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We characterize the simple and subdirectly irreducible distributive algebras in some va-
rieties of distributive lattices with unary operators, including topological and monadic
positive modal algebras. Finally, for some varieties of Heyting algebras with operators we
apply these results to determine the simple and subdirectly irreducible algebras.
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1. Introduction

Distributive lattices with operators (DLO) are a natural generalization of the notion of
Boolean algebras with operators. An operator in a bounded distributive lattice A is a
function f : A" — A which preserves A (or V) in each coordinate.

In the last few years these classes of algebras have been actively investigated since they
appear as algebraic counterpart of many logics. Some important contributions in this
area have been the papers of Goldblatt [12], Petrovich [16], and Sofronie-Stokkermans
[18] which deal with the representation and topological duality for DLO. More recently,
in [11] Gehrke et al. have studied conditions for canonicity and an automatic mechanism
for the translation of equations that are Sahlqvist. In [17] Sofronie-Stokkermans studies a
uniform presentation of representation and decibility results related to a Kripke-style se-
mantics, and the link between algebraic and Kripke-style semantics of several nonclassical
logics.

Positive modal logic was introduced by Dunn in [10], and it corresponds to the pos-
itive fragment of the local modal consequence relation defined by the class of all Kripke
frames. The algebraic semantic of this fragment is the variety of positive modal alge-
bras (or PM-algebras) introduced in [10], and further studied by means of topological
methods in [7], and in [6] by methods from abstract algebraic logic. A PM-algebra is a
bounded distributive lattice with two unary modal operators [J and ¢ satisfying addi-
tional conditions that relate to these operators.

Topological Boolean algebras or closure Boolean algebras were given by McKinsey and
Tarski [15] to conduct an algebraic study of topological spaces (see also [4]). In [13],
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2 Simple and subdirectly irreducibles bounded

Halmos introduced monadic Boolean algebras for an algebraic study of the one vari-
able fragment of predicate logic. Important classes of bounded distributive lattices with
operators that generalize the monadic Boolean algebras are the Q-distributive lattices in-
troduced by Cignoli [9], and the monadic Heyting algebras studied by Bezhanishvili [2].

In research on DLO, Priestley duality is a useful tool. The dual space associated with a
DLO is a Priestley space with a (n+ 1)-ary relation for each n-ary operator (see [12, 18]).
The dual spaces of PM-algebras can be defined with a unique binary relation or with two
binary relations, but strongly related between them (see [7]). In Birchall’s Master’s thesis
[3] there is a duality for perfect distributive lattices with unary operators, and there are
some results on subdirect irreducibility using topological duality.

Since any variety of algebras is determinated by the subdirectly irreducible algebras, it
is important to have a characterization of them in varieties of (DLO). The main contribu-
tion of this paper aims at giving a characterization of simple and subdirectly irreducible
of certain varieties of positive modal algebras, and certain varieties of Heyting algebras
with unary operators.

The paper is structured as follows: in Section 2 we start by recalling some basic defi-
nitions and results on the Priestley duality for distributive lattices with unary operators.
This duality has been developed in [12, 18] for the general case, in [16] for the case of
distributive lattices with an operator of type ¢, and in [7] for positive modal algebras.
In Section 3, we will give a topological characterization of congruences and we will de-
termine the simple and subdirectly irreducible algebras for some varieties of distributive
lattices with unary operators of type [ and ¢. In Section 4 we will introduce the variety of
topological positive modal algebras (TPM-algebras) and the variety of monadic positive
modal algebras (MPM-algebras) as a generalization of the closure Boolean algebras and
monadic Boolean algebras, respectively. The TPM-algebras and MPM-algebras can be
considered as the algebraic semantics of the positive fragment of the local modal conse-
quence relation defined by the class of all Kripke frames (X, R), where the binary relation
R is reflexive and transitive, and R is an equivalence, respectively. It is interesting to note
that the characteristic axiom ((a v b) < Oa v Ob, valid in positive modal algebras, is not
true in monadic Heyting algebras, thus the —-free reduct of a monadic Heyting algebra is
not an MPM-algebra. In Section 5 we will study the simple and subdirectly irreducible al-
gebras in some varieties of Heyting algebras with modal operators [J and ¢ ((J0-Heyting
algebras). Some related results on Heyting algebras with operators appear in [14] (see
also [19]). We will prove that every (J-congruence in [JQ-Heyting algebras is also a -
congruence, but there exists ¢-congruences that are not (J-congruences. This shows a
certain asymmetry between the modal operators [J and ¢ when considering Heyting al-
gebras. This fact has also been remarked by Bezhanishvili in [2], and by Bozi¢ and Dosen
in [5].

2. Preliminaries

Let (X, <) be a poset. The set of all increasing subsets of X is denoted by P;(X). It is
clear that %;(X) is a bounded distributive lattice under the operations U and N. A totally
order-disconnected topological space is a triple (X, <,7) such that (X, <) is a poset, (X, 1)
is a topological space, and given x, y € X such that x £ y there is a clopen increasing set
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U such that x € U and y & U. A Priestley space is a compact totally order-disconnected
topological space. If X is a Priestley space, the set of all clopen increasing sets of X is
denoted by D(X). Since D(X) is a ring of sets, then (D(X),U,N,d,X) is a bounded dis-
tributive lattice. It can be proved that D(X) is a subbasis for the topology 7.

If A= (A,V,A,0,1) is a bounded distributive lattice and X (A) is the set of all prime
filters of A, then X(A) is a Priestley space with inclusion as order and with the topology
having as subbasis sets of the form ga(a) = {P € X(A) :a € P} and X(A) \ 0a(a) = 0a(a)°
for each a € A. It is known that the map o4 : A — D(X(A)) is a lattice isomorphism.

If (X, <, 1) is a Priestley space, then the mapping Fx : X — X(D(X)) defined by Fx(x) =
{U € D(X) : x € U} is an order-isomorphism and a homeomorphism. The set of closed
increasing (closed decreasing) subsets of a Priestley space X will be denoted by 6;(X)
(€4(X)). The set of open subsets of a Priestley space X will be denoted by O(X). The set
of closed and open (clopen) subsets of X will be denoted by Clop(X).

Let X be a Priestley space and let Y be a subset of X. The closure of Y will be denoted
by CI(Y). The set of maximal (minimal) elements of Y will be denoted by max Y (minY).
Let us recall that for any nonempty closed subset Y of X, maxY # @ (minY # @).

