INVERTIBILITY OF MATRIX WIENER-HOPF PLUS HANKEL
OPERATORS WITH APW FOURIER SYMBOLS

G. BOGVERADZE AND L. P. CASTRO

Received 30 May 2006; Revised 9 August 2006; Accepted 25 September 2006

A characterization of the invertibility of a class of matrix Wiener-Hopf plus Hankel op-
erators is obtained based on a factorization of the Fourier symbols which belong to the
Wiener subclass of the almost periodic matrix functions. Additionally, a representation of
the inverse, lateral inverses, and generalized inverses is presented for each corresponding
possible case.
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1. Introduction

Operators of Wiener-Hopf plus Hankel type have been receiving an increasing attention
in the last years (see [1, 2, 4, 6, 10, 12—16]). Some of the interest in their study arises di-
rectly from concrete applications where these kind of operators appear. This is the case
in problems of wave diffraction by some particular rectangular geometries which origi-
nate specific boundary-transmission value problems that may be equivalently translated
by systems of integral equations that lead to such kind of operators (see, e.g., [5, 7, 8]).

A great part of the study in this kind of operators is concentrated in the description of
their Fredholm and invertibility properties. In particular, for some classes of the so-called
Fourier symbols of the operators, their invertibility properties are already known (cf. the
above references). Despite those advances, for some other classes of Fourier symbols, a
complete description of the Fredholm and invertibility properties is still missing. In this
way, some of the ongoing researches try to achieve the best possible factorization proce-
dures of the involved Fourier symbols in such a way that a representation of the (general-
ized) inverses of the Wiener-Hopf plus Hankel operators will be possible to obtain when
in the presence of a convenient factorization.

Within this spirit, the main aim of the present work is to provide an invertibility cri-
terion for the Wiener-Hopf plus Hankel operators of the form

WHo = Wo +Ho : [L2(R)]Y — [L2(R4)]", (1.1)
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2 Matrix Wiener-Hopf plus Hankel operators

where Wg stands for the Wiener-Hopf operator defined by
g1 T 2 N 2 N
Wo =rF 10 F: [LUR)] — [L*(R4)], (1.2)
Hg denotes the Hankel operator given by
Ho =rF'0-%7: [I2(R)]Y — [L*(R)]Y, (1.3)

and the Fourier symbol @ belongs to the so-called APW subclass of [L®(R)]N*N, This
will therefore extend some of the results of [15] to the matrix case.

As for the notations in (1.1)—(1.3), and in what follows, [L2 (R)]N denotes the subspace
of [L*(R)]N formed by all vectors of functions supported in the closure of Ry, r; repre-
sents the operator of restriction from [L?(R)]V into [L?*(R.)]V, & stands for the Fourier
transformation, and J is the reflection operator given by the rule J®(x) = <T>(x) = DO(—x),
x e R.

In view of defining the APW functions, let us first consider the algebra of almost pe-
riodic functions, usually denoted by AP. When endowed with the usual norm and mul-
tiplicative operation, AP is the smallest closed subalgebra of L*(R) that contains all the
functions ey (A € R), where

en(x):=eM,  xeR. (1.4)

In this framework, it turns out that the elements of APW are those from AP which allow
a representation by an absolutely convergent series. In fact, APW is precisely the (proper)
subclass of all functions ¢ € AP which can be written in an absolutely convergent series
of the form

9=29en, A ER D |g;| <o (1.5)
j j

Let us agree on the notation 9B for the group of all invertible elements of a Banach
algebra B. To end with the notation, we will say that a matrix function ® belongs to
APWNXN "and write ® € APWN*Nif all entries of the matrix ® belong to APW.

As mentioned above, the representation of the (generalized/lateral/both-sided) in-
verses of WHg based on some factorization of the Fourier symbol @ is an important
goal, and will be obtained in the final part of the paper. In this way, the main contribu-
tions of the present work are described in Theorems 5.1, 4.1, and 3.3.

In the next section we will recall some useful particular known results which are any-
way presented with complete proofs for the reader’s convenience.

