SUBCLASSES OF a-SPIRALLIKE FUNCTIONS ASSOCIATED
WITH RUSCHEWEYH DERIVATIVES
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Making use of the Ruscheweyh derivatives, we introduce the subclasses T'(n,a,A) (n €
{0,1,2,3,...}, —m/2<a<m/2,and 0 < A < cos’a) of functions f(z)=z+ S, arZk
which are analytic in |z| < 1. Subordination and inclusion relations are obtained. The
radius of a-spirallikeness of order p is calculated. A convolution property and a special
member of T'(n,a,1) are also given.
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1. Introduction

Let A denote the class of functions f of the form

f(z)=z+iakzk (1.1)
k=2

which are analytic in the unit disk U = {z: |z| < 1}. Let S C A consist of univalent func-
tions in U. For 0 < p < 1, a function f € Sis said to be starlike of order p if

zf'(z)
“f2)

The class of such functions we denote by $*(p) (0 < p < 1). A function f € S is said to be
convex in U if

R

>p (zeU). (1.2)

zf"(z)
RC{I+W}>O (ZE U) (13)

We denote by K the class of all convex functions in U. For —n/2 <a<n/2and 0 < p < 1,
a function f € Sis said to be a-spirallike of order p in U if

Re{eia%} >pcosa (ze U). (1.4)
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2 Subclasses of a-spirallike functions

Further let UCV C K be the class of functions introduced by Goodman [2] called uni-
formly convex in U. It was shown in [4, 7] that f € A isin UCV if and only if

zf"(2) zf"(2)
Re{1+ 2) }> () ‘ (ze U). (1.5)

In [7], Ronning investigated the class S, defined by
Sp=1f€8"0): f(z) = 2¢'(2), g € UCV}. (1.6)

The uniformly convex and related functions have been studied by several authors (see,
e.g., [1-4,7, 6,8, 12]).

If f(2) =2+ > ,akz" € Aand g(z) = z+ X}, bpzF € A, then the Hadamard product
or convolution of f and g is defined by (f * g)(z) = z+ X1, akbiz*. Let

z

D"f(z) = Qg ¥ f(2), (1.7)

for fe Aandn e Ny = {0,1,2,3,...}. Then

D"f(z) =

n— (n)
2 f(@) 7 llfl(z)) . (1.8)

This symbol D" f is called the Ruscheweyh derivative of order n of f. It was introduced
by Ruscheweyh [9].
In this paper we introduce and investigate the subclasses T'(n,a,1) of A as follows.

Definition 1.1. A function f € A is said to be in T'(n,a, 1) if

22D F(2) 1) z(D"f(2))’
(el §) o s

2
(zeU), (1.9)

where n € Ny, —n/2 <a<m/2,and 0 < ) < cos® a.
Note that, for A = 0,

z2(D"f(2))’
D" f(z)

-1

2(D" () } .
D" f(2)

T(n,a,0) = {f eA:Re{ei“ (ze U)}. (1.10)

In particular, 7(0,0,0) = S, and T(1,0,0) = UCV.

2. Properties of T'(n,a,1)

Let f and g be analytic in U. Then we say that f is subordinate to g in U, written f < g,
if there exists an analytic function w in U such that [w(z)| < |z| and f(z) = g(w(z)) for
z € U.If g is univalent in U, then f < g is equivalent to f(0) = g(0) and f(U) c g(U).
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Tueorem 2.1. Let n € No,a € (—n/2,7/2), and A € [0,cos*a]. A function f € A belongs
to T(n,a,A) if and only if

ei“Z(DDrlJJ:((ZZ))) < h(z)cosa+isina (ze U), (2.1)
where
2
1+./(z+B)/(1+Bz)
o) =1-— +2 (log PP (22)
2costa 1—/(z+B)/(1+Bz)
with
2
et —1 VAT
F= (el‘+1) BT Jcosa (23)
Proof. Let us define w = u+iv by
ei“% = w(z)cosa+isina (z € U). (2.4)
Then w(0) = 1 and the inequality (1.9) can be rewritten as
(o, A )
u> > (v +1 osia) (2.5)
Thus
w(U) C G= {w=u+iv:uandv satisfy (2.5)}. (2.6)

It follows from (2.2) that

1+
h(0)=1 A +2(10g
1_

2costa 72

\\72)2 =1 (2.7)

In order to prove the theorem, it suffices to show that the function w = h(z) defined by
(2.2) maps U conformally onto the parabolic region G.
Note that

Os%(l— A )<1 A <1, (2.8)

cos? 2cos?a

for 0 < A < cos?a. Consider the transformations

A 1 1
w1 = w—(l— ), W, = eV, t:—(wz+—). (2.9)
2cos? 2 W)