Let A be a bounded distributive lattice and let Y be a closed subset of X (A). It is known
that

0(Y) = {(a,b) EAx A:0a(a) Y = oa(b) N Y} (2.1)

is a lattice congruence on A, and the correspondence Y — 6(Y) establishes an antiiso-
morphism from the lattice of closed subsets of X(A) onto the lattice of lattice of congru-
ences of A (see [8]). The filter (ideal) generated by a subset H < A will be denoted by
[H)((H]). The lattice of all filters (ideals) of A is denoted by Fi(A)(Id(A)).

Let Y be a subset of a set X. The theoretical complement of Y is denoted by Y =
X-Y.

Definition 2.1. An algebra A = (A,V,A,[0,0,0,1) is a OO-lattice, if (A,V,A,0,1) is a
bounded distributive lattice and [J and (are unary operations defined on A such that
foralla,b € A,

(M1) O(aAb)=OanOband 1 = 1;

(M2) O(av b) =Qav Oband OO0 = 0.

A O-lattice (O-lattice) is a bounded distributive lattice (A, Vv, A,0,1) with an operator
0(Q) satisfying the condition (M1) (or (M2)).

We will proceed with the duality theory for (J0-lattices. Let R be a binary relation on
a set X. For each x € X, let us consider the subset R(x) = {y € X : (x,y) € R}. For each
U < X define the sets

Or(U) = {x € X :R(x) € U},

(2.2)
Or(U)={x€X:R(x)nU #+ @}.

Definition 2.2. A relational Priestley space [3, 11, 12, 18] is a relational structure (X, <,
RO, Ry ), where (X, <) is a Priestley space, and R and R, are binary relations defined on
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X such that
(1) Ro(x) € 6i(X), Rp(x) € €4(X), forall x € X,
(2) Org (U), Ore (U) € D(X), for each U € D(X).

Let A be a (J¢-lattice. We define binary relations Rfj and R} on X (A) in the following
way:
(1) (x,9) € RE <O (x)cy,
(2) (x,y) ERY & y = 071 (x),
with x, y € X(A). We will also consider the relation Ry = R N RS,
For the proof of the following result, see 3, 7, 12, 16, 18].

LemMa 2.3. Let A be a OJO-lattice. Then for each x € X(A) and for each a € A,
(1) Oa € x ifand only if for every y € X(A) such that (x,y) € R, it holds a € y;
(2) Oa € x if and only if there exists y € X(A) such that (x,y) € R‘g anda € y.

TuEOREM 2.4. Let A be a (IO-lattice, then the structure (X (A), <, RA ,Rg) is a relational
Priestley space such that the mapping oa : A — D(X(A)) is an isomorphism of OO-lattices,
that is, 04(0a) = Or(0a(a)) and oa(Oa) = Or(oa(a)), forall a € A.

Positive modal algebras are [J{-lattices where the operators [ and ¢) are connected by
two rather weak inequalities (see [6, 7, 10, 11]).

Definition 2.5. A O{-lattice A is a positive modal algebra, or PM-algebra, if the following
conditions are satisfied:

(1) DaAOb=<O(anb),

(2) d(av b) <Oav Ob, for all a,b € A.

The dual space of a PM-algebra can be defined as a relational Priestley space (X, <,
R, Ry ) verifying additional conditions. These conditions appear in [11] without detailed
proofs. We will provide them for the sake completeness.

THEOREM 2.6. Let A be OO-lattice. Then,
(1) Da A Ob < O(a A b) isvalid in A if and only if R (R‘E N R‘é)o c L
(2) O(av b) <Dav Ob is valid in A if and only if R& < (RA n Rg)o c.

Proof. We prove only (1). The proof of (2) is similar and left to the reader.

(=) Assume that Oa A Ob < O(a A b) is valid in A and let x,y € X(A) such that
(x,y) € R}. Let us consider the filter F = [J7!(x) U y). Then F n {~!(x)° = &, because
in opposite case we have p € J7!(x), g € y, and d € {~!(x)¢ such that p A g < d. So,
Op A Og < Od, and since Op A g € x, Od € x, which is a contradiction. Thus there ex-
ists z € X(A) such that (x,z) € R{ N R} and y = z.

(<) Suppose that there exist a,b € A such that Ca A Ob £ ((a A b). Then there exists
x € X(A) such that Oa,0b € x and O(a A b) & x. Since Ob € x, there exists y € X(A)
such that (x,y) € Rg and b € y. By assumption, there exists z € X(A) such that (x,z) €
R& N R‘é and y € z. Butas Oa € x, a A b € z, and this implies that {(a A b) € x, which is
a contradiction. Thus Oa A b < O(a A b) is valid in A. O
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Remark 2.7. Let A be a PM-algebra. Let us consider the relation Ry = R} N RY. From
Theorem 2.6 it follows that

R} =Rao <,

R} =Rpo <=, 03
2.3
(S oRa) S (Rac =),

(= 'oRp) S (Rpoc!).

So we can deduce that the axioms that relate the operators (J and ¢ allow us to simplify
the dual space of a positive modal algebra by considering the single relation Ry = R4 n
R}. Thus, the associated relational Priestley spaces of PM-algebras (called PM-spaces)
(see [7]) can be defined as triples (X, <,R), where (X, <) is a Priestley space and R is a
binary relation on X such that

(1) for each x € X, R(x) is closed subset of X;

(2) for each x € X, R(x) = Ro(x) N Re(x), where Rg = Ro < and Ry, = Ro <715

(3) for each U € D(X), Or(U),Or(U) € D(X).

We note that in a PM-space (X, <,R),
Or(U) = 0Ogg (U), Or(U) = Or, (U), (2.4)

for every U € D(X) (for more details on the duality for PM-algebras, see [7]).

Let A be a OJO-lattice. Let a € A. For each n = 0 we define inductively the formula
(0"a as (1% = a and [**'a = ([J"a. The formula {"a is defined similarly. We also define
the formulas «,(a) and 3,(a) as ay(a) =aAlan --- A0 and B,(a) =av av -V
O"a.

For a binary relation R on a set X, let R" be the binary relation on X defined induc-
tively by R® = Idx and R""! = R" o R, where Idy is the identity relation on X. The closure
reflexive and transitive of R is the relation R* = [J,..o R". We note that if R is reflexive and
transitive, then R* (x) = R(x), for each x € X.