2. Initial multiplicative decompositions

According to (1.1)—(1.3), we have

WHo = (F 0 - F+F 'O - F)) =, F 'O F([2my +)), (2.1)
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where Iz )y denotes the identity operator in [L2(R)]N. Furthermore, since
I[L%(R)]N +] =€y, (2.2)

where €¢: [L*(R4)]Y — [L2(R)]Y denotes the even extension operator, we may also
rewrite the Wiener-Hopf plus Hankel operator in (1.1) as

WH(]) = r+OJ71® " Ojfeh.. (23)
From the theory of Wiener-Hopf and Hankel operators, it is well known that

Wyo = WylyWo + HyloHg,

(2.4)
Hyo = WylyHo + Hyt) W(B,

where &y : [L>(R4)]N — [L*(R)]N denotes the zero extension operator. Additionally, from
the last two identities, it follows that

WHye = WyloWHge + Hyty WH&), (2.5)

WHye = WHytyWHge + Hyty WHQNJ_LD. (2.6)

Let C,:={z€ C:Imz >0}, C_:={ze C:Im z< 0}, and H®(C.) be the set of all

bounded and analytic functions in C. . Fatou’s theorem ensures that functions in H* (C..)

have nontangential limits on R almost everywhere, and it is usually denoted by HY (R)

the set of all elements in L*(R) that are nontangential limits of functions in H*(C. ).

Below, we will use the matrix versions [H®(C.)]N*N and [HZ (R)]V*N of those Hardy
spaces.

It is already interesting to observe that, due to (2.6), if we consider @ being an even
function or ¥ € [H®(R)]N*N, we will then obtain the multiplicative relation

WHye = WHy €y WHg (2.7)

of two corresponding Wiener-Hopf plus Hankel operators. A more general property in
this direction is formulated in the next result.

ProposiTION 2.1. If ¥ € [H®(R)|NN and ®,8 € [L®(R)]NN, such that & = &, then
WHyez = WHyloWHgloWHz = WybyWHepto W Hs. (2.8)

Proof. Since ¥ € [H*(R)]N*N, we may apply the first presented multiplicative relation
for Wiener-Hopf plus Hankel operators; see (2.7). This leads us to

WHyos = W Hylo W Hos. (2.9)
In addition, since E = Z, it also follows from (2.7) that

WHoz = WHol W Hz. (2.10)
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From (2.9) and (2.10), we have that
WHyes = WHyloWHeplyW Hs. (2.11)

Since ¥ € [H*(R)]V*N, we have Hy = 0 due to the structure of the Hankel operators.
Therefore WHy = Wy, and it follows from (2.11) that WHyes = WyfoWHefoW Hs.
a

PrOPOSITION 2.2. If ®, € G[L™(R)|NN and ®, = ®,, then WHae, is invertible and its
inverse is the operator 8gW Ho 1€ : [L*(R1)]N — [L2(R)]V.

Proof. Since both ®, and ®@;! are even functions, we directly obtain from the above mul-
tiplicative relations of Wiener-Hopf plus Hankel operators that

W Ho, o WHo, 189 = WHo, 0,160 = WH;€o = W18y = iz, v

(2.12)
LoWHo, 180 WHo, = LoWHo,.0.1 = €oW1 = Ijp2 (gy)v-
This obviously shows that W Hy, is invertible and its inverse is £y W Hg_1 €. O
3. Matrix APW asymmetric factorization
The (Bohr) mean value of ¢ € AP is defined by
. 1
M(¢) = lim — | ¢(x)dx, (3.1)

amee |I‘X| Lo

where {Iy}aea = {(Xa> Ya) Faca is a family of intervals I, C R such that [I] = y4 — x4 —
as a — oo (for an unbounded set A C R;). The mean value of an element in AP always
exists, is finite, and is independent of the particular choice of the family {1} 4ea.

Let Q(y) := {A € R: M(ye_)) # 0} be the Bohr-Fourier spectrum of y. We will denote
by AP~ (AP*) the smallest closed subalgebra of L*(R) that contains all the functions e,
A <0 (A =0), and consider APW~ (APW™) to be the set of all functions ¥ € APW such
that Q(y) C (—0,0](Q(y) C [0,+00), resp.). It is therefore clear that APW~ C AP~ and
APW™* C AP*.

