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We consider the Diophantine equation of the form x? — D yz = ¢, where c = +1,+2, and
provide a generalization of results of Lagrange with elementary proofs using only basic
properties of simple continued fractions. As a consequence, we achieve a completely gen-
eral, simple, and elegant criterion for the central norm to be 2 in the simple continued
fraction expansion of v/D.

1. Introduction

As is often the case, some results get rediscovered over time. In particular, some rather
striking results of Lagrange are often recreated. For instance, in [6], a result pertain-
ing to the Pell equation for a prime discriminant was recast in the light of nonabelian
cohomology groups. Yet, in [1], the authors acknowledged the fact that the result “has
been discovered before,” and provided an elementary proof of it and two other results
related to Lagrange. In this paper, we present complete generalizations of these results
(see Theorems 3.1, 3.5, and 3.9 below), and do so with only elementary properties of the
simple continued fraction expansions of general v/D. As a consequence, we obtain

X()Eil(mOdD) ifog/zZZ, (1.1)

where xj — Dy§ = 1 is the fundamental solution, ¢ is the (even) period length of the con-
tinued fraction expansion of /D, and Qy/, is the central norm (see Theorem 3.11 below).
2. Notation and preliminaries

Herein, we will be concerned with the simple continued fraction expansions of /D, where
D is an integer that is not a perfect square. We denote this expansion by

\/5: <QO§QI>‘]2>---)Q€—1:ZQO>, (21)

where € = €(/D) is the period length, gy = | /D] (the floor of \/D), and q1,42,...,qe-1 is
a palindrome.
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The kth convergent of « for k > 0 is given by

A
Ek = <q0§QbQZ)---JQk>a (22)
k
where
Ap = qrAx1 +Ag2, (2.3)
Bk = qxBk-1+ Bi-2, (2.4)

with A, =0, A, =1, B., =1, and B_; = 0. The complete quotients are given by (Px +
/D)/Qy, where Py =0, Qy = 1, and for k = 1,
Pri1 = qrQx — Py,
P ++/D
“ T )
D= Pl%ﬂ + QrQk+1.

(2.5)

We will also need the following facts (which can be found in most introductory texts
in number theory, such as [3]; also, see [2] for a more advanced exposition):

AgBr_1 — Ar-1Be = (-DF L (2.6)
Also,
Aj—1 = PrBy—1 + QiBi-2, (2.7)
DBj_1 = PrAi-1 + QrAk-2, (2.8)
A} | —B! D= (-1)Q (2.9)
In particular, for any k € N,
Ay = Bip D= (=D (2.10)

Also, we will need the elementary facts that for any k > 1,

Qe+k = Qi Peii = Py, Ge+k = qk- (2.11)
When ¢ is even,
Pesy = Peppv1 = Poak-nyesn1 = Pok-1yen. (2.12)
Also Qg2 = Qak—1)¢/2, 50 by (2.5),
Quk-1)e2 | 2Pk-1)e/2 (2.13)

where Qg; is called the central norm, (via (2.9)). Furthermore,

Qek-1yer2 1 2D, (2.14)
qek-1ye/2 = 2Pak-1)e/2/Qak=1)e/2- (2.15)
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In the next section, we will be considering what are typically called the standard Pell
equations (2.16) and (2.18), given below. The fundamental solution of such an equation
means the (unique) least positive integers (x, y) = (xo, yo) satisfying it. The following re-
sult shows how all solutions of the Pell equations are determined from continued frac-
tions.

TuEOREM 2.1. Suppose that € = £(+/D) and k is any positive integer. Then if € is even, all
positive solutions of

-y’D=1 (2.16)
are given by
X = Ake-1, ¥y =B1, (2.17)
whereas there are no solutions to
x*—y’D=-1. (2.18)

If € is odd, then all positive solutions of (2.16) are given by
X = Ajke-1, ¥y = Boge1, (2.19)

whereas all positive solutions of (2.18) are given by
X =Apk-1e-1, ¥ =Bok-1)e-1. (2.20)

Proof. This appears in many introductory number theory texts possessing an in-depth
section on continued fractions. For instance, see [3, Corollary 5.3.3, page 249]. O

In the following (which we need in the next section), and all subsequent results, the
notation for the Ag, Bk, Qk, and so forth apply to the above-developed notation for the
continued fraction expansion of /D.