3. Congruences and subdirectly irreducible algebras

One of the major contributions of the Priestley duality is that it allows us to give an
exact characterization of the lattice congruence of a bounded distributive lattice. This
characterization has been applied to many classes of algebra, like p-algebras, double p-
algebras, De Morgan algebras, J-distributive lattices [16], and others. In this section it
will be shown that the techniques given in [16] to determine the congruences and the
simple and subdirectly irreducible algebras in the variety of J-lattices (or {-lattices in our
notation) can also be applied to (JO-lattices and PM-algebras. First, we will characterize
the closed subsets of a relational Priestley space that correspond to modal congruences,
that is, lattice congruences preserving the modal operators.
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Let (X, <,R0,R¢) be a relational Priestley space. Let M (x) = min Rg(x) U max R (x),
for each x € X.

Definition 3.1. Let (X, <,Rm,R¢) be a relational Priestley space. Let Y be a closed subset
of X. Say that Y is

(1) Ry-saturated, if maxR¢(x) € Y, for each x € Y;

(2) Ro-saturated, if minRo(x) € Y, foreach x € Y;

(3) R-saturated, if M(x) € Y, foreachx €Y.

We will denote by Cr,, (X), Cr(X), and Cr(X), the lattice of R¢,-saturated subsets of
X, the lattice of Rg-saturated subsets of X, and the lattice of R-saturated subsets of X,
respectively.

We note that the notion of R-saturated is connected with the notion of closed and
order-hereditary (or M-hereditary) introduced in [3].

Let A be a J¢-lattice. A lattice congruence 0 of A is a O-congruence ($-congruence),
if for every a,b € A such that (a,b) € 0, then (a,[0b) € 68((0a,Ob) € 0). A congruence
is a lattice congruence 6, that is, a J-congruence and a {-congruence. We denote by
Con(A,d)(Con(A,)) the lattice of all -congruences ({-congruences), and by Con(A)
the lattice of all congruences.

If A is a lattice, we denote by A“ the lattice with the dual order.

The following result is necessary to determine the simple and subdirectly irreducible
PM-algebras.

LemMA 3.2. Let A be a (0O-lattice. Consider the relation Ry = R N RY. Then
(1) if A satisfies Ja A Ob < O(a A D), then maxR‘g (x) = max Ry (x), for all x € X (A);
(2) if A satisfies d(a v b) <Oa v Ob, then minR‘El (x) = min Ry (x), for all x € X (A).

Proof. Tt is immediate. O

THEOREM 3.3. Let A be a OO-lattice. Then the correspondence Y — 6(Y) establishes the
following isomorphisms:

(1) Cry(X(A)) = Con(A,0)4;

(2) Cry (X(A)) = Con((A,0))4;

(3) Cr(X(A)) = Con(A)“.

Proof. We give only a proof the assertion (1) (different from the proof given in [3]). For
the proof of assertion (2), see [16] or [3]. Assertion (3) follows by items (1), (2) and
Lemma 3.2.

(1) Let 8 € Con(A,d) and let Y be the closed subset associated with 6. Let x € Y
and y € minRA (x). Assume that y ¢ Y. Since Y is closed, there exist a,b € A such that
(anb,a)€6(Y),ac y,and b ¢ y. We prove that

xnO(y uial] # @. (3.1)

Suppose the contrary. Since y° U {a} is closed under Vv, there exists z € X(A) such that
O '(x) =z and z < y. As y is minimal in R} (x), we get z = y. It follows that a € z,
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which is a contradiction. Thus there exists some g ¢ y, such that [(q v a) € x. Since
(anb,a) €b(Y),

(O(gv(anbd)),d(gVva))eb. (3.2)

It follows that (I(g v (a A b)) € x, and this implies that a A b < b € y, which is a contra-
diction. Thus y € Y and Y € Cg (X(A)).

Suppose that Y € Cr (X (A)). We prove that 0(Y) preserves the operation 1. Let a,b €
A such that (a,b) € 8(Y). Suppose that

x€ox(da)ny, 0b € x, (3.3)

for some x € X(A). Then from Lemma 2.3 there exists y € RE (x) such that b ¢ y. Since
RE (x) is a closed subset of X (A), there exists z € X(A) such that z € min R‘ﬁ (x)andz < y
(for a proof of this fact see [3, Proposition 4.10]). It follows that z € Y. Then z € ga(a) N
Y = 0a(b) nY, thatis, b € z, which is a contradiction. Thus 8(Y') is a J-congruence. [J

LEmMMA 3.4. Let (X, <,R0,Ry) be a relational Priestley space. Then the following conditions
are mutually exclusive:
(1) xeX:ClrM(x)) =X} € 0(X) - {D,X};
(2) there exists x € X with x & Clg(M(x)) such that {x} U Clg(M(x)) = X and Ro(x) U
RQ (x) # a.

Proof. Suppose that the conditions (1) and (2) are not mutually exclusive. Then there are
x, y in X such that

Clg (M(x)) = X, y & Clg (M(y)), {yluClr (M(y)) =X,

Ra(y) URs(y) # @. (3.4)

We note that Clr(M(y)) # &, because Ro(y) U Ry (y) # &. Itis clear that x # y, and thus
x € Clr(M(y)). As Clr(M(y)) is R-saturated we have that M(x) < Clr(M(y)), which is a
contradiction since by hypothesis Clg(M(x)) = X and besides Clr(M(y)) # X. O

The proof of the following result is established for [1{-lattices and follows the proof
for the characterization of simple and subdirectly irreducible algebras in the variety of
Q-lattices given in [16]. It is easy to formulate a similar result for (-lattices, and PM-
algebras (using Lemma 3.2). Note that the following characterization is more complete
than the results obtained in [3], because Birchall only gives a sufficient condition for a
O¢-lattice A is subdirectly irreducible.

THEOREM 3.5. Let (X, <,R0,R¢) be the relational Priestley space of a JO-lattice A. Then
(1) A is simple if and only if either for all x € X, Ro(x) U Ro(x) # &, and Clg(M(x)) =
X, orforall x € X, Ro(x) URy(x) = @, and X is a singleton;
(2) A is subdirectly irreducible but nonsimple if and only if one and only one of the fol-
lowing conditions holds true:
(a) (xe X :CrM(x)) =X} € 0X) - {2,X};
(b) there exists x & Clr(M(x)) such that {x} U Clg(M(x)) = X and Ro(x) U R¢(x)
+ O.