Definition 3.1. Say that a matrix function ® € YAPWN*N admits an APW asymmetric
factorization if it can be represented in the form

O = O_diag[ey,,...,en, | Des (3.2)

where 1t € R, ¢, (x) = e, x € R, ®_ € YAPWNN @, € G[L*(R)|N*N, and @, = D,.

Remark 3.2. We would like to remark that an APW asymmetric factorization, if it exists,
is not unique. Anyway, the partial indices of two APW asymmetric factorizations of the
same matrix function are unique up to a change in their order (cf. Theorem 3.3). Con-
sequently the Ax partial indices can be rearranged in any desired way. Namely, if (3.2)
is an APW asymmetric factorization of ®@ and IT is a permutation constant matrix, then
by considering IT~'diag[ey,,...,ex, |]IT =: @[eh,...,e,m], O = ®_TII, and dz =110,
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we obtain a second asymmetric APW factorization of ® given by

—

0] :a@[%,...,%]@e. (3.3)

Besides this last fact, we have the following general result about the uniqueness of these
factorizations.

THEOREM 3.3. Let ® € YAPWN*N_ Suppose that
o =oVphod, (3.4)

with DV = diag[ey,,...,en, ] and Ay = « - - = A, is an APW asymmetric factorization of ®
and assume additionally that

¢ =d?YpD?), (3.5)
with D@ = diag[ey,,...,eu, ] and yy = - - - = uy, represents any other APW asymmetric
factorization of ®. Then

o = oWyl
DV =p® =. p, (3.6)

o =D 'wDoY,

e

where ¥(x) = (I/ij(x))?szl is a matrix function with nonzero and constant determinant,
having entries which are entire functions, and

@ 0, ifAj > Ak, 3.7)
2 (2) = .
vik cjk = const # 0, ifdj = Ay

Proof. If ® admits the above-mentioned two APW asymmetric factorizations, then we
can write

® =o"pWol) = P pPDp?), (3.8)
which leads to

-1

(@) 'oWDM = DR (D)) (3.9)

We now define ®_ := (CD(,Z))‘ICD(,U and ©, := q>£2)(<1>£“)—1. Thus, we have ®_ €
GAPWNN @, € G[L°(R)]NN, and ®, = ®,. From (3.9), we obtain the following iden-
tity for each (j,k) element of that matrix:

(@) ()M = e (D) . (x); (3.10)
whence

(@e) 4 (x) = (D) jp ()&t (3.11)
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and recall that @, is an even function. Thus

—

(©-) ;L)% = (@) ()ets s, (3.12)
and finally we infer from (3.12) that
(@) 4 (x) = W¥(D) 4 (). (3.13)

If uj = A, then the element in the left-hand side of (3.13) is in the class APW ™, and the
function in the right-hand side belongs to APW*, which implies that there exist constants
cjk such that

(©-) () = cji = (D-) () B, (3.14)

Therefore, cji = cjce? )% Thus, if y; > A, we obtain cj; = 0, and in the case where
#j = A, we conclude that cjx are nonzero constants. Altogether, we have

0, if uj > Ay,
(D) ji(x) :{ A (3.15)

cjk = const #0, ifu; =AM

Let us now assume that y; < Ax. By the hypothesis, we know that (®_);x € APW_ and
so (@) jx can be represented in the following form:

(@_)jk(x) = z (am)]‘kei(M)jkxy (3.16)

with X, [(a) jk| < oo for all j,k = 1,N. From (3.16) we directly have

—

(©-) ji(x) = D (@m) e O, (3.17)

m

Combining (3.13), (3.16), and (3.17) we obtain

Z (am)jkei(vm)jkx = o2iluj=h)x z (am)jke*i(vm)jkx’ (3.18)
m m
or equivalently
Z (am)jkei(vm)jkx _ Z (am)jkei(Z(y;—/\m—(vm)jk)x, (3.19)
m m

and this leads us to the following identity:
(Vm)jk = 2(#}' — k) — (Vm)jk- (3.20)
In conclusion, we have in the present case

(V) jp = tj = M < 0. (3.21)
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So, for any couple (j,k), we will obtain only one real number (v;,) jx, which is precisely
the difference y; — Ax and this means that in the representation of (®_) i (cf. (3.16)) we
need to have (O_)jk(x) = cjkei(”*")ik", with some constant cj; = const, for all j,k = 1,N.
Thus, we arrive at the conclusion that (®_) jx are entire functions when y; < Ax.