4 Subclasses of a-spirallike functions

It is easy to verify that the composite function

t=¢(w)=ch (ﬂ\/Zw— (2 - cojzoc)) (2.10)

maps G* = G({w = u+iv:v >0} conformally onto the upper half plane Im(¢) >0 so
that w = (1/2)(1 — A/cos?a) corresponds to t = —1 and w = 1 — A/2cos’a to t = 1. Ap-
plying the symmetry principle, the function ¢ = ¢(w) maps G conformally onto Q = {t:
larg(t+1)| < 7r}. Since t = 2((1+{)/(1 = {))?> — 1 maps the unit disk |{| < 1 onto Q, we
see that

w:go_l(t)=l—zcjm+2—7l_[2<log<t+\/t2—l))2
=1 A +£<logl+\/Z
1-4/¢

2
 2costa | w2 \[) =80

maps |{| < 1 conformally onto G so that { = 8 (0 < f3 < 1) corresponds to w = 1. There-
fore the function

(2.11)

z+ 3
w_h(z)_g<1+ﬁz) (ze U) (2.12)
maps U conformally onto G and the proof of the theorem is complete. O

CoroLLARY 2.2. Let f € T(n,a,A), n € Ny, « € (—71/2,7/2), A € [0,cos? al, and h be given
by (2.2). Then

Dn]Zf(z) < exp (e_iacosaj: Mfdt), (2.13)

h(ple) =1\ _ | (D@ ([ helzl) —1
exp(L T, dp)_ ‘( o ) _exp<L P dp), (2.14)

for z € U. The bounds in (2.14) are sharp with the extremal function fy € A defined by

D" fy(z) = zexp (e_i“ cosocjoz h(t)t_ 1dt>. (2.15)
Proof. From Theorem 2.1 we have
e (2(D"f(2))
Cosa( D7 —1) <hz)-1, (2.16)
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for f € T(n,a,A). Since the function h — 1 is univalent and starlike (with respect to the
origin) in U, using (2.16) and the result of Suffridge [11, Theorem 3], we obtain

i logan(z): pit J ((an 1) _1)dt J h(t 2.17)
0

cosa z cosa Drf(t) t
This implies (2.13).
Noting that the univalent function & maps the disk |z| < p (0 < p < 1) onto a region
which is convex and symmetric with respect to the real axis, we get

h(—plzl) <Reh(pz) < (plzl) (ze€ U). (2.18)

Now, (2.17) and (2.18) lead to

<D"J;(z)>ems““ - Jl Mdp, (2.19)

1 — —
J MplZD =11 1og
0 0 %

p

for z € U, which yields (2.14).
The bounds in (2.14) are best possible since the equalities are attained for the function
foin T(n,a,A) defined by (2.15). O

THEOREM 2.3. Let f € T(n,a,A), n € Ny, a € (—n/2,7/2), A € [0,cos?a]. Then D" f is
a-spirallike of order p in |z| < r, where

B+ (tan ((n/4 \/2 (1—p)—A/cos? ))2

r= r(P,(X,A) 2
1+[3<tan(ﬂ/4 \/2 1—p)—/\/coszoc)) (2.20)
(M- A ) zpero
2 costa) =P 2cos?a
and f3 is given by (2.2).The result is sharp.
Proof. Tt follows from (2.20) and (2.2) that
0<21-p)~ - =<1, 0<p<r=l. (2.21)

Let h be given by (2.2). Then

her) =1 1 +2 (1 1+i1/(r—[3)/(1—ﬁr))2
—r)=1- — | log
2cos?a 2 _ai e — _
1—i\(r—B)/(1—pr) (2.22)

2
A 8 B
—1- - t
2cos’a 2 <arc an 1—[>’r)
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and hence

inf Reh(z) = h(-r) = p. (2.23)

lz|<r

If f € T(n,a,A), then from Theorem 2.1 and (2.23) we have

Re{ei“%} >pcosa (lz| <r), (2.24)

that is, D" f is a-spirallike of order p in |z| < r. Further, the result is sharp with the ex-
tremal function f; defined by (2.15).
Taking p = (1/2)(1 — A/ cos® a), Theorem 2.3 yields. O

CoroLLARY 2.4. Let f € T(n,a,A), n € Ny, a € (—7/2,7/2), A € [0,cos? «]. Then D" f is
a-spirallike of order (1/2)(1 — A/ cos* a) in U and the result is sharp.

THEOREM 2.5. Let f € T(n,a,A), n € No, a € (—1/2,71/2), A € [0,cos’«]. Then D" f €
S*((1 = A)/2) and the order (1 — 1)/2 is sharp.

