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The effect of the temperature and initial hydrostatic stress has been shown on the propa-
gation of Rayleigh waves in a viscoelastic half-space. It has been explained how the veloc-
ity of Rayleigh waves depends not only on the parameters pertaining to the viscoelastic
properties of the half-space, but on the temperature and the initial hydrostatic stress of the
half-space also. The variations of the phase velocity of Rayleigh waves in dimensionless
form with respect to the magnitude of the initial hydrostatic stress under certain practical
assumptions have been depicted in graphs after numerical computations. If the tempera-
ture and the initial hydrostatic stress of the half-space are neglected, the results obtained
are in perfect agreement with the classical case as obtained by Caloi for the propagation
of Rayleigh waves in a viscoelastic medium.

1. Introduction

The propagation of thermoelastic waves has been discussed long ago by Lockett [5] and
Nowacki and Sokotowski [7] in different media. Recently, this has been explained in a
different manner by some authors such as Chandrasekharaiah [3]. The effect of viscosity
on the propagation of these waves has also been shown by a few authors such as Das and
Sengupta [4]. But none of them considered the initial stress that might be present in the
media. But the earth is an initially stressed medium. Hence it should be of geophysical
interest to see how the initial stress influences the propagation of waves in elastic or a
viscoelastic medium when the medium is heated.

This paper has discussed the effect of the temperature as well as the initial hydro-
static stress on the propagation of Rayleigh waves in a viscoelastic half-space. Here, a
new frequency equation of viscoelastic Rayleigh waves has been derived, which involves
the parameters connected with the temperature and the initial hydrostatic stress besides
the viscoelastic properties of the half-space. The values of the phase velocity of Rayleigh
waves have been computed for different values of the initial hydrostatic stress of the half-
space in dimensionless form for certain values of the coupling coefficient of temperature
and strain fields. These graphs show that the phase velocity of Rayleigh waves changes
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Figure 2.1. Viscoelastic half-space under initial hydrostatic stress in presence of temperature field.

remarkably with respect to the initial hydrostatic stress of the half-space as well as the
coupling coefficient of temperature and strain fields of the medium.

2. Formulation and solution of the problem

Let us consider a Voigt-type viscoelastic half-space y = 0, the boundary of which y = 0 is
free from tractions, but does permit heat exchange with the surroundings. Let the half-
space be under an initial hydrostatic stress H at an initial temperature T, (see Figure 2.1).
When the temperature of the half-space is changed, incremental thermal stresses s;; to-
gether with incremental strains e;; are produced in it, which are measured with reference
to the rotated axes as explained by [1].

The dynamical equations of equilibrium under initial hydrostatic stress are given by

(1]

8511 8512 8214 8512 8522 _ @
x oy P T Tay FPar @D

Here, s11, s, are the incremental normal thermal stresses along x- and y-axes, respec-
tively. sy, is the incremental shear thermal stress in the xy plane. u and v are the displace-
ment components along x- and y-axes, respectively.

The stress-strain relations in the Voigt-type viscoelastic half-space under thermal con-
dition are given by

s = [(A+2y)+()U +2y’)%]em+ [)H/V%]eyy -7,

6 = [)t +A’%] e + [(/1 o)V + zy’)%]eyy YT, (22)

, 0
S12 = 2|:‘l/l+[/l g]exy,

where y = (31 + 2u)a;, o is the coefficient of linear expansion, and T is the incremental
change of temperature from the initial state. The incremental strain components are given

by [6]

u ov 1[odv odu
Cxx = a, eyy—@, exy = E[aﬁ'@] (2.3)
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Figure 2.2. €= —0.1.

Equation (2.1) with the help of (2.2) and (2.3) changes to

370 37 v
[mzw(a o )at]a Ly [(A+y)+()t +#)8t]8x8y

01 0%*u *u oT
[’H“ at] ox

dy? _Pﬁ+y8x’
. (24)

0xdy

[/1+2y+(/\'+2y) ]az [)L+y+(/\’+y) ]

+< + ’2)&— &_f_ a_T
B8 o) axe ~Par "V oy

The displacement components u and v may be expressed in terms of the potential
functions ¢ and y as follows:

_9b_oy 9% oy
S ox  dy’ "= ay ox’ (25)

Equations (2.4) and (2.5) show that potential functions ¢ and y satisfy the wave equa-
tions

’ ’ a 82
A+2u)V2p+ (N +2u )g(v%p) =P +9T, (2.6a)
0 Py
2 19 o2y
uViy +u at(V v)=p 52 (2.6b)

where V2 = 92/0x? + 0%/0y>.
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Figure 2.3. €=0.