We will now prove that DW = D@ that is, pj = A; for all j. Let us first assume that
¢j > Aj, for some j. Then y; > Ay for I < j < k and from (3.15) we infer that (®_); =0
for I < j < k. This and the Laplace expansion theorem show that det®_(x) = 0 for all
x € R, which is impossible simply because ®_ is invertible. If for some j we would assume
tj < Aj, we can repeat the above reasoning starting from (3.8) with D(l)CD‘(al)(CDfez))’1 =
(CD(,I))‘ICD(,Z)D(Z) instead of (3.9) and obtain once again a contradiction. Thus, y; = A; for
all j.

Letting W := ®_ we immediately have that ¥ is an entire function. Additionally, by
virtue of the equality D'V = D® =: D and (3.15), ¥ satisfies (3.7). The block-triangular
structure of ¥ implies that detV is a constant, and since ¥ = (Q)(,z))”@(,l) this con-
stant cannot be zero. Finally, identity (3.9) gives that ®, = D~'¥D, and therefore o =
D'WD®". This together with the identity @ = @)W1 concludes the proof. O

4. Invertibility characterization

Let S: X — Y be a bounded linear operator acting between Banach spaces. If Im S is
closed, the cokernel of S is defined as Coker S = Y/Im §. Then, in this case, S is said to
be properly d-normal if dim Coker S is finite and dim Ker S is infinite, properly n-normal
if dim Ker S is finite and dim Coker S is infinite, and Fredholm if both dim Ker S and
dim Coker S are finite. An operator is called semi-Fredholm if it is properly n-normal,
or properly d-normal, or Fredholm.

For further purposes let us also recall that two linear operators T and S are said to be
equivalent operators if there exist two bounded invertible operators E and F such that
T = ESF.

THEOREM 4.1. Let © have an APW asymmetric factorization, with partial indices A1,...,AN.

(a) If there exist positive and negative partial indices, then W Hg is not semi-Fredholm.

(b) IfA; <0, i = 1,N, and if for at least one i, A; < 0, then WHyg is properly d-normal
and right-invertible.

(c) If i = 0, i = 1,N, and if for at least one index i, A; >0, then WHy, is properly n-
normal and left-invertible.

(d) IfA; =0, i=1,N, then WHy is invertible.

Proof. Since by hypothesis @ admits an APW asymmetric factorization, we have
®=>0_Do,, (4.1)

where ®_ € YAPWN*N | D = diag[ey,,...,er,], and @, is an invertible even element.
Without lost of generality (cf. Remark 3.2), we will assume that A, > -+ > Ay. As
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previously observed, from (4.1) we therefore obtain the operator factorization
WHg = Wo_€oWHptyWH,. (4.2)

We know that Wy _ is invertible because ®_ € YAPWN*N (and its inverse is given by
8 We-1£y). Additionally, WHg, is also invertible because @, is an even element (cf. Propo-
sition 2.2). Thus, (4.2) shows us an operator equivalence relation between WHg and
WHp (note that £ : [L*(R;)]N — [L2(R)]N is invertible by r, : [L2(R)]N — [L2(R4)]V).
We will therefore analize the regularity properties of WHp.

