €y,.

All this agrees with the results on g-neighborhoods stated in [3, 4, 11].

TaEOREM 5.4. Let (X,T) and (Y,8) be two f-topological spaces. The map f : X — Y is con-
tinuous if and only if for all p € S (X) and forall V € 1V, 0.(p, f~(V)) = 25(f~ (p), V).

For the proof see [4, Propositions 3.6 and 3.7].

Ifne 29(X)XIX, by introducing 7{p) = {U € X n(p,U) =1} for all p € F(X), we
in Section 3 for x € 29COXI* (the conditions (qf ,;4) so obtained are the same as in [9]).
In this case, we speak of ¢ - g-neighborhood structure, or ¢ - q-structure for short. We note
that the condition (qq) becomes the following:

(q¢) forall p € F(X), m(p) = Uy, 7(q)s
which is a particular case of that property of the ¢ - g-structures which in [8, Proposition
2] is called the “sup-completeness property.”

The results achieved in this section allow us to assert that if 7 is a c-topology, there
remains associated with it the ¢ - g-structure . given by for all p € (X), 2.(p) ={U €
I¥ | A € 7 such that pGA < U}, which is the only ¢ - g-structure such that for any A €
X, Acte Ac9.(p) for all pqA. The elements of 2,(p) are the q-neighborhoods of
p with respect to 7. If conversely 7 is a ¢ - g-structure, there remains associated with it
the c-topology €, = {A € X Aen( p) VpqA}, which is the only c-topology such that
for any p € #(X) and U € I¥, U € n({p) & A € €, such that pGA < U. All this is in
accordance with the results on the g-neighborhoods gathered in [7].
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From Theorem 4.3, we see that with the ¢ - m-structure p and the ¢ - g-structure 7
are associated, respectively, the ¢ - g-structure 7, and the ¢ - m-structure y, defined as
follows: for all p € ¥(X), m,(p) = U{u{q) | g € ¥*(X) and qqp}, thatis, m,(p) = uip")
if p € ¥*(X) and m,(p) = Uq<Py(q) if p & I*(X); for all p € F*(X), u(p) = n(p’).
These equalities agree with the corresponding equalities in [8, Proposition 1], where the
case is considered in which ¢ and 7 are, respectively, the ¢ - m-structure Jl, and the c - g-
structure 9, associated with the same c-topology 7 (in this case, we have p, = y and

m, = 7).
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