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A smoothing property in multistep backward difference method for a linear parabolic
problem in Hilbert space has been proved, where the operator is selfadjoint, positive def-
inite with compact inverse. By using the solutions computed by a multistep backward
difference method for the parabolic problem, we introduce an approximation scheme
for time derivative. The nonsmooth data error estimate for the approximation of time
derivative has been obtained.

1. Introduction

Consider the nonhomogeneous linear parabolic equation
u+Au=f, fort>0, withu(0) =v, (1.1)

in a Hilbert space H with norm || - ||, inner product (-,-), where 4, = du/dt and A is
a linear, selfadjoint, positive definite, not necessarily bounded operator with a compact
inverse, densely defined in 9(A) C H, where v € H and f is a function of ¢ with values
in H.

Since A™! is compact, we assume that A has eigenvalues {1 j};‘;l and a corresponding
basis of orthonormal eigenfunctions {¢;}7,. For any arbitrary function g(1), defined on
the spectrum o(A) = {A;}32, of A, the operator norm of g(A) can be computed by

llg(A)]] = sup [g(A;) | = sup [g(N)], (1.2)
j Aea(A)

which will be used frequently in this paper.
Let U", n > 0, be an approximation of the solution u(t,) of (1.1)_at time t, = nk, where
k is the time step. We introduce the backward difference operator 9, p = 1, by

- P i1 -
,U" = z ——0/'U", whereodU" =

j=1

Un — Unfl

T (1.3)
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It is easy to see that, for any smooth real-valued function u,
ur(ts) = pu" +O(kP), ask — 0, with u" = u(t,). (1.4)
With UY,...,UP~! given, we define our approximate solution U" by
0,U"+AU" = f", forn = p, where f" = f(t,). (1.5)

It is well known from the theory for numerical solution of ordinary differential equa-
tions, see, for example, Hairer and Wanner [4], that this method is A(8)-stable for some
0 = 0, >0 when p < 6. The theory of stability and error estimates for the approximation
of the solution of (1.1) by a multistep method in both constant and variable time-step
cases have been well developed, see Becker [1], Bramble et al. [2], Crouzeix [3], Hansbo
[6], LeRoux [7, 8], Palencia and Garcia-Archilla [9], Savaré [10], and Thomée [11], and
the references therein.

The purpose of this paper is to consider the smoothing property in multistep backward
difference method and time derivative approximation of (1.1). The similar results in
single-step methods for homogeneous parabolic problems in general Banach space have
been studied, for example, by Hansbo [5, 6] and Yan [12, 13].

We obtain, in Theorem 2.1, the following smoothing property in multistep backward
difference method: if U” is the solution of (1.5) with f = 0, then we have, with p <6,

p-1
lo,U"|| < Ct,' > ||U7||, forn=2p, U’ U,...,UP"' € H. (1.6)
j=0

We introduce the norm [v[; = (A%v,v)"2, s € R, defined by

|v|52=z/lj»(v,(pj)2<00, fors e R, (1.7)
=1

where {)Lj,(pj}}?":l is the eigensystem of the operator A. We see that | - [o = || - ||

It is natural to approximate the time derivative u,(f,) of the solution of (1.1) by
ép U" (n = 2p), where U", n > p, is computed by the multistep backward difference
method (1.5). Approximating u(t,) by ép U", we obtain, in Theorem 3.3, with n > 2p,

2p-1
G210V — ()| = € 3 (107 =l |25, + P2 A(UT =) |*) + CR* Gw),
i=p
(1.8)

where
" | 2 2p42 |, (pHD) oy |2 4 2 2 3 2
G(u) = . <|u ()| Zppoy +87P2 [P () [] +5 |ut(s)|1>d5+tzp|ut(tzp)|1. (1.9)

In the case of f = 0, if the discrete initial values satisfy, with U% =,

| U/ =l |, + kP |A(U) — )| < CRPIIvll, forp<j<2p-1,veH, (1.10)
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for some suitable discrete starting values U°, U',..., UP~!, then, in Corollary 3.4, we get
110, U™ — us (t)|| < CkPt," vll, forn= 2p. (1.11)

We also discuss the starting value approximation in the case of p = 2. For suitable
initial approximation U°, U, we can prove, with U’ = v € H,

3

(U= |+ Rl - w) ) < Ok (4 1)+ [ Il @lldr). 12)

j=2

Thus, in the case of p = 2, our error estimate reads, with U° = v € H,

15U — g (8,)]| < Ckzt,f(nvn +||f(o>||+j03||f'(T)||dT+1<<u)), n>4, (L13)
where
K(u)?* = Jtﬂ (|u(3)(s)|i5 +50u®(s) |f+s2 | u(s) |f>ds+ti | (ty) |f (1.14)
0

By C and ¢ we denote large and small positive constants independent of the functions
and parameters concerned, but not necessarily the same at different occurrences. When
necessary for clarity, we distinguish constants by subscripts.