The heat conduction equation is given by [6]

T,
SpoT vy Vzaﬁ_o

sat o VY 2.7)

where S is the specific heat capacity and § is the thermal conductivity of the medium.
To find the solution of (2.6a), (2.6b), and (2.7), it is assumed that

P(x, y,t) = ¢1(y) exp [i(kx — wt)], (2.8a)
v (x, p,t) = y1(y) exp [i(kx — wt)], (2.8b)
T(x,y,t) = T1(y)exp[i(kx — wt)], (2.8¢)

which are plane harmonic waves moving along the x-axis.
Using (2.8a) and (2.8¢), T is eliminated from (2.6a) and (2.7), and we get

Sp o 1 0? y*T, <a¢)
2 P92 L o 2(99) _
[V ) at] [V cf —iwc}? E)tz](/5 [(A+2u) —iw(V +2‘u’)]6v ot 0

(2.9a)
Equation (2.6b) with the help of (2.8b) can be written as

[v2—¥a—2] =0 (2.9b)
3 — iwcy? ot V=5 ’
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where

2 ()“"2‘“)’ = M’ a ﬁ, céz = % (2.10)

oy p P

Introducing (2.8a) into (2.9a) and (2.8b) into (2.9b), we obtain the following differ-
ential equations:

(%_Ag)(%_ag)¢l<y>=o,

2.11
y ) (211)
(a—yz - )llll()/) =0,
where
2 2 2 2 w?
Al =K2—k1 5 /\2 =K2—k2 N ’V2=K2—T2, T= 2 (2.12)
(2?2 —iwcs”)
Here, k;” and k,” are the roots of the biquadratic equation
k*—K*[o*+q(1+ €)] +q0* =0, (2.13)
where k* = —V?2 and the roots k; and k,” are given by
klzzq[1+—q€2], k22=02[1——q€2], (2.14)
q—o q—o
where
2 ; 2
) w iwSp y°T,
=2 - . e= : . 2.15
C%—iwciz 1 é Sp[()t+2;4)—za)()t’+2y’)] ( )

The requirement that the stresses and hence the potential functions ¢ and v vanish as
x* + y? tends to infinity leads to the following solution of (2.11):

¢ = Ae ™MV + Be M, (2.16a)
Y1 =Ce™. (2.16b)

Combining (2.8a), (2.8b), and (2.16a), (2.16b) respectively, we get

¢(x,y,1) = |Ae™Y + Be ™ | exp [i(xkx — wt)], (2.17a)
v(x,y,t) = Ce” " exp [i(kx — wt)]. (2.17b)

Using (2.6a), (2.8¢), and (2.17a), we get

_Lrnz My Ay 1 —
T= ) [Anie™™ 4+ Brae ™ | exp [i(xkx — wt)], (2.18)



3888 Rayleigh waves in a viscoelastic half-space

0.4
0.35 A
0.3
0.25 o

2 0.2 7
0.15 A
0.1

0.05 A

Figure 2.4. €= +0.1. Variation of velocity of Rayleigh waves with initial stress in viscoelastic medium
when A = 0 and y = 0 (Figures 2.2, 2.3, 2.4).

where

m? = & —iwc)?, m=a>—k’ = 0% -k’ (2.19)

The boundary conditions on the plane y = 0 are given by [1]

v
ox

T
—0, Afy=smrH 20, Tipro (2.20)

Afe=su—H ox oy

Here, Af, and Af, are incremental boundary forces per unit initial area along x- and
y-axes, respectively, and h is the ratio between the coefficient of heat transfer and thermal
conductivity.

By using (2.2), (2.3), (2.5), (2.17a), (2.17b), and (2.20), we change these boundary
conditions to

AlxM{iQu—H) +2wp} ] +B[kA {iQu — H) + 2wy’ } ]
+C[K*{(2u— H) — 2iwp'} — v* (4 —iwp') ] = 0,
Alpm? (1> — %) = K*{(A+ H) —iw)'} | + B[pm? (x> — 0*) — K> {(A+ H) — iw)'}]
+C[-w{2w+iQu—-H)}] =0,

Al (h =) ] +B[n2(h=213)] = 0.
(2.21)
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Eliminating A, B, C from (2.21), we get the following frequency equation of Rayleigh
waves:
[kM {iQu—H)+2p w}] [kh{iQu—H)+2p' w}]  [k*{QQu—H) - 2iwy'}
—7% (4 — iwy')]

[pm?(k* — 0?) [pm?(x* — 0?) [-xv{20w+i(2u—H)}] | =0.
KA+ H —iw)")] KA+ H —iw)")]
m(h—A1) 2 (h—Az) 0
(2.22)