8  Simple and subdirectly irreducibles bounded

Proof. (1) (=). Let A be a simple [JQ-lattice. Suppose that for all x € X, Rg(x) U Ry (x) #
@. Let x € X. Therefore Ro(x) # @ or Ry (x) # @. This implies that minRg(x) # @ or
max Ry (x) # D. So

Clr (M(x)) = X, (3.5)

because A is simple.

Now we suppose that x € X and Ro(x) U Ry (x) = &. Then Ro(x) = & and Ry (x) =
@. So {x} is an R-saturated subset of X. Since A is simple, we have {x} = X and conse-
quently X is a singleton.

We prove the other implication. Let us assume that R (x) U R (x) # @ and Clgr(M(x))
= X, forevery x € X. Let Y be a nonempty R-saturated subset of X. Then, for everyx € Y,
M(x) € Y.So Clg(M(x)) = Y. Therefore Y = X, and consequently A is simple.

If Ro(x) U Ry (x) = O, for every x € X, and X is a singleton, it is clear that the sets &
and X are the only R-saturated subsets, and thus A is simple.

(2) From Lemma 3.4 it follows that the conditions (a) and (b) are mutually exclusive.

Suppose that A is subdirectly irreducible but not simple. Let Y be the greatest element
of Cr(X) — {X}. Since A is not simple, Y # &. We define the set

T={xeX:Clg(M(x)) + (X)}. (3.6)

Since Y is R-saturated and different from X we have Y < T. Suppose that Y = T'. Clearly
X —Y is a nonempty open subset of X, and in accordance with the definition of T, we
obtain (a).

Now, suppose that Y C T. Let x € T — Y. Then Clg(M(x)) is an R-saturated subset of
X, and different from X. Thus Clg(M(x)) € Y. It is clear that the set {x} U Clr(M(x)) is
an R-saturated subset of X. Since x ¢ Y, we may conclude that

{x} UCR (M(x)) = X, (3.7)

and thus Y = Clz(M(x)). So, we obtain (b).

Let us prove the reciprocal. Suppose (a). Let T be the set defined previously. We can
see that T is different from X, because otherwise the set {x € X : Clxg(M(x)) = X} would
be empty, again by the hypothesis (a). Also it is clear that A is not simple, and T is closed.

We show that T is R-saturated. Let x € T and suppose z € M(x). So z € Clg(M(x))
and consequently M(z) is R-saturated. Therefore T € Cr(X).

We see now that T is the greatest element of Cr(X) — {X}. Let Y € Cr(X) — {X}. Let
x € Y. Then M(x) € Y and thus Clg(M(x)) € Y. Since Y # X, we have that x € T, that
i, YcT.

Now suppose (b). It is clear that A is not simple. We consider the set

7 = Clg (M(x)). (3.8)
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Since Ro(x) U Ry (x) # &, Z is a nonempty R-saturated set different from X, where x
is the element considered in (b). Let Y € Cr(X) — {X} and let y € Y. If y = x, since
Y € Cr(X), we have X = {x} U CIg(M(x)) < Y, which is a contradiction. So, y # x and
y € Clg(M(x)) =Z. Thus, Y < Z. O

4. Topological and monadic positive modal algebras

In this section we will introduce the variety of topological positive modal algebras and
the variety of monadic positive modal algebras, and we will determine the simple and
subdirectly irreducible algebras in these varieties.

Let A be a JO-lattice. We will write A F « < § when the inequality « < f3 is valid in
A. In the next result we will establish that certain additional conditions defined in a TJ{-
lattice correspond to additional properties defined in the dual space. The proof of these
correspondences can be deduced from the results established in [6]. Another method
where these results can be deduced is taking into account that all these conditions are
Sahlqvist equations, and thus the proof also follows by the general results given in [11].

THEOREM 4.1. Let A be a OO-lattice. Let RO = R‘E and let R¢y = R’<\>. Then
(1) AEOa < a if and only if Ro is reflexive;
(2) AEa < Qaifand only if Ry is reflexive;
(3) AFOa < [(Pa ifand only if RO is transitive;
(4) AE O%a < Qaif and only if Ry, is transitive;
(5) AFa <0O0aifand only if Ro < (Ro) ™5
(6) AEOOa < aifand only if (Ry) ™' < Ro;
(7) AE ay(a) < O"aifand only if (RO)"™ (x) S [x) URO(x) - - - U (RO)"(x) for every
x € X(A).

Definition 4.2. Let A be a PM-algebra. Say that A is a topological PM-algebra, or TPM-
algebra, if A satisfies the following axioms:

(1) Oa<a,a<Qa

(2) Oa < ™?a, $%a < Qa, for alla € A.

Remark 4.3. By Remark 2.7 and Theorem 4.1 we have that the relational Priestley space of
a TPM-algebra A is the PM-space (X(A),<,Ra), where Ry = RE n R‘g is a reflexive and
transitive relation. The space associated with a TPM-algebra will be called a TPM-space.

Remark 4.4. We note that in a TPM-space (X, <,R), R*(x) = R(x), for each x € X. More-
over, taking into account that min Rg(x) = minR(x) € R(x), maxR¢(x) = maxR(x) <
R(x), and that R(x) is a closed subset of X, we have that R(x) is an R-saturated subset, for
each x € X. By these facts it is easy to see that the following conditions are equivalent for
eachx e X,

(1) Clr(M(x)) = X;

(2) R(x) = X and Clg(minX U maxX) = X;

(3) Ro(x) = X, and Ry (x) = X and Clg(minX U maxX) = X.

We need the following auxiliary result to give the characterization of simple and sub-
directly irreducible TPM-algebras.



10  Simple and subdirectly irreducibles bounded

PropositioN 4.5. Let (X, <,R0,R¢) be a relational Priestley space. Then
(1) {x e X:Ro(x) = X} = (H{(Op (U))*: U € D(X) — {X}};
(2) x € X:Rp(x) =X} =({Or, (U): U € D(X) — {D}}.

Proof. We prove only (1). The proof of (2) is similar.