2. Smoothing properties

In this section, we will show the smoothing properties for the multistep backward dif-
ference method. Before showing this, we first discuss some properties of the backward
difference operator d, defined by (1.3). We first note that (1.3) can be written in another
form as

P
0,U" =k > ¢, U™, (2.1)

v=0

where the coefficients ¢, are independent of k. Introducing P(x) = 3°_; c,x?, it is easy to
check that (1.4) is equivalent to

P(e™)-1=0(""), asd—0. (2.2)
In fact, with u(t) = e’ in (1.4), we have
P(e™®) —k=0(k""), ask—0, (2.3)

replacing k by A, we_show (2.2). On the other hand, if (2.2) holds, (1.4) follows from
Taylor expansion of ,u" at ,,.



526  Smoothing properties for linear parabolic equations
For p = 1, (1.5) reduces to the backward Euler method

U — Unfl

p +AU" = f", forn=1, (2.4)

and the starting value is U° = v.
For p = 2, we have

((372)Ur —2U™ 1 +(1/2)U"?)
k

+AU" = f", forn=2, (2.5)

and both U° and U! are needed to start the procedure.
Bramble et al. [2] obtain the following stability result, that is, with U” the solution of
(1.5),

p-1 n
lurll < c X [[u7l|+Ck 2 |If7ll, forn=p. (2.6)
j=0 j=p

In this paper, we first show the smoothing property for the multistep backward difference
method.

THEOREM 2.1. Let p < 6. Then there is a constant C, independent of the positive definite
operator A, such that for the solution U" of (1.5) with f =0,

p-1
o,U"| < Ct;' M ||UJ||, forn=2p. (2.7)
P

j=0

To prove this theorem, we need the following lemma from Thomée [11, Lemma 10.3].

LemMA 2.2. The solution of (1.5) may be written, with f =0, as
p-1
U= > Bus(kA)US, forn=p, (2.8)
s=0
where with A >0, P({) = 32_y¢,0, the Bus(A) are defined by,
p o ‘ B
ﬂns(l) = Z ﬂnfsfj(/\)cj) Zﬂj(l)('] = (P(() +A) > (29)

j=p-s j=0

where it is assumed that 3,5 j(A) = 0 in the case n —s — j < 0.
If p < 6, there are positive constants ¢, C, and Ay such that

Ce A, for0< A < Ao,

1AM = {cweff, for A= X, (2:10)
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Proof of Theorem 2.1. By (2.8) and (2.1), we find that
i popl p-1 P
apU” = k71 Z Cy z ﬁ(n,v)s(kA)US = Z |:kl z Cvﬂ(nv)s(kA):| U’ (211)
v=0 s=0 s=0 v=0

By (2.8), we see that n — v > p for any 0 < » < p, which implies that # must be larger than
or equal to 2p, that is, n > 2p. Since 0,U" is linearly dependent on U* (0 <s < p — 1),
it suffices to consider separately the cases when U' #0,0</<p—1,and U =0, 0 <
s < p—1, s # I In other words, we need to show, for U' #0,0 << p—1,and U* =0,
O0<s<p-1,s#],

lo,U"|| < Ct,|U]]. (2.12)

We first consider the case 0 <! < p — 1. By Lemma 2.2, we have

(n— v)lU

P
( Z Br—v-1-j( kA)CJ)Ul (2.13)

j=p-1

i

oy (ch/}n v-1-j( kA))cJUZ forO<l<p-1.

j=p-

We remark that n — v — [ — j may be negative. In this case, we assume that 3, ,_;_;(1) = 0
By Lemma 2.3, we have

p
Z Cvﬁn—v—l—j ) = _Aﬁn—l—j(/l)- (2.14)
v=0
Thus
) P
0, U"=k' > (—kAB,_1-j(kA))c;U', (2.15)
j=p-1

and (2.12) will follow from

p
Hk‘l > (—kABu1-j(kA))¢;|| < Ct, . (2.16)

j=p-1

In view of (1.2), (2.16) may be written as, for0< /< p—1,

p
nd > Buoi-j(A)

j=p-1

<C, fordeo(kA). (2.17)
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Now we show (2.17). By (2.10). We have, for small A, 0 < A < Ay,

p
<C > mle It <,
j=p-1

P
nd > Pui1-5(A)

j=p-1

and, for large A, A > Ao,

p
<C Z ne "= < C, for =M.
j=p-1

»
nd D Pa-i-j()

j=p-1

Hence (2.17) holds.
It remains to consider the case I = 0. We have, by Lemma 2.2,