THEOREM 2.2. Let D be a positive integer that is not a perfect square. Then € = €(/D) is
even if and only if one of the following two conditions occurs.

(1) There exists a factorization D = ab with 1 < a < b such that the following equation
has an integral solution (x, y):

ax* —by? = +1. (2.21)
Furthermore, in this case, each of the following holds, where (x, y) = (r,s) is the fundamental
solution of (2.21).
(@) Qe = a.
(b) Ago-1 =raand Bys-1 =s.
(c )Ag 1 —r a+52banng | =2rs.

(d) r? =(-D"
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(2) There exists a factorization D = ab with 1 < a < b such that the following equation
has an integral solution (x, y) with xy odd:

ax* —by? = +2. (2.22)

Moreover, in this case each of the following holds, where (x,y) = (r,s) is the fundamental
solution of (2.22).
(a) Qe = 2a.

(b) Agp—y =raand Bep—y = s.

(c) 2A¢_1 =r*a+s*band By_, = rs.

(d) r2a —s2b =2(—1)¥2

For the proof of all this, see [4].

Lastly, we will require the following number-theoretic results.

THEOREM 2.3. If ¢ is an odd positive integer, then the following Jacobi symbol identities hold:

<g> _ (_1)(c2—1)/8,

c

(__1> — (_1)(c—1)/2.

9

(2.23)

Proof. This may be found in introductory number theory texts. For instance, see [3, The-
orem 4.2.1, page 197]. O

3. Central norms and Diophantine equations

The following extends Lagrange’s [1, Theorem, page 181] to its greatest possible general-
ity. In the proof, we use only elementary continued fraction results. The end product is
that we reveal the underlying reason for the phenomenon in terms of the central norm
being equal to 2.

TaeOREM 3.1. Let D > 2 be an integer that is not a perfect square. Also assume that (xo, ¥o)
is the fundamental solution of (2.16). Then the following are equivalent.

(1) xp = 1(modD).

(2) There exists an integral solution to the equation

x*—Dy*=2. (3.1)

(3) £ =0(mod4) and Qe = 2.

Proof. First we assume that part 2 holds. Using Theorem 2.2, part 2, witha = 1 and b = D,
since there are integer solutions to x> — Dy? = 2, then letting (r,s) be the fundamental
solution, 7> — Ds? = 2, we have (using part 2(c)) that 2A,_; = r? + Ds?. Hence,

24,_1 =2+2Ds* = 2(mod2D), (3.2)

so it follows that A,_; = 1(modD). However, Theorem 2.2 shows that € is even so that
Xo = A¢—1, by Theorem 2.1. We have shown that part 2 implies part 1.
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Now assume that xo = 1(mod D). If £ were odd, then by (2.10), A7_; = —1(modD).
However, by Theorem 2.1, xp = Az¢—1. Therefore, since Theorem 2.1 tells us that, in this
case,

2
Age-1+By VD= (Ae1 +Be VD) =A%, +B}D+2A, 1B 1+/D, (3.3)

thenxy=A3_;+B;_;D = A}_, = —1(mod D), a contradiction, since D > 2. We have shown
that € is even. Thus, by Theorem 2.2, there is a factorization of D = ab such that one of
(2.21)-(2.22) holds.