Proof. Let h be given by (2.2). Then it follows from the proof of Theorem 2.1 that

1
ah(U)_{w:um;u:—(ﬁﬂ—L)}. (2.25)
2 cos?
Hence
Re{e ™(h +1isi = i +sin”a, 2.26
\zéﬂ]&n ef{e ™ (h(z)cosa+isina)} uz(l/z)r(rllili/cosza)g(u)cosa sin” o ( )
where
. A 1 A
g(u) =ucosa— [sinaly | 2u—1+ o (uzi(l— coszoc)>' (2.27)
Since
, | sina| ( 1( A >>
= — >—(1—-—), 2.28
g (u) = cosa V2u—1+MA/cos?a u 2 cos? ( )

the function g attains its minimum value at u = (1 — 1)/2 cos® a. Thus

. i . 1 A -2 1 Af
—ia H — - + = —, 2.2
‘Z‘Eilgl#l)Re{e (h(Z) COS(X‘f‘lSlIl(X)} g<2C $2 ) cosax+ S « 2 ( 9)

Let f € T(n,a,A). Then, by Theorem 2.1 and (2.29), we conclude that D" f is starlike
of order (1 —A1)/2 in U, and the function f; defined by (2.15) shows that the order (1 —
A)/2 is sharp. O

THEOREM 2.6. T(n+1,a,1) C T(n,a,1), where n € Ny, « € (—n/2,7/2), A € [0,cos? «].
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Proof. It follows from (1.7) that

z2(D"f(2)) = (n+1)D"' f(2) —nD" f(z) (z€ U), (2.30)
for f € A. Set
_ w2(D"f(2)
plz)=e D' f(2) (ze U). (2.31)
Then (2.30) and (2.31) lead to
D) _etp@tn oy, (232)

D" f(z) n+1

Differentiating both sides of (2.32) logarithmically and using (2.31), we get

n+l !
e 'Z(gnﬂ:;((;)) =plz)+

zp'(z)

m (Z S U) (233)

If f € T(n+1,a,1), then by Theorem 2.1 and (2.33) we have

zp’(z)

m < h(z)cosa+isina (z€ U), (2.34)

plz)+

where h is given by (2.2). The function Q(z) = e *(h(z) cosa + isina) + n is univalent
and convex in U and

ReQ(z) > lzi tn20 (zeU) (2.35)

because of (2.29). Hence an application of the result of Miller and Mocanu [5, Corollary
1.1] yields

_z(D"f(2))’ -
z) = e ————— < h(z)cosa+isina (z€ U). 2.36
pla) = S S <) (z€ V) (236)
Now, by Theorem 2.1, we know that f € T(n,a,1) and the theorem is proved. O

Remark 2.7. Combining Theorem 2.6 with Corollary 2.4, we see that each function in
T(n,a,]) is a-spirallike of order (1/2)(1 — A/cos*«) in U. In view of Theorems 2.5 and
2.6 we have T(n,a,A) C S*((1 —1)/2).

THEOREM 2.8. A function f € Aisin T(n,a,A) if and only if

n+1

Fo) = "2 [ e p oy (2.37)

isin T(n+1,a,1), where n € Ny, « € (—n/2,1/2), A € [0,cos?at].
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Proof. It follows from (2.37) that F € A and
(n+1)f(z) =nF(z)+2zF (z) (zeU), (2.38)
for f € A. By using (2.30) and (2.38), we obtain

D"f(z) = nDnF(Z);f(anF(z)) =D""'F(z) (zeU), (2.39)

which proves the assertions of the theorem. O

Let R(p) be the class of prestarlike functions of order p in U consisting of functions
f € A satisfying

ﬁ * f(z) € S*(p), (2.40)

for some p (0 < p < 1). The following lemma is due to Ruscheweyh [10].

Lemma 2.9. If f € S*(p) and g € R(p) (0 < p < 1), then for any analytic function F in U,
g* (Ff) _
e——=(U) Ccc(F(U)), (2.41)
gk f (F(U))

where Co(F(U)) stands for the convex hull of F(U).
Applying the lemma, we derive the following.
THEOREM 2.10. Let f € T(n,a,A) and g € R((1 —A)/2). Then

f*xgeT(nal), (2.42)

where n € No, « € (—1/2,7/2), A € [0,cos®at].