(1) Let x € X such that Ro(x) = X. Suppose that there exists U € D(X) — {X} such
that x € O (U). Then Ro(x) € U, and thus U = X, which is a contradiction. Therefore
x ¢ UOpg(U) forall U € D(X) — {X}.

Let x € X. If Ro(x) # X, then there exists y € X such that y ¢ Rg(x). Since R(x)
is an increasing and closed subset of X, there is U € D(X) — {X} such that y ¢ U and
Ro(x) € U. Thus x ¢ N{(Org(U)): U € D(X) — {X}}. O

LEmMMA 4.6. Let (X, <,R0,R¢) be a TPM-space. The following conditions are equivalent:
1) S={xeX:ClrMx)) =X} €0X)-{D,X};
(2) Clg(minX UmaxX) =X, and H = {x € X : R(x) = X} € Clop(X) - {J,X}.

Proof. (=) Letx € H. AsR(x) =X,
Clg (M(x)) = Clg(minX UmaxX) = X. (4.1)

From Remark 4.4 we get x € S. As S € O(X) — {D,X}, there exists O, € O(X) - {J,X}
such that x € O, < S. Clearly Ox € H. Thus, H € O(X) — {J,X}. On the other hand,
H = Ho N Hy, where Ho = {x € X : Ro(x) = X} and Hy = {x € X : Ro(x) = X}. From
Proposition 4.5 it follows that H and Hy, are closed subsets of X. Thus H € Clop(X) —
{@,X}.

(«) It follows from Remark 4.4. O

THEOREM 4.7. Let A be a TPM-algebra. Let (X, <,R) be the TPM-space associated. Then,
(1) A is simple if and only if Clg(minX U maxX) = X, and R(x) = X, for each x € X;
(2) A is subdirectly irreducible but nonsimple if and only if one and only one of the
following conditions are valid:
(a) Clg(minX UmaxX) = X, and {x € X : R(x) = X} € Clop(X) — {J,X};
(b) there exists x € X such that R(x) = X, x ¢ Clg(maxX U minX), and {x} U
Clg(maxX UminX) = X.

Proof. Assertion (1) follows by Theorem 3.5 and Remark 4.4 taking into account that
R(x) = Ro(x) N Ry (x), Ro(x) # &, and R (x) # @, for each x € X, because R and Ry,
are reflexive.

Assertion (2) follows by Theorem 3.5, Remark 4.4, and Lemma 4.6. O

Definition 4.8. Let A be a PM-algebra. Say that A is a monadic positive modal algebra, or
MPM-algebra, if A is a TPM-algebra such that

(S1) a < OOa;

(S2) O0a < a, for every a € A.

From the results given in [7] or [11] we have that a PM-algebra A is an MPM-algebra
if and only if the binary relations Ry and R} are equivalence relations if and only if the
relation Ry = R N RY is an equivalence.
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LEmMa 4.9. If A is an MPM-algebra. Then the following conditions hold:
(1) OOa = Oa,
(2) O0a = Qa,
(3) d(@a v b) =0a v Ob,
(4) OanOb) =0anOb.

Proof. (1) Let a € A. Since Ua = O00a, $Oa = ¢000a. By condition (S2) we deduce that
O0a < Oa. From condition (S1) we have (a < ¢Ja. Thus we conclude that ¢[Ja = Oa.
The proof of (2) is similar.

(3) Leta,b € A. Since Javb<OaV b,

O(™a v b) < O0a v Ob=0a v Ob. (4.2)

On the other hand,asb<Oav band Oa <Oa v b, Ob < O(0a v b), and O0a = Oa <
O(@a v b). Thus, Oa v Ob < O(0a v b), and consequently the identity (3) is valid.
The proof of (4) is similar and left to the reader. O

LemMa 4.10. If A is an MPM-algebra, then M(x) € minX(A) U maxX(A), for each x €
minX(A) UmaxX(A). Thus, CI(minX(A) U maxX(A)) is an R-saturated subset of X (A).

Proof. We prove only that if x € minX(A) and y € minR‘E (x), then y € minX(A). By
Lemma 3.2, minR‘El (x) = min R (x). We note that

O7'(x) =071 (y), (4.3)

because if (la € y, as y € Ra(x), then OUa € x, and by the inequality 0(Ja < Oa, a € x
follows. Thus 07! (y) = O~ !(x). The other inclusion follows by the inequality Ja < C0a.

Now, we prove that for each d € y there exists z & y such that d vz =1. Let x € y.
Then

O '(x)n (y*u {d}] + @, (4.4)

because in the opposite case there exists z € X(A) such that O !(x) cz< y and d ¢ z.
Since y is minimal in R(x), y = z, and consequently d & y, which is a contradiction. So
there exists p € [J~!(x) and there exists g ¢ y such that p<g v d. ThenOp < (g Vv x) € x.
As x is minimal, there exists a ¢ x such that (0(q v d) v a = 1. Then

1=01=0(0(gvd)va) <O(gvdVa. (4.5)

Sincea ¢ x,(q Vv d) € x,and as 0 ! (x) =0 (y),d v q € y. Thus for each d € y there
exists ¢ Va & y such that x v g v a = 1. Then y is a minimal prime filter. 0

Definition 4.11. Let A be an MPM-algebra. Say that the pair {{J,0} is simple if and only
if0a=0forallae A—-{1},and Qa=1forallae A — {0}.
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LEMMA 4.12. Let A be an MPM-algebra. Then
(1) the pair {0,071 is simple if and only if Ra(x) = X(A), for each x € X(A);
(2) if A is subdirectly irreducible, then the pair {{J,0} is simple;
(3) if A is subdirectly irreducible, and Y is a proper R-saturated subset of X(A), then
minX(A) UmaxX(A) Y.

Proof. (1) Assume that the pair {{J,0} is simple. Suppose that there exists x € X(A) such
that Ra(x) # X(A). Since Ry = R4 N RY,

RY(x) #X(A) or RA(x)#X(A). (4.6)

If R‘ﬁ (x) # X(A), then there exists y € X(A) and there exists b € A such that y ¢ Rﬁ, (x),
x € oA(0b), and y & oa(b). But since {{1,0} is simple, we get oA(00b) = &, which is a
contradiction. The proof of the case Rg (x) # X (A) is similar. Therefore Ry (x) = X (A) for
all x € X(A).

If Ra(x) = X(A) for all x € X(A), it is easy to check that the pair {{J,0} is simple.