Suppose that at least some of the partial indices are greater than zero, some of them
may be equal to zero, and that some of them are less than zero; for instance, A4,...,4; >0,
Aiy1 =+ =1;=0,and Aj;1,...,Ay <0. This means that

CoWHp = diag[€yWHo, ..., 0 W He, s WHy, ..., 0o W He, ,€WH,, ,...,eo WH,, ]

= diag[€oW Hoy ..., €0 WHey Lo s .G Wy sl Wey, ],
(4.3)

because WHeAk = WeAk ,for k = j+1,N, due to the condition Aj;; <0,...,Ay <0 and due
to the structure of the Hankel operators (and also because ¢, WHeAk =1L, k=i+1,jdueto
the condition A;;; = - - - = A; = 0). The nonzero scalar operators in the diagonal matrix
operator (4.3) are such that WH,, ,..., WH,, are properly n-normal and left-invertible
(cf. [15, Theorem 6]); WeAj+1 »---» We,  are d-normal and right-invertible (cf. the Gohberg-
Feldman-Coburn-Douglas theorem [9, 11], [3, Theorem 2.28]). Therefore, WH, cannot
be semi-Fredholm, hence WH¢ cannot be semi-Fredholm. This proves part (a) of the
theorem.

Suppose now that A; <0, i = 1,N. This implies that D € APN*N, Since APN*N =
APNN A [H*(R)]M*N, it holds that D € [H*(R)]¥*¥ and hence WHp = Wp. So, in
this case, WHy is equivalent to Wp. If we employ again the Gohberg-Feldman-Coburn-
Douglas theorem to the each one of the operators in the main diagonal of the operator
W, it follows the assertion (b) of the theorem.

Part (c¢) can be deduced from the assertion (b) by passing to adjoints.

If all partial indices are zero, we have that £, WHp, is just the identity operator. This,
together with the operator equivalence relation (4.2) presented in the first part of the
proof, leads us to the last assertion (d). O

5. Inverses representation

We now reach to our final goal: the representation of generalized/lateral/both-sided in-
verses of WHg based on a factorization of the Fourier symbol. This result extends the
scalar version obtained in [15, Theorem 7].

Let us first recall that a bounded linear operator S~ : Y — X (acting between Banach
spaces) is called a reflexive generalized inverse of a bounded linear operator $: X — Y if
(i) S~ is a generalized inverse (or an inner pseudoinverse) of S, that is, SS™S = §; (ii) S is
an outer pseudoinverse of S, that is, 78§~ = S~.
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THEOREM 5.1. Suppose ® admits an APW asymmetric factorization and

T =Cr:F 'O, - Feer,F 'diagle_y,,...,e_n, | - Fr F 10!

(5.1)
‘Fe: [2(R)]Y — [L2(R)]Y,

where ®,' and ©"! are the inverses of the corresponding factors of an APW asymmetric
factorization of ®, ® = ®_D®,, and the operator £: [L*(Ry)]N — [L2(R)]N denotes an
arbitrary extension operator (i.e., T is independent of the particular choice of the extension
£). Then the operator T is a reflexive generalized inverse of W He and, in the following special
cases, T is additionally

(a) the right inverse of WHa, if A; <0 foralli=1,N;

(b) the left inverse of WHg, if A; = 0 forall i = 1,N;

() the both-sided inverse of WHg, if A; = 0 for all i = 1,N.
In the case when there exist partial indices with different signs, the operator WHg is not
Fredholm but T is still a (reflexive) generalized inverse of W He.

Proof. We start with the cases (a), (b), and (c). Since ® admits an APW asymmetric
factorization, we can write

O = O_diag[ey,,...,en, | De (5.2)
(with the corresponding factor properties). Consequently, from (2.3), it follows that

WHo = r, A_EA.£°r,, (5.3)

where A_ = F~10_ - F, E = F~'diag[ey,,...,er, ] - Fand A, = F 10, - F.
0 foralli = 1,N, consider
WHoT = rA_EA.or, Lor A7 €r E-0or, A~'e
(5.4)
=ryA_EA L A eer B eor, AT,

where the term €7, was omitted due to the fact that r€yr = r.. Since A, preserves the
even property of its symbol, we may also drop the first €7, term in (5.4), and obtain

WHoT =r,A_E€r,E-'¢°r,A”'e. (5.5)