Proof. Let f € T(n,a,1). Making use of Theorems 2.1 and 2.5, we have

F(z) = Z(Dl):]{((;))l < e ™(h(z)cosa+isina), D"f e S* (12;/\) (2.43)

If we put ¢ = f * g, then forz € U,

z2(D"¢(z))" _ z(g(2) x D"f(2))" _ g(2) * (2(D"f(2))’)
Dro(z) g(z) x D" f(z) g(z) % D" f(2)

_ 8(2) x (F(z)D"f(2))
g(z2)xD"f(z)

(2.44)
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Since the univalent function e **(h(z) cosa + isina) is convex in U and g € R((1 —1)/2),
from (2.43), (2.44), and the lemma we deduce that

’

D" ;
m < e ™(h(z)cosa+isina). (2.45)
D"g(z)
Therefore, by using Theorem 2.1, ¢ € T'(n,a,1) and the proof is complete. O

Note that R(1/2) = §*(1/2). Since R(p1) C R(p,) for 0 < p; < p, < 1 (see [10]), we have
K =R(0) C R((1 —A)/2). Thus Theorem 2.10 yields the following.

Cororrary 2.11. (i) If f € T(n,a,0), n € Ny, a € (—n/2,7/2), and g € S*(1/2), then
f*geT(nao).

(i) If f € T(n,a,A), n € Ny, a € (—7/2,7/2), A € [0,cos’a], and g € K, then f x g €
T(n,a,A).
THEOREM 2.12. Let n € Ny, a € (—7/2,7/2), A € [0,cos’a]. The function f € A defined
by

D"f(z) = W (zeU) (2.46)

is in T(n,a,A), where b is complex and

cos’a+A 5
m (OS)LS(3—2\/§)COS (X),
|b| = (2.47)
\ /L ((3—=2+v2)cos?a < A < cos? ).
2cosa+ /A
The result is sharp, that is, |b| cannot be increased.
Proof. Let f € A be given by (2.46). Then
w2D"f(2))  1+bz .
e D f(2) = 1" bs cosa+isina. (2.48)
Hence, by Theorem 2.1, f € T(n,a,A) if and only if
1+bz
- < h(z2), (2.49)
where h is given by (2.2), or, equivalently, when
) 1+ 1b)? 2|b|
SLW. ‘w 1= |52 1—|b|2}Ch(U)’ (2.50)

for0<|b| < 1.
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Let & denote the minimum distance from the point (1+|b|2)/(1 — |b|?) to the points

on the parabola 0h(U) given by (2.25). Then

2
. 1+|b|? A

5= Je(w), —(u- +2u—1+ .

uz(l/2{(?£r)lt/cosza) gu) 8w (u 1-1b|? “ cosZa

Note that
1+b)> 1 A , 21b|?
“1- , —2(u- .
1—|b|2>2 cos?a g SN ETIP
(1) If
2
+
0<h<(G-2/D)cosa,  |b] = S 4FA
3cos?a—A
then A2 — 61 cos? w + cos* & = 0. Thus
2
cosfa+ A cosa—A 2|b|? 1 A
|b)? = < , <-[1- )
3cos2a—A 5cos82a—A 1-1b]2 ™ 2 cosza

From (2.51), (2.52) and (2.54), we have g’ (u) = 0 and hence

P _ b 1 A ) 20l
“8\2 costa)) 1—-1b]2 2 cosa/  1-1b|2

(ii) If 0 < A < (3 — 2+/2) cos®> @ and

cos2a+ <1bl < | cos2a—A
3cos2a— A 5cos2a—A’

then g’ (1) >0 and

B 1+1b)? 1 A 2|b|
0= 1—|b)2 2(1 coszoc) < 1-1b]%

(iii) If

/ VA
(3-2v2)cos’a < A < cos’a, |b| eosat I

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)
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then A2 — 61 cos?a + cos*a < 0 and so

2 2
b2 VA cos’a— 1 21| 2%(1 A ) (2.59)

= > —_
2cosa++/A  5cos2a—A’ 1-1b|2 cos?a

Thus we have

_ 21b|? )_\/ 41b|? A 2|
6"Vg<1—|m2 - 1—|M2+co§a'_1_|mz' (2.60)

(iv) If (3 = 2+/2) cos?a < A < cos?a and +/v/A/(2cosa ++/A) < |b| < 1, then

| 4lb? A 2|b|
0= 1—|b|2+cos2a<1—|b|2' (2.61)

By virtue of (2.49), (2.50), (2.55), (2.57), (2.60), and (2.61), the proof of the
theorem is now complete. O

Letting n = a = 0 in Theorem 2.12, we have the following.

CoroLLARY 2.13. The function f(z) = z/(1 — bz)? is in T(0,0,1), where A € [0,1],b is
complex and

1+
31 (0<A<3-22),
|b| = 7 (2.62)
m (3*2\/§S/1S1)

The result is sharp, that is, |b| cannot be increased.
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