(2) Assume that A is subdirectly irreducible. We prove that Ra(x) = X(A), for each x €
X(A). Suppose that there exists x € X(A) such that Ry(x) # X(A). Since A is subdirectly
irreducible, there exists a greatest proper R-saturated subset Y of X(A). So, there exists
y € X(A) — Y. Since Ry is an equivalence relation, and the subsets Ry (x) and Ra(y) are
R-saturated subsets of X(A), we get

Ra(x) € Y C Ra(y) = X(A). (4.7)

Thus, x € Ra(y), and this implies that Ra(x) = Ra(y), which is a contradiction. There-
fore, Ry(x) = X(A), for each x € X(A).

(3) Let A be subdirectly irreducible, and let Y be a proper R-saturated subset of X(A).
Suppose that there exists y € minX(A) such that y ¢ Y. Then for eachx € Y, x & y. So
for each x € Y there exists ap € A such that ap € x and ap € y. Then

Y ¢ U{JA(ax) ix €Y} (4.8)

As Y is closed, Y is compact. So there exists a € A such that Y € gx(a) and a ¢ y.
Then (a,1) € 8(Y), and consequently (Oa,d1) € 8(Y). From item (2), the pair {{J,0}
is simple. So, ((Ja,[01) = (0,1) € 6(Y), that is, Y = &, which is a contradiction. Thus,
minX(A) € Y. The proof of the inclusion maxX(A) € Y is similar. O

ProposiTiON 4.13. Let A be an MPM-algebra. Then,
(1) A is simple if and only if Cl(minX (A) U max X (A)) = X(A), and the pair {J,0} is
simple;
(2) A is subdirectly irreducible but nonsimple if and only if the pair {{J,0} is simple and
there exists x € X (A) with x ¢ Cl(min X (A) Umax X (A)) such that {x} UClI(min X (A)
UmaxX(A)) = X(A).



Sergio Arturo Celani 13

Proof. (1) Since every MPM-algebra is a TPM-algebra, from assertion (1) of Theorem 4.7
and Lemma 4.10, we have the desired result.

(2) that A is subdirectly irreducible but nonsimple. From Lemma 4.12 the pair {{J, 0}
is simple. From Lemma 4.10,

Y = Clg (minX(A) UmaxX(A)) € Cr(X(A)) — {D}, (4.9)

and by part 1, Y # X(A), because A is not simple.
Let Z be the greatest proper R-saturated subset of X(A). Then there exists x € X(A) —
Z. We prove that

Y U {x} € Cr(X(A)). (4.10)

Letze YU {x}.If z€ Y, then Cl(minRa(z) UmaxRa(z)) € Y, because Y € Cr(X(A)).
If z = x, then from item (3) of Lemma 4.12 and taking into account that the pair {{J, 0}
is simple, we get

Cl (minRa(x) UmaxRa(x)) = Cl(minX(A) UmaxX(A)) =Y. (4.11)

Thus Y U {x} € Cr(X(A)). As Z is a greatest proper R-saturated subset of X(A), Y < Z,
and x ¢ Z, we conclude that Y U {x} = X(A).

Conversely, suppose that the pair {{1,0} is simple and there exists x € X(A) with
x ¢ Cl(minX(A) U maxX(A)) such that {x} U Cl(minX(A) UmaxX(A)) = X(A). From
Lemma 4.10, Y = Clg(min X (A) UmaxX(A)) € Cr(X(A)). Itis clear thatif Z € Cr(X(A))
—{X(A),0}, then Z c Y. Thus, A is subdirectly irreducible. O

5. Heyting modal algebras

In [14, 19] characterizations of subdirectly irreducible algebras for some Heyting algebras
with modal operators were given. Similar characterizations for monadic Heyting were
given in [2]. In this section we will apply the previous results to give a characterization of
the simple and subdirectly irreducible for some Heyting algebras with modal operators in
terms of relational Priestley spaces. These characterizations are new (as far as we know).
We also note that neither [14] nor [19] gives characterization for simple algebras.

An algebra A = (A, Vv, A,—,0,1) is a Heyting algebra if (A, Vv, A,0,1) is a bounded dis-
tributive lattice and — is a binary operation such that for all a,b,c € A,

anb=c iffa<b—c (5.1)

Definition 5.1. A Priestley space (X, <) is a Heyting space, or H-space, if for every U,V €
D(X), the set

U= V={xeX:[x)nUc V}eDX). (5.2)

It is clear that if (X, <) is an H-space, then (D(X),U,Nn,=,d,X) is a Heyting algebra
under the implication =.
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ProposiTION 5.2. Let A be Heyting algebra. Then (X(A),<) is an H-space such that the
map oa : A — D(X(A)) is a Heyting isomorphism, that is, oa is a lattice isomorphism such
that

oa(a) = oa(b) = oA(— D). (5.3)

Let us recall that under the Priestley duality, the lattice of all filters of a bounded dis-
tributive lattice is dually isomorphic to the lattice of all increasing closed subsets of the
dual space. Under that isomorphism, any filter F of a bounded distributive lattice A cor-
responds to the increasing closed

Yp:{xeX(A):FSx}=m{GA(a):aEF}, (5.4)
and any increasing closed subset Y of X(A) corresponds to the filter
Fy={a€A:Y cox(a)}. (5.5)

On the other hand, it is known that there exists a lattice isomorphism between the
lattice of all filters and the lattice of all congruences of a Heyting algebra A (see [1]).
Under that isomorphism, any congruence 6 corresponds to the filter

Fy={acA:(al) € b}, (5.6)
and any filter F corresponds to the congruence 6(F) is defined by
(a,b) € (F) iff(a—b)A(b—a)€F (5.7)

Thus, there exists an isomorphism from the lattice of congruences of a Heyting algebra A
onto the lattice of increasing closed subsets of the H-space X(A).

Definition 5.3. A [J-Heyting algebra is an algebra A = (A, Vv, A,—,0,0,1) such that (4, v,
A, —,0,1) is a Heyting algebra and (A, v, A,[0,0,1) is a [-lattice.

A (-Heyting algebra is an algebra (A, Vv, A,—,0,0,1) such that (A,V,A,—,0,1) is a
Heyting algebra, and (A, v, A,0,0,1) is a {-lattice.