If we ignore the presence of the initial stress and the temperature field in the half-space,
then H and g both vanish, h = 0 and A, = x and (2.22) reduces to

2ipw? 2ipw? 2K pw?
["2 ; ] ["W—’fﬁ o [ -]

B

sz 1 2 pw 2 2ipw2 -0,

()] [ e 2)] [

—Kkﬁ 0 .
(2.23)
where we have used
2 = pa)z 2 _ sz

o (A+2p) —iw(V +2u)’ ks = u—iou” (2.24)

Expanding the determinant (2.23) and simplifying, we get

2 k27« k2 «°
8k_ + [ 16kﬁ] kﬁ 16( k—é) k§ =0, (2.25)

which is the same equation as obtained by Caloi [2] for the propagation of Rayleigh waves
in a viscoelastic half-space without initial stress and temperature.

But considering the initial hydrostatic stress and the temperature field to be present
in the half-space and assuming that A = gy and A" = (2/3)y’; 0, k1, k2, and € all change,
respectively, to ', ki, k3, and €’ are given by

2 2 8 ’
0,2 = 2 @ 2 C(2)1 = 7‘”) C621 = ‘u >
€1 — iwcg P 3p (2.26)
2 _ qel ] 12 _ 12|: QE, :| r_ 3y2TO '
=gqg|1 N = 1—- N = —
k q[ i q—o" k' =0 q-o7? < Sp[9u — iw8u']
Then, (2.22) reduces to
(xy iwy") (xy iwp') T_z 2(xp —iwy")

2 /31 —iwy’) 2 ﬁz —iwy’) K2 (u—iwy)
2(xp zwﬂ )T 20— zwy ) 2iBs(xp—iwy’) | =0, (2.27)
(u—iwy") K2 (p—iwy") K2 (u—iwy")

n1(h—xp) 72 (h —xf2) 0
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k2 K2 72 H

Expanding the determinant in (2.27), we get

where

2xp—iwy) 77 xp — iy [ k1B (m — na2) + h(Bina — fam)
[(ﬂ—wwﬁ _?il_4ﬁ[#—ﬂwﬂ][ h(n2 —m) +x(Bims — Bar) ]' (2:29)

In deducing this equation, we assumed a convection condition for the temperature on
the boundary of the half-space. For thermal insulation, h = 0 and (2.29) reduces to

20xp—iop’) T t xp — iwp 1 Pifa (1 — 12)
[ (4 —iwy’) K2] 4P [y—iwy’] (Buns — Paa)” (2.30)

Assuming heat transfer to be infinitely large, h = co and (2.29) reduces to

20p—iwy) 77’ —iwy' 12 (Binz — 1)
[ (p—iwy’) K2] B ‘8[ — oy’ ] (h-m) (2.31)

Expressing the quantities A;, A, v, #1, and 7, in terms of the quantities f;, 32, and f33,
we find that (2.29) reduces to

[Z(XH—'iw#')_ . ¢’ ] [ﬂ2+/32+/3/32 %]

(u—iwy") 3 —iwc’ (cg1 — iwegt)

[}f f: ] BiB2Bs (B + )

:%[{Z(xy .zwy’)_ c'2 12}(/31+/5,2)

(H—iwy') 3 —iwc)

(w o ) ﬂ3<ﬂ1,82+1—2672,,2)],

p— oy Co1 — lwcgy

(2.32)

where ¢? = w?/«? is the phase velocity of Rayleigh waves.

The quantity 1/Re(1/c) is a measure of the phase velocity and wI,,(1/c) is a measure
of the damping of Rayleigh waves propagating along the positive x-axis.

Under the assumptions A = g and A" = (2/3)y’, (2.13) changes to

KZ+ky =0 +q+€), k'K’ =0"qg. (2.33)



S. K. Addy and N. R. Chakraborty 3891
Using (2.28) and (2.33), we get

c? ic2(1+ €)
o —iwcgt  f(cg — i)’
2

B2

, , (2.34)
C 1C

2
22 ’
=1- . - , [1+e —_— ]
Bibe == ot ™l — iwcl)) 2w I

where f = 8w/Sp(cf; — iwcg;) is the reduced frequency.
Substituting (2.34) into (2.32), expanding the quantities f31, 3, in a series of “f,” and
neglecting the terms of the order f2, we get

T -
[(xy 2 o Ot — o) 7( 1 Y — iwy’ ! (1+€)(u—-8iwy') )

(2.35)