If (2.21) holds, then by part 1(d) in Theorem 2.2, r?a — s>b = (—1)%2. However, by
part 1(c) of that theorem, xg = Ay_1 = r?a+ s*b. It follows that

1=x =r?a+s*b=(—1)"?+2s*b(modD). (3.4)

Hence, ¢/2 must be even since otherwise b | 2, where 1 < a < b, which is impossible.
Therefore, a | 2s%, but by part 1(b) in Theorem 2.2, Ag,—; = ra and By = s, and by
(2.6), gcd(Agn—1,Besn-1) = 1, so a | 2. Since Qg = a > 1 by part 1(a) of Theorem 2.2,
then Qg2 = 2 = a. Thus, part 3 holds.

Now we assume that (2.22) holds. From Theorem 2.2, parts (c)-(d),

2x0 = r*a+s*b, 2(—=1)? = v2q — §*b. (3.5)
Since xo = 1 + ND = 1 + Nab, for some N € N, then
2(1 - (=1)? +Nab) = 25°b, (3.6)

sob|(1-(=1)%?).1f¢/2 is odd, then a = 1, b = 2 = D, which is excluded. Hence, ¢/2

is even, and Na = s*>. Now the same argument as in the above for (2.21) shows that
gcd(a,s) =1,s0a = 1.

We have shown that part 1 implies part 3. It remains to prove that part 3 implies part 2

to complete the logical circle. However, this is an immediate consequence of Theorem 2.2.

(]

CoroLLARY 3.2 [1, Theorem, page 181]. IfD = p is an odd prime, then
xo = 1(mod p) iff p=7(mod8). (3.7)

Proof. If p = 7(mod8), then ¢ is even by (2.10). Thus, by Theorem 2.2, (3.1) must be
solvable, so Theorem 3.1 yields that xo = 1(mod p). Conversely, if xo = 1(mod p), then
x* — py* = 2 is solvable by Theorem 3.1. Thus, x and y are both odd, so x> = y*> =
1(mod8), and p = 7(mod38). O

Note that in Theorem 3.1, all odd primes p dividing D must be of the form p =
+1(mod8), and 4 does not divide D.
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Remark 3.3. A dual formulation of Theorem 3.1 is that the following are equivalent.
(1) xo = —1(modD), and ¢ is even.
(2) There exists an integral solution to the equation

x> —Dy* = -2. (3.8)

(3) Qg2 =2 and €/2 is odd.

This may be proved in a very similar fashion to that of Theorem 3.1. One must assume
that ¢ is even along with xy = —1(mod D) since the latter is insufficient to conclude the
former, unlike the dual condition 1 in Theorem 3.1 which is sufficient to conclude that
¢ is even. For instance, if D = 74, then xy = 3699 = —1(modD). Here ¢(./D) = 5, and
X0 = Aze—1 = Ao.

Note that in the above dual formulation, all odd primes p dividing D must be of the
form p = 1,3(mod8) by Theorem 2.3.

In both of these scenarios, Qg = 2, which is the focus for the balance of the paper
since it is the key to this investigation and explanation of the full generality of Lagrange’s
result, which we developed in Theorem 3.1.

Example 3.4. If D =2-19, then ¢ =2, Ay_; =37 = —1(mod D), and Qg = 2, which il-
lustrates Remark 3.3. Moreover, if D = 2 - 37, then A,_; = 456335045 = —1(mod D), and
Qer2 = 2.

IfD=2-73 then € =16, A,_; = 10850138895 = 1(mod D), and Q;/» = 2, which illus-
trates Theorem 3.1.

Some instances with a mix of primes are as follows. If D =2 -7 - 17, then € = 8,
Qe2 =2,and Ap—y = 11663 = 1(mod D). Similarly, if D = 7 - 17, then € = 4, Qg2 = 2, and
Ag_y = 120 = 1(modD). If D =2 -7-23-31-47, then £ = 36, Qu = 2, and A,_; =
9918684752958020825955 = 1(modD).

The following result focuses on the central norm. It also corrects [1, Theorem, page
183] and explains the phenomenon behind the result (see Remark 3.6 after the proof
below).