A OO-Heyting algebra is an algebra (A, v, A, —,0,0,0,1) such that (A,Vv,A,—,0,1) is
a Heyting algebra, and (4, v, A,[0,0,0, 1) is a O¢-lattice.

A modal Heyting algebra is a [JO-Heyting algebra (A, v, A, —,,0,0, 1) satisfying the
condition Qa Adb < Q(a A b) forall a,b € A.

We note that the variety of monadic Heyting algebras is a subvariety of modal Heyting
algebras, because a monadic Heyting algebra A [2] is a modal Heyting algebra satisfying
for all a,b € A the conditions

Oa <a < $a,00a = Oa,O0a = a, OlanOb) = QanOb. (5.8)

We note also that a monadic Heyting algebra is not a monadic positive algebra, since in
general the condition C(a v 0Jb) = Oa v Ob is not valid.
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The Priestley duality for [J-Heyting algebras, ¢-Heyting algebra, [(J(-Heyting alge-
bras, and for modal Heyting algebra are consequences of the duality for Heyting algebras
and the duality for O-lattices, ¢-lattices, and [1)-lattices, respectively. More precisely;

(1) the Priestley space of a [J-Heyting ({-algebra) is a triple (X, <,Rg) ({X,<,R¢))
such that (X, <) isa H-space, Ro(x) € 6;(X) (R (x) € €4(X)) everyx € X, and U (U) €
D(X)(Or, (U) € D(X)) for every U € D(X);

(2) the Priestley space of a [1{-Heyting algebra is a relational Priestley space (X, <,
Ry, Rm) such that (X, <) is a H-space;

(3) the Priestley space of a modal Heyting algebra is a relational Priestley space (X, <,
Rg,Ro) such that (X, <) is a H-space, and R, < (Rg N Rg)o =7 ! (by Theorem 2.6).

We will prove that in a modal Heyting algebra any [1-congruence is also a J$-congru-
ence.

LemMA 5.4. Let A be a O-Heyting algebra. Let Y be an increasing closed subset of X(A).
Then minRA (x) € Y if and only if R4 (x) € Y, foreach x € Y.

Proof. The direction (=) follows by the fact that Ré,(x) is an increasing subset of X(A)
for each x € X(A). The direction (<) is immediate. O

LEMMA 5.5. Let A be a modal Heyting algebra. Let Y be an increasing closed subset of X (A).
For each x € X(A), ifR% (x) €Y, then maxR‘é (x) € Y. Thus every (-congruence is also a
OO-congruence.

Proof. Assume that R‘ﬁ (x)=Y.Letye mang(x). So by Lemma 3.2,
y€ (RhNRYo ™) (x). (5.9)

Then there exists z € X(A) such that (x,z) € R‘E] N Ré and y < z. Since y € maxR‘g (x),
z=y.50,y€Y.

Thus every Ro-saturated subset is also an R -saturated subset, and consequently
Cr (X(A)) = Cr(X(A)). We conclude that Con(A) = Con(A,0). O

Remark 5.6. Let A be a modal Heyting algebra. Recall that a lattice filter F is called an open
filter if Oa € F, when a € F. It is easy to prove (see [19]) that the correspondence F —
O(F) is an isomorphism from the lattice of open filters of A onto the lattice of congruences
of A. By Lemma 5.4 it follows that the lattice of open filters of A is isomorphic to the dual
of the lattice of closed increasing subsets Y of X(A) such that R (x) < Y foreveryx € Y.
By Lemma 5.5 it follows that the lattice Con(A, ) is isomorphic to the lattice Con(A).
Thus, we have that the congruences with respect to (] and ¢ in a modal Heyting algebra
are characterized by their open filters. But there exist {-congruences in a modal Heyting
algebra A that are not [J-congruences, and consequently are not characterized by an open
filter. In other words, there exist increasing subsets Y < X (A) that are R -saturated of the
Priestley space of A and are not R-saturated.

Definition 5.7. Let A be a modal Heyting algebra. A lattice filter F of A is a closed filter if
a — b e Fimplies Oa — Ob € F, for every a,b € A.
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In the next result we will characterize the filters that correspond to {-congruences
in a modal Heyting algebra. As a consequence of this result, and taking into account
that in a modal Heyting algebra A an open filter is also a closed filter, we get that in a
modal Heyting algebra the lattice of {-congruences is bigger than the lattice of its [J-
congruences.

ProrosITION 5.8. Let A be a modal Heyting algebra. The lattice of O-congruences of A is
isomorphic to the lattice of closed filters of A.

Proof. Let F be a closed filter of A. We prove that the increasing closed subset Y is an
Ry -saturated subset of X(A). Let x € Y. Suppose that there exists y € maxR¢(x) such
that F ¢ y. Then there exists f € F such that f & y. Let us consider the filter [y U {f}).
Since y € maxR¢(x),

[yulif}) &0 (x). (5.10)

Thus, there exist g € yand d € AsuchthatgA f <d € yand 0d € x.So, f <q—d €F.
Since F is a closed filter, 0g — Od € F < x, and taking into account that g € y = ¢"!(x),
we get that Od € x, which is a contradiction. Thus, F < y, and consequently Y is an
R -saturated subset of X(A).

Conversely, suppose that Y is an R¢-saturated subset of X (A). Leta — b € F. If $a —
Ob & F, then there exists x € X(A) such that

Fcux, Oa € x, Ob & x. (5.11)

So, there exists y € R¢(x) such that a € y. Hence there exists m € maxR¢(x) such that
y < m. Since Yr is an Ry-saturated, and F < x, Fcm. So,a—bem. Asac y < m,
b € m, which is a contradiction. Thus, F is a closed filter. O

Now, we will give the characterization of simple algebras. First we will give some aux-
iliary results.

ProPOSITION 5.9. Let A be a O-lattice. Let Roy = RA,. Consider the following assertions:
(1) for all x € X(A), CL(RS(x)) = X(A);
(2) for every a € A — {1} there exists n = 0 such that a,(a) = 0.
Then (1) implies (2). If A is a O-Heyting algebra, then (2) implies (1).

Proof. We prove that 1=2. Let a € A — {1}. Let us consider the set H, = {{J"(a) : n > 0}
and let F, be the filter generated by H,. Suppose that 0 ¢ F,. Then there exists x € X(A)
such that F, € x. Since CI(R%(x)) = X(A), R5(x) N oa(a)" # &. So there exists y € X(A)
such that y € R%(x) and a ¢ y. But this implies that a,(a) € x for all n > 0, which is a
contradiction. Thus there exists n > 0 such that «,(a) = 0.