P P
ép Un = k71 Z Cy (ﬁ(nfy)() UO) = k71 ( Z Cyﬁnyp(kA)> Cp UO.
v=0

=0

Thus in this case, (2.12) will follow from

P
Hkl Z (esBn-v—p(kA))cp|| < Ct; 1.

v=0

By (1.2), (2.21) may be written as

)

Z Cvﬁnfvfp (A)

v=0

n <C, forAeoa(kA), n=2p,

or, using (2.14),
[nAB.—p(M)| =C, for)eo(kA), n=2p,
which we will now prove. For small 0 < A < Ay, we have, by (2.10),
| nABu—p ()| < (nhe ™) et < C.
For A > Ay, using again (2.10), we have,

| nABu—p(A)| < C(ne ")e? < C.

Thus (2.23) holds. Together these estimates complete the proof of Theorem 2.1.

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

O

LEmMA 2.3. Let p <6. Let B,u(A), m = 0, and ¢y, 0 < m < p, be defined as in Lemma 2.2.

Then, foranyn =2p,0<l<p—-1,p—-I<j<p,

(co+ M) Bu-i-jA) +c1fn-t-j-1 (M) + - - -+ cpPu-i-j-p(A) =0,

where it is assumed that 3,1 _,(A) = 0 in the case of n —1— j—v <0 for0 <v < p.

(2.26)
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Proof. By (2.9), we have

(P(C)+)t)<2ﬁj(k)(f> =1, (2.27)
j=0
that is,

(Co +A+61(l +C2(2 + - )(ﬁo()t) +ﬂ1(l)(+ﬂ2(l)(2 + - ) =1. (2.28)

Comparing with the coefficients of {, j=0,1,2,..., we get

(Co +/\)[30(/\) =1,
(co+A)B1(A) +c1fo(A) = 0,

' (2.29)
(co+A)Bp(V) +c1fp1A) + - - - +¢pPo(A) =0,
(co+A)Bps1(A) +c1fp(A) + - - - +cpfi(A) =0,
which implies that, for any m > 1 (not m = 0),
(CO +A)ﬁm(l) + Clﬁmfl(/\) et Cpﬁm—p(i) = 0, (230)

where 8-, =0if m—v<0forl <v<p.
Notethatn —[—j = Isincen=2p,0<I< p—1, p—1I=<j< p. Thus we obtain (2.26)
by replacing m with n — [ — j in (2.30). The proof is complete. O

3. Error estimates

In this section, we will show the error estimates for the approximation d,U” of the time
derivative u;(t,) in nonsmooth data cases.
We first recall the following stability result, see Thomée [11, Theorem 10.4].

LEMMA 3.1. Let p <6 and s = 0, and let U" be the solution of (1.5). Then, with C indepen-
dent of the positive definite operator A,

n p-1
sl +k Y glvif <y (U712 +k(lU7|P)
j=p j=0

+Ckz(~fj|2—s—1+t;|fj|2,1>, forn > p.

j=p

(3.1)
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By shifting the origin, we have the following generalization of Lemma 3.1.

LEmMMA 3.2. Let p < 6 ands = 0, and let U" be the solution of (1.5). Assume that m > p and
Um?,..., U™ ! are given. Then, with C independent of the positive definite operator A,

£]|un| +th5|Uf|1<C Z (1U7 2+ R llU7)P)
j=m j=m-p

n (3.2)
+CkZ(|fj|2_S_1+tj»|ff|2_1), forn=m.
j=m

We have the following error estimate of time derivative approximation in nonsmooth
data case.

THEOREM 3.3. Let p < 6 and let U™ and u be the solutions of (1.5) and (1.1), respectively.
Then, with n = 2p,

2p—1
a9, U = we ()| < C 3 ([U7 =l |2, + I2P2||A(U7 = ) ||*) + CIPP Glu),
j=p
(3.3)

where
" (|2 2042 |, (p+D) oy [2 0 2 2 3 2
G(u) = . <|up (s)|_2p_1+51’ [uP* D (s)|]+s |ut(s)|1>ds+t2p|ut(t2p)|1. (3.4)
Proof. The error ¢" = ép U™ —u(t,) (n = p) satisfies

0"+ Ae" = —1",  where " = A(Jpu(ty) — s (ts)), forn=2p. (3.5)