Additionally, due to the definition of E and E~! in the present case (A; < 0 foralli = 1,N),
we have &yr, E€°r, E~1€¢r, = £ory; also because A_ is a minus type factor it follows r, A_ =
r+A_€ory. Therefore, from (5.5), we have

WHoT = riA_Lor, AT e =18 = Iz (moypy. (5.6)
(b) If ; > 0 for all i = 1,N, we will now analyze the composition

TWHg = Lo A, 0r  E-10°r A" er, A_EA £°r. (5.7)
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In the present case, due to the definition of E7!, it follows €°r E~'¢°r, = €°r,E~!. The
same reasoning applies to the minus type factor A~!, and therefore the equality (5.7) takes
the form

TWHq:. = €or+Ae’1€er+Ae€er+ = €or+€er+ = €01’+ = I[L%([R)]N, (58)

where we have used the fact that €7, A €7, = A 1.

(c) From the last two cases (a) and (b), it directly follows that in the case of A; = 0 for
all i = 1,N, the operator T is the both-sided inverse of WH¢, (cf. (5.6) and (5.8)).

Let us now turn to the more general case: assume now that there exist partial indices
with different signs.

In this case, we recall that the assertion about the non-Fredholm property was already
provided in Theorem 4.1, assertion (a).

As about the generalized inverse, we will start by rewriting the operator E in the fol-
lowing new form:

E=diag|F ey, - F,....TF er, - Fldiag[F ey, - F,....F e, - F

(5.9)
=:E|E,
where
Aj, lf/\J <0, A]’, lf/\] >0,
AMj = ) Ayj = ) (5.10)
0, lf/\j >0, 0, lf/\j <0,
for j = ,N.
We will then directly compute WHe T W Hg, in the following way:
WHeTWHg (5.11)

= (rA_E\E2A 07, ) (€ors A 1 €er B VET 1 6er, AZ1e) (1 A_E B2 Apléry)  (5.12)

=1+ A_E\Ey A L°r A r By VEy e A er  A_E By A b4y (5.13)
=1 A_E\Ey0°r By 'E; €6r B\ Ey A €1, (5.14)
=1 A_E\EyA 07, (5.15)
= WHo, (5.16)

where in (5.14) we omitted the first term €°r, of (5.13) due to the factor (invariance)
property of A, ! that yields A €, A_'€r, = €°r,. Similarly we dropped the term ¢r, in
eer, AZ'er, A_ due to a factor property of A~!. Analogous arguments apply to the factors
E;'and E;'. In a more detailed way: (i) if one of the factors E; or E, equals I, then it is
clear that E2(€er+E{1€er+)E2 = E2(€er+E§1)E2 = E,¢%r, or €0r+E1€er+Ef1€er+E1 = {or+ Eq
holds, respectively; (ii) in the general diagonal matrix case, the situation is identical just
because in each place of the main diagonal we have the last situation. This justifies the
simplification made in obtaining (5.15) from (5.14).
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As about the composition TWHge T, it follows that

TWHoT
= (ors+ A, 0°r By "E; 1 e°r AT ) (re A _E\Ey A €1, ) (Gory A, o Ey VET e, A1)
(5.17)
= bor A, 00r By VEr eer ATV er  A_E By A 001 A e0r By VET eer AT (5.18)
=Cyri A eer E; 'Ereer ATl (5.19)
=T, (5.20)

where the third €r, is unnecessary in (5.18) due to the factor (invariance) property of A,
that yields A.€°r A, '€°r, = €°r,, and we also can omit the term £r, in (5.18) since AZ!
is a minus type. Additionally, a similar reasoning as above was also used for obtaining
equality (5.19) since due to the definitions of E; and E; it holds ¢°r, E,€°r,. = €°r,E;, and
eer By eer Exter By = 0°r, By . O

We end up by mentioning that almost all the above methods also work—without cru-
cial changes—in the case of matrix Wiener-Hopf plus Hankel operators with almost pe-
riodic Fourier symbols. However, a corresponding version of Theorem 3.3 for invertible
APN*N elements is an open problem. This has to do with the difficulties in substituting
the arguments in the part of the proof of Theorem 3.3 where some representations of
APW elements are used.
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