Considering a liquid medium, we write A = g = 0 and (2.35) simplifies to
H PC2 ) ,:|2_<H ) /)2( ipCZ)l/Z( 3lpC2 )1/2
[ St iy | =5 Hiop 1 o 1 s(i+ico)ow) (2.36)

where €9= 3y?To/8pSwy’, which is deduced from (2.26).
Also, from (2.28), xu = (1 — H2u)u = —H/2.
Rationalizing and squaring (2.36), we get

2 4 4 2 2 52
( H L Pe +i> _ ( H +i> (1_ ipc )(1_ 3pcte 3ipc )
2w’ 2wy 2wy’ wy’ 8(1+€0?)wy’  8(1+€o?)wy’

(2.37)

Expanding (2.37) and equating the real parts only, we get

Vg)“ ( V§)2 . 5 [ 3V3 € 3V ]
+—) —6lco+—) +1= —660"+1)[1— -
(g" 2 0TS (60" =66+ D1~ g0 e ~ 81+ 07)

3Vie 3
+4Vi¢(c? -1 [1— 0 =0 ]
050(50" 1) 8(1+€02)  8(1+€p?)

(2.38)

where V§ = c?/wy’/p and gy = H2wy'.

For different values of ¢y = H/2wy', the values of V; are calculated for some specific
value of €= y?T,/Sp[(A+2u) — iw(X’ +24")] and the results are plotted in graphs. From
these graphs, we find that the maximum value of the phase velocity V, of Rayleigh waves
in viscoelastic liquid decreases as € changes from —0.1 to 0.1.

When €= —0.1, V; vanishes at ¢ = H/2wy' = 0. It attains its maximum value 0.77850
at o = 0.1, then decreases gradually as ¢, increases, and finally vanishes again at ¢op = 0.5
(Figure 2.2).

When €= 0, V; vanishes at o = H/2wy' = 0, attains a maximum value 0.43444 at ¢p =
0.2, then gradually decreases as ¢, increases and vanishes again at ¢y = 0.5 (Figure 2.3).
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When €= +0.1, V,, vanishes at ¢y = H/2wy’ = 0, attains a maximum value 0.34443 at
6o = 0.2, then decreases gradually as ¢, increases, and vanishes again at ¢y = 0.5 (Figure

2.4).

In all the above three cases, the phase velocity V| ceases to exist at two particular values
of ¢, which are ¢y = 0 and ¢y = 0.5, that is, when there is no initial stress and when
the initial stress is equal to the product of the angular frequency w of Rayleigh waves
and the rigidity y’ of the fluid. But the maximum values of V; are different for different

values of €.
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Figure 2.7. 6 = 1/4. Variation of velocity of Rayleigh waves with initial stress when viscous effect is
neglected (Figures 2.5, 2.6, 2.7).

If we neglect the viscous properties of the half-space, then g’ = 0 and (2.35) reduces to
[20 -9 = V?]? =401 -2 [1-V?]"[1- V0], (239)

where ¢ = H/2u, V? = ¢?/c3,and 0 = ¢3/(1+ €)c?.
Ignoring the initial stress, that is, with H = 0, (2.39) reduces to

12 12
[ .

[2-V2]* =4[1-v?]"*[1-V?6] (2.40)

This frequency equation for Rayleigh waves in an elastic solid medium is in perfect
agreement with that obtained by Lockett [5]. Comparing (2.39) and (2.40), we find that
in the result obtained by Lockett, the phase velocity of Rayleigh waves depends on the
coupling coefficient 6 = ¢3/(1+ €)ct between temperature and strain fields, but the re-
sults of the present authors show that the phase velocity depends on the initial stress also,
besides the factor 0 in an elastic solid medium.

If we vary ¢ keeping 0 fixed, then the trend of phase velocity of Rayleigh waves changes
remarkably, which is quite a new result in this paper. This fact may be used to understand
the nature of Rayleigh waves accurately in seismology.

For different values of ¢ = H/2y, the values of V are calculated for some specific values
of 6 = ¢/(1+ €)c? and these results are plotted in graphs. From these graphs, we find
that the maximum and minimum values of phase velocity of Rayleigh waves are the same
which are 1 and 0, respectively, for { = 0 and 1 if we take 6 = 1/2, 1/3, or 1/4 (Figures
2.5, 2.6, 2.7). Here, { = 0 implies that there is no initial stress and { = 1 implies that the
initial hydrostatic stress is twice the rigidity of the solid elastic medium. We also note
from the graphs that due to different values of 0, there are slight variations in the overall
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nature of the graphs. This signifies that in an elastic solid medium, the phase velocity of
Rayleigh waves depends much more on the initial stress of the medium than the coupling
coefficient 6 between temperature and strain fields. This finding is also of paramount
importance in seismology.
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