TaeoreM 3.5. If D > 2 is a positive integer that is not a perfect square, then the following
are equivalent.

(1) x2 = Dy? = +2 is solvable for some integers x, .

(2) €is even and for any odd j = 1, Qjery = 2.

(3) € is even and for any odd j = 1, qes» = qjes2 = Pjers = Pena.

(4) € is even and for any odd j = 1, g = gcd(Aje2-1,D) | 2, and if g = 2, then D =

2(mod4).
(5) Cis even Cli’ldfOT any Odd] > 1, Ajg/zfl = ng/z +ng/272.
(6) € iseven and for any odd j = 1, DBje/y—1 = Ajesy + Ajesaa.

Proof. Parts 1 and 2 are equivalent for j = 1 by Theorem 2.2; and by properties (2.11),
(2.14), and (2.15), they hold for all odd j > 1.

Parts 2 and 3 are equivalent by (2.15).

If part 2 holds, then by (2.9), part 4 must hold.
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If part 4 holds, then by (2.9),
A%y =By D = (=1)/Qjena, (3.9)
and by (2.14),

Qjesa | 2D. (3.10)

Let p be a prime dividing both Qje/, and D. Then by (3.9), p | Ajg/2-1. Therefore, p = g =
2 and D = 2(mod4), by hypothesis. Since (2.6) tells us that gcd(Aje/2-1,Bje2-1) = 1, then
(3.9) tells us that 4 cannot divide Qj¢/2, 50 Qje/2 =2. If gcd(D, Qj2) = 1, then Qe | 2, by
(3.10). Hence, Qj¢/2 = 2 since Qj¢/» = 1 can only occur when j is even (see (2.9)-(2.10)).
We have completed the proof that parts 2 and 4 are equivalent. (Note that in the case of
part 4, the condition ¢ = 2 being tied to D = 2(mod4) prevents 4 | Qj¢/, from occurring—
see Remark 3.6 after the proof.)

If part 5 holds, then by (2.4),

Ajen—1 = Bjera + Bjep-2 = qje2Bjern—1+2Bjena-2, (3.11)
and by (2.7),
Ajerr-1 = PjepBjesn-1+ QjeraBjesa-a. (3.12)
Hence,
Bjerr-1(qjerr = Pje2) = Bjera-2(Qjerr — 2). (3.13)

Since Pje/» = qje/2Qje2/2 from (2.15), then (3.13) becomes
Bjer-19je12(2 = Qjer2) = 2Bjen—2(Qjera — 2). (3.14)
If Qjes2 # 2, then
—Bjea-19jer2 = 2Bjenz-2, (3.15)

which is impossible since Bje/2-1, gje/2, and Bjes—» are all positive (unless j&/2 =1, in
which case (3.15) becomes —Byq; = 0, again impossible since By = 1 and gq; = 1). We have
shown that part 5 implies part 2. That part 2 implies part 5 is easy using (2.7).

It remains to bring part 6 into the picture. If part 6 holds, then by (2.3),

DBjea-1 = Ajenn + Ajenn—2 = qjernAjerr-1+ 2402, (3.16)
and by (2.8), this also equals Pje/2A je/2-1 + Qje/2A jes2—2. Hence,
Ajern1(qjerr = Pjer2) = (Qjerz = 2)Ajesaa, (3.17)
but by (2.15), Qje/2gjes2 = 2Pjes2, s0 (3.17) becomes

Ajenn1qje2 (2 = Qjer2) = (Qjer2 — 2)2A 022 (3.18)
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Now, by assuming that Qj¢» # 2, we argue in a similar fashion to the above and achieve
a contradiction. Thus, part 6 implies part 2. Conversely, if part 2 holds, then using (2.3)
and (2.8), we easily deduce that part 2 implies part 6, which completes the proof. O

Remark 3.6. If condition 4 in Theorem 3.5 did not have the stipulation that ¢ = 2 must
entail D = 2(mod4), the result would fail. For instance, if D = 8, then Ay/»_1 = Ag = 2, SO
g=2, but Qg = 4.