Applying Lemma 3.2 with s = 2p +2, m = 2p, we have, for n = 2p,

2p-1
P2 n 2p+2
272 g2 <cy (|€1| S 2+k2P+2||,sf||)+CkZ (|TJ| e 3+tp+ |7i|? 1)
j=p j=2p

(3.6)

We now estimate the term ki?:zp |7/]2 2p—3- We will show that, with any norm || - ||
in H,

[10,u(t;) — u(t;)|| < CkP~ IJ ||uP™D(s)||ds, for j=2p. (3.7)
tji-p
Assuming this, we have

7|2, < CkP- 1J W) |2, ds, for j > 2p, (3.8)

tji-p



Yubin Yan 531
Thus

k Z |7/ |? “ap3 < CK? Z J [PV (s)| 2, ds
j=2p j=2p (39)

<Ck2PJ W ()], ds

It remains to estimate kZJ 2 ]21’+2|TJ|21 If j # 2p, we have, by (3.7) with norm
A2,
S ope2y 2p+2 2
K0 ok S 2 J | (s) | 2ds. (3.10)
j=2p+1 j=2p+1 tj-p

Here we have t; < ¢sfor s € [tj_p,t;], j = 2p + 1, which follows from

ti t
t< s <2t <cs, forjz=2p+1. (3.11)
T t
j-p p+l
Hence
S opi2y 2
kS O <ok S J 2072 404D (s) | s, (3.12)
j=2p+1 j=2pr17tor

For j = 2p, we write, since Z‘Szo ¢y, =0,

2k 1A<ch (f2y- y)ut(tz‘p) 1A<chjt2 vut(s)ds—ut(tzp)>, (3.13)

v=0

and we obtain

153
k|720|2, < cL " ()| 2ds ke (1) | (3.14)
P
which follows from
2 bap—v
|12p|_1§C( u;(s)ds +|u, tp) | )
<Ck? Z(pk) L () 2dst () |2 (3.15)
=0 P

by
<Ck! L |uy(s) | Tds + | ue(t2p) 2.
P
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Thus, we get
by
ke 100 12 < okr?([ 7 o) s klui(6) 1)

tzpp (3.16)
Sck2P<L 52|ut(s)|?ds+tgp|ut(t2p) |i>
»

It remains to estimate (3.7). We write, by Taylor expansion around t;_,

Py (¢, t
) =3 W (=t )+ | (—9purD9ds= QRO (17)
1=0 . p tji-p

By (1.4) and since Q(¢) is a polynomial of degree p, we have épQ(t) — Q(t) = 0. Thus, by
(2.1),

0pu(t;) — ue(tj) = 9pR(t;) — Re(t;) = 12@, (tj—y) = Re(t)). (3.18)
Noting that

t
||R(tj_v)||kaij [|uP™D(s)||ds, forO<v<p,j=2p,

i} v (3.19)
J (tj—s)pflu(P”()ds < CkP~ 1J [P (s)]|ds,

tji-p tji-p

IR ()] =

1
(p— )'

we complete the proof of (3.7).
Together these estimates complete the proof. O

In the homogeneous case, that is, f = 0, we have the following nonsmooth data error
estimates.

COROLLARY 3.4. Let p < 6 and let U" and u be the solutions of (1.5) and (1.1), respectively.
Assume that f = 0 and the discrete initial values satisfy, with U° = v,

(U =l | ), + kP |A(U = )| < CRPIIVI,  forp<j<2p—1. (3.20)
Then, with C independent of the positive definite operator A,
10,U" — s (t,)|] < CkPt " Ivll,  forn = 2p. (3.21)
Proof. For the solution u of homogeneous parabolic equation, it is easy to show that

ty ty
| ey, dsscivie, [T las<civit, 6.22)

and tgp | ut(z‘zp)l2 < Cllv||>. Applying Theorem 3.3, we complete the proof. O
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Next we will consider the starting value approximation. In Theorem 3.3, we see that it
. . o p-1
is necessary to define starting approximations { U’} ?:0 such that

| U/ =l |, + kP |A(U) =) || = O(KP), forp=<j<2p-—1. (3.23)
Here we will consider the cases p = 1,2. The approach can be extended to the general case
for p > 2, but the proof is more complicated.
In the case of p = 1, the approximate solution is defined by the backward Euler method
01U +AU" = f", forn=>1, with U’ =, (3.24)
or, with r(A) = 1/(1 +A),

U"=r(kA)U" ' +kr(kA)f", forn=>1, with U’ =v. (3.25)

We then have the following lemma, see Thomée [11, Theorem 9.1].