Assume that A is a [-Heyting algebra. We prove 2= 1. Suppose that there exists x €
X (A) such that CI(Rf(x)) # X(A). Then there exists y € X(A) such that y ¢ Cl(Rf(x)).
Since CI(Rf(x)) is a closed subset of X (A), there exists a,b € A such that R (x) N ga(a) N
oa(b)¢ = I, that is,

RE(x) < oa(a) = 0a(b) = oala — b). (5.12)
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Thus O0"(a — b) € x for every n = 0. Then «,(a — b) € x for every n = 0, which is a
contradiction. Therefore CI(Rf(x)) = X(A). O

PrOPOSITION 5.10. Let A be a O-lattice. Let Ry = RE,. Consider the following assertions:
(1) {x € X(A): CI(R5(x)) # X(A)} is a closed increasing subset of X(A) different from
X(A);
(2) there exists a € A — {1} such that for every b € A — {1} there exists n = 0 such that
ay,(b) <a=a,(a).
Then (1) implies (2). If A is a O-Heyting algebra, then (2) implies (1).

Proof. (1)=(2).LetY = {x € X(A),Cl(Rf(x)) # X(A)}. Since Y # X(A), there exists a €
A — {1} such that Y € ga(a). Let b € A — {1}. We prove that

a€Fy,=[{0":n=0}). (5.13)

Suppose the contrary. Then there exists y € X(A) suchthatF, € yanda & y. Thusy ¢ Y,
and this implies that

CL(R5(y)) = X(A). (5.14)

So R (y) Nnoa(b)* + @ and consequently there exists x € RE(y) such that b € x. But,
since &, (b) € y for every n = 0, then b € x, which is a contradiction. Thus there exists
n > 0 such that a,(b) < a.

We prove that a < a,(a) for every n > 0. Let x € Y < oa(a). We prove that

RE(x) € oa(a). (5.15)

Let y € RE(x). Then RE(y) = RE(x), and CI(Rf(y)) = CI(RY(x)) # X(A). Thus y € Y
and hence a € y.
Assume that A is a [J-Heyting algebra. We prove 2= 1. Let us consider the subset

Y = {x € X(A), Cl(Rf(x)) # X(A)}. (5.16)

We prove that Y = oa(a). Let x € Y. Since CI(RE(x)) # X(A), there exists z € X(A)—
CL(Rf(x)). So there exists ¢,d € A such that

RE(x) Nnoalc) Noa(d) = . (5.17)

Since A is a Heyting algebra, Rf(x) < oa(c — d) = ga(b). Thus Rf(x) < oa(a,(b)) for
all n = 0. If x & oa(a) = oa(a,(a)), there exists y € RE(x) such that a € y. Since y
RE(x) < oala,(b)) for all n = 0, a,(b) € y, and since a,(b) < a, we get a € y, which is a
contradiction. Thus Y < oa(a).
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Let x € X(A) such that a € x. Then a,(a) € x for all n > 0. It follows that R (x) =
oaa). Sincea # 1,

Cl(R5(x)) = Cl(oa(a)) = oala) # X(A). (5.18)

Thereforex € Y. g

Tueorem 5.11. Let A be a (-Heyting algebra or a modal Heyting algebra. Let Ry = RA.
Then the following conditions are equivalent:

(1) A is simple;

(2) foralla € A — {1} there exists n > 0 such that a,(a) = 0;

(3) forallx € X(A), Cl(RE (x)) = X(A).

Proof. (1)=(2).Leta € A— {1}. Let us consider the filter
F,={ye€A:a,(a) <y for some n > 0}. (5.19)

It is easy to show that F, is a O-filter and F, # {1}. Since A is simple, 0 € F,. So there
exists n > 0 such that «,,(a) = 0.

(2)=(1). Suppose that A is nonsimple. Then there exists a [J-filter F such that F # {1}
and F # A. So there exists x € A — {0,1} such that x € F. Since

F,={y€A:a,(x) < yforsomen=>0} cF, (5.20)

au(x) #0foralln=>0.
The equivalence between (2) and (3) follows by Proposition 5.9. O

COROLLARY 5.12. Let A be a ()-Heyting algebra or a modal Heyting algebra. Let Ry = RA,.
Suppose that A satisfies the inequality a,(a) < [J"*'a. Then the following conditions are
equivalent:

(1) A is simple;

(2) foralla e A— {1}, ay(a) = 0;

(3) forallx € X(A), [x) URO(x) - - - URY(x) = X(A).

Proof. It follows from Theorems 5.11 and 4.1 taking into account that a,(a) = a,k(a)
forall k > 0. O

In the next characterization of subdirectly irreducible algebras assertion (3) is new.

TueoreM 5.13. Let A be a O-Heyting algebra or a modal Heyting algebra. Let Ry = RA,.
Then the following conditions are equivalent:
(1) A is subdirectly irreducible;
(2) there exists a € A — {1} such that for all b € A — {1} there exists n = 0 such that
ay(b) < a=a,(a);
(3) {x € X(A) : CI(RE(x)) # X(A)} is a closed and increasing subset of X(A) different
from X(A).

Proof. The equivalence between (1) and (2) is proved in [19]. The equivalence between
(2) and (3) follows by Proposition 5.10. |
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COROLLARY 5.14. Let A be a ()-Heyting algebra or a modal Heyting algebra. Let Ry = RA,.
Suppose that A satisfies the inequality a,(a) < [(0"*'a. Then the following conditions are
equivalent:
(1) A is subdirectly irreducible;
(2) there exists a € A — {1} such that forallb € A — {1}, ay(b) < a;
(3) {x € X(A): [x) URO(x) - - - URH(x) # X(A)} is a closed and increasing subset of
X(A) different of X(A).

Proof. It follows from Theorems 5.13 and 4.1 and taking into account that a,,(a) = 41 (a)
forall k = 0. O

Finally, as a consequence of the previous results we have that a finite J-Heyting algebra
or a modal Heyting algebra A is simple if and only if there exists # > 0 such that Rj(x) =
X(A) for every x € X(A), and it is subdirectly irreducible if and only if there exists x €
X(A) such that Rfy(x) = X(A) for some n = 0.
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