Condition 4 is where the error in [1, Theorem, page 183] occurs. They attempt to prove
that the condition is gcd(Aje2-1,D) = 1. The following example is a counterexample to
their claim that the conditions 1-3 and 5-6 of Theorem 3.5 are equivalent to the relatively
primality cited above.

Example 3.7. Let D =2-17-41. Then € =6, Qp» = 2, Agp—1 = 112, and ged(D, Ag/z-1) =
2. This is condition 4 of Theorem 3.5 with nontriviality of the gcd condition, which con-
tradicts the assertion in [1] on the contrary. Moreover, it points to the central norm
Qe/2 = 2, being the underlying feature of Theorem 3.5.

Remark 3.8. Condition 2 of Theorem 3.5 implicitly tells us that ¢/2 is odd if and only if
condition 1 has the minus sign and ¢/2 is even if and only if condition 1 has the plus sign.

Observe that, as a consequence of the above development, when Qg/; = 2 in the simple
continued fraction expansion of \/D, we may never have a prime p = 5(mod8) dividing
D. Moreover, we may never have both primes of the form p = 3(mod8) and primes of the
form p = 7(mod8) dividing D. Thus, when Qg/, = 2, the odd primes must be either only
primes of the form p = +1(mod8) dividing D, or only primes of the form p = 1,3(mod8)
dividing D. Lastly, 4 cannot divide D when Qg/, = 2.

A motivation for the authors of [1] to present their result discussed in Remark 3.6
and Example 3.7 was the following result of Lagrange from 1770. For a prime p, £(./p) is
odd if p =2 or p = 1(mod4). A related known result for which they provide a proof as
well is the following. If p = 7(mod8), then £(,/p) = 0(mod4), and if p = 3(mod8), then
2(,/p) = 2(mod4). We now generalize this result in an elementary fashion.

THEOREM 3.9. If D = 2%, where a € {0,1}, ¢ = 3(mod4), and Qg = 2, then the following
hold.

(1) ¢ = 3(mod38) if and only if € = 2(mod 4).

(2) ¢ =7(mod38) if and only if £ = 0(mod 4).

Proof. By Theorem 2.2, A},,_, — DBj,,_; = (—1)¥?2. Thus, by Theorem 2.3, the following
Jacobi symbol identity holds:

L (A?/u) _ ((—1)8/22) _ ((_1)6/2) <g) (e e, (3.19)
C c Cc Cc

from which one easily deduces the results. O

CoroLLARY 3.10 (Lagrange). If p = 3(mod4), € is even and € = 2(mod4) if and only if
p = 3(mod8), or (equivalently) € = 0(mod4) if and only if p = 7(mod 8).
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Proof. That € is even follows from (2.10), and that Qg = 2 follows from Theorem 2.2.
O

We close with a result that brings together all the features we have been discussing,
while at the same time presenting a general criterion for the central norm to be 2. The
following completes a study begun by the author into the search for such a general crite-
rion (see [5]).

TrEOREM 3.11. Suppose that D is a positive integer that is not a perfect square, that (x, y) =
(x0, yo) is the fundamental solution of (2.16), and that € = £(\/D) is even. Then

xo = +1(modD) iff Qe = 2. (3.20)

Proof. 1f xp = £1(mod D), then by Theorem 3.1 and its dual formulation in Remark 3.3,
Qg2 = 2. Conversely, given the two cases in Theorem 3.1 and Remark 3.3, then we need
only to show that Q,, = 2 implies a solution to one of x> — Dy? = +2, but this is imme-
diate from Theorem 3.5. U

Theorem 3.11 tells us that when ¢ is even, the condition xy = =1(mod D) is equivalent
to all the conditions in Theorem 3.5.

Theorem 3.11 is a result which Lagrange might well have appreciated as a classification
and generalization of the results he gave us.
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