LemMma 3.5. Let U' and u be the solutions of (3.24) and (1.1), respectively. Then, with
u' =u(t), U=ul =,

U —ul |+ I2|AUT - u)]

. b (3.26)
< Ck||v—A*1f(O)||+CkJO AL F (1) |dr + Ck2 L ILf ()] |dr.
In particular, if f =0, then
U = |, +R2JA(U —uh)]] = CkvI. (3.27)

We now turn to the case p = 2. In this case, we need two starting values U% and U
We will use the backward Euler method to compute U', that is, the approximation U" of
the solution u(#,) of (1.1) is defined by

L U"+AU" = f", forn=2, oU'+AU! = f!, withU® =, (3.28)

We have the following lemma.

LEMMA 3.6. Let UJ, j =2,3 and u be the solutions of (3.28) and (1.1), respectively. Then,
withuw = u(t;), U =u® =,

U+ RlAW )| = R (I O+ [l @), =23
(3.29)

In particular, if f =0, then

Ul —u | _,+K||A(UI —w)|| < CK*Ivll, j=2,3. (3.30)
4 J
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Proof. Here we only prove the case j = 2, that is, we will show that

| U2 —w? |, +K|A(U?

The proof for the case j = 3 is similar.

—u)|[ = O(k?).

Since ,U? = k~1((3/2)U? — 2U" + (1/2)U°), we may write

U? = q1(kA)U" + g5 (kA)U° + kP(kA) f2,

where
2 -1/2 1
oM =30 eW=gp M=
Thus, noting that u? = e 24y + f ~(@2k=94 £ (5)ds, we have

U? —u? = q1(kA)(U!

Here, by simple calculation,

—u') + q2(kA)(U° — u°) + E,.

E> = q1(kA)u' + q2(kA)u® + kP(kA) f* — u?
= Q(kA)v+kbo(kA) f(0) + kR(f),

T P(kA) f D)dr - zj “)kA( :kg f’(‘r)d‘r)ds.

where
Q) =giNet+ (M) — e,
1 1
bo(A) = ql(/\)J e =95+ P(L) — ZJ e 209 gg.
0
R(f) = qi(kA) j (- skA(J e dT)ds
We first show that

2k
RlIAU =)l = Ok (Il + KIS +k [ 1L () ).

In fact, noting U° = u® = v,

BAU? —12)|| < K[| Aqi (KA) (U — u!) ||+ &3|| AQ(kA)v|
+K2||kAbo(kA) £(0)]] + K| [KAR(F))|
=I1+II+III+1V.

Since [AQ(A)| < Cand [Aby(A)| < C for 0 < A < 0o, we have

II < CK*||vll,

IIT < CK*|| £ (0)]].

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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By (3.36), it is easy to see that
2k
v < Ck3j I ()|
0
Now we turn to I. Note that
k
Ul —u! = (r(kA) - e_kA)v+kr(kA)f1 — J e_(k_S)Af(s)ds
0
k
— (r(kA) — e =AYy + kr(kA) ( £(0) +J f’(T)dT)
0
ks
- kjol e~ (1-9k4 ( o+ | f’(f)df)ds.

We find

k
1= || Aq(kA) (U — uh)|| < Ck2(||v|| +k||f(0)||+kL ||f'||d‘r).

Combining this with the estimates for 11,111, and IV, we obtain (3.37).
We next show that

2k
AU =) | =R (vl + [ ll7 @la).

As in the proof of (3.37), we write

|A(U? —u?) | ¢ < |Aqu(kA)(U' —u") | o+ |AQ(kA)V|
+ | kAbo(kA) f(0)| g+ | KAR(S) | ¢
=I'+II'+III' +1V'.

Since [A2Q(A)| < Cand [A71by(1)| < C for 0 < A < o0, we get

II' = k%[ (kA) 2 Q(kA)v|| < CI?||v],
I = K2||(kA) " bo(kA)A™!|| < CK?|| £ (0)].

Further, we easily find that

2k
IV’ < ck JO I (1)]|d,

k
I'< Ck2<||v|| +||f(0)||+J0 ||f’(T)||dT).

Hence (3.43) follows.
Together, these estimates show (3.31). The proof is complete.

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

O

Combining Theorem 3.3 with Lemma 3.6, we get the following error estimate in the

case p = 2.
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CoROLLARY 3.7. Let U" and u be the solutions of (3.28) and (1.1), respectively. Then, with
Ul=ul =y,

15U — g (8,)]| < Ck2t,;3(||v|| FIFO+ Ls ||f'(T)||dT+1<(u)>, n>4,  (347)
where
K(u)?* = Jtn <|u(3)(s) 125+ 55| u® () |7 +52 | uils) |f)d$+ £ u () |2, (3.48)
0
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