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We prove some new inequalities involving an exponential mean, its complementary, and
some means derived from known means by applying the exp-log method.
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1. Introduction

All the means that appear in this paper are functions M : R2 — R, with the property that
min(a,b) < M(a,b) < max(a,b) Va,b>0. (1.1)

Of course M(a,a) = a, for all a > 0. As usual A, G, L, I, A, denote the arithmetic, geo-
metric, logarithmic, identric, respectively, power means of two positive numbers, defined

by

A:A(a,b):%b, G = G(a,b) = Vab,
b-a 1 (b0 VO
L=1L(a,b) = logh —loga’ I=1(a,b) = g(;) , (1.2)
P ¥4 1/[7

In [16], the first part of this paper, we have studied the exponential mean

b_ ,a
E:E(a,b):%—l (1.3)

introduced in [23]. Another exponential mean was defined in [19] by

b_ 1,a
E:F(a,b)=%+l. (1.4)
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2 On some exponential means. Part I1

It is the complementary of E, according to a definition from [4], that is,

E=2A-E. (1.5)
A basic inequality proved in [23] is
E>A, (1.6)
which gives the new inequality
E<A. (1.7)

More general means have been studied in [14, 17, 19]. For example, letting f(x) = e*
in [14, Formula (5)], we recapture (1.6). We note that by selecting f(x) = logx in [14,
Formula (8)], and then f(x) = 1/x, we get the standard inequalities

G<L<I<A (1.8)

(for history, see, e.g., [7]).
In what follows, for any mean M, we will denote by .l the new mean given by

M(x,y) =logM(e*,e”), x,y>0. (1.9

As we put a = e, b = ¢’ and then take logarithms, we call this procedure the exp-log
method. The method will be applied also to some inequalities for deriving new inequali-
ties. For example, in [16] we proved that

E=9, (1.10)
and so (1.8) becomes
A<¥<E<dA. (1.11)

In [16], it was also shown that

A+dA-L<E<2¥ A,

1.12
Az < E < Aioga (112)
(see also [6, 22]). In [9], the first author improved the inequality (1.6) by
E>A+3M > A. (1.13)
This is based on the following identity proved there:
A(e?eb)
(E-A)(a,b) = Len,eb) ~ 1. (1.14)
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We get the same result using the known result

I> # > (42G)" (1.15)
and the exp-log method.
The aim of this paper is to obtain other inequalities related to the above means.
2. Main results
(1) After some computations, the inequality (1.6) becomes
el —e®  et+eb
A < > (2.1)
This follows at once from the Hadamard inequality
1 (° f(a)+f(b)
o | pwdr< BT (2.2)

applied to the strictly convex function f(t) = e’. We note that by the second Hadamard
inequality, namely

1 b a+b
| e 1 (57), (23
for the same function, one obtains
eb — e
— > e(a+b)/2, (2'4)

which has been proposed as a problem in [3].
The relation (1.11) improves the inequality (2.1), which means that s¢ > ¥, and im-
proves (2.4), which means that & > A. In fact, by the above remarks, one can say that

E>A=d>%. (2.5)

(2) In [23], it was proven that E is not comparable with A, for A > 5/3. Then in [17],
we have shown, among others, that

A(a,b) < E(a,b) < A(a,b) - el?=22, (2.6)

Now, if [b — al becomes small, clearly elb-al’2 approaches to 1, that is, the conjecture

E > A) of [23] cannot be true for any 1 <A < 5/3.
We get another double inequality from (1.5) and (1.6):

A< E<2A. (2.7)
These inequalities cannot be improved. Indeed, for 1 <A < 2, we have

lim [E(1,%) = 1A(1,%)] = o, (2.8)
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but
E(1,1) —AA(1,1) =1-1<0, (2.9)
thus E is not comparable with 1A.
On the other hand,
b _,a
Ea,b) = “DZEOTD gy JOZTE )

where f(x) = e*/(x + 1). By Cauchy’s mean value theorem,

fO =@ _J1O ). (2.11)
el —ea e
Since
f'leo) ¢ 1
e T (cwlp @ (2:12)
we get
0<2A—ESW. (2.13)
(3) By using the series representation
I S 1 (b—a\*
log 5 = - 2k+1<b+a> ’ (2.14)
(see [9, 21]), we can deduce the following series representation:
1 [feb—en\*
(E-A)ab) = 2k+1 <eb+e“) ' (2.15)

By (2.1), le? —e a|/(eb +e%) < |b — a|/2, thus we get the estimate

(E i ! (b a) . (2.16)

The series is convergent at least for |b — a| < 2. Writing

Ae,eb) A(a,b)—L(a,b)
= )T 2.17
L(e,eb) ¢ ( )

the identity (1.14) implies the relation

E-A=¢"¥-1. (2.18)
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This gives again the equivalence (2.5). But one can obtain also a stronger relation by
writing e* > 1 +x + x%/2, for x > 0. Thus (2.18) gives

E—A>&i—§£+%(&ﬁ—§£)2. (2.19)

(4) Consider the inequality proved in [10]:

%A <I<A. (2.20)
By the exp-log method, we deduce
log2 —1+A<E<d. (2.21)
From the inequality
2
I<§(A+G)=j(\/a;\/§> : (222)

given in [5], we have, by the same method,
E(x,y)<210g2—1+2&ﬁ(§,%>. (2.23)

Relation (2.23) may be compared with the left-hand side of (2.21). Take now the relation

A-G

from [5]. Since A — G = 1/2(./a — v/b)?, one obtains

A-A< é (e72 — e?)*, (2.25)
The relation
L> (A%G)z(;, (2.26)
from [13], gives similarly
3%(x, y) >A(x,y)+4&ﬁ()2£,%), (2.27)
while the inequality
logé >1- % (2.28)

from [7], offers the relation

E-%>1-e47, (2.29)
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(5) The exp-log method applied to the inequality
L>GI,

given in [2, 11], implies that

K7

A+E 2A+4d
>——>
2 3
On the other side, the inequality

I>+vVAL,

proven in [11], gives on the same way the inequality

A+L
E > TR

After all, we have the double inequality

s+ <E<2% - A.

(6) Consider now the inequality
31 <2A%+ G2,

from [20]. It gives

log3 +2E < log (e*4 +2¢*%).

Similarly

2A+G

I )
"3
given in [8], implies that
log3 +E >log (2¢* +¢).

In fact, the relation

A+L

I> —

from [7], gives

log2 +E >log (¥ +e%),

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

but this is weaker than (2.38), as follows from [8]. The inequalities (2.33) and (2.40) can

be combined as

L 4 ool
E>log(e ;e )>§£J2Nﬁ

(2.41)
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where the second inequality is a consequence of the concavity of the logarithmic function.

We notice also that by
L+I<A+G,

given in [1], one can write

&) A

et +ef <et+eh.
(7) In [9] Sandor proved the inequality

A%(a,b)
I(az,hz) < m

By the exp-log method, we get
E(2x,2y) < 494(x,y) —2E(x, y).
It is interesting to note that by the equality

*(\/a,"/b)  Gla,b)
1(a,b)  L(ab)

log -1

given in [7], we have the identity

2E<§,%) —E(x,y) = eAt) =20 _q,

Putting x — x/2, y — y/2 in (2.45), and taking into account (2.47), we can write

2E(x, y) + A =Fxn) _q < 4&ﬁ(§ Z).

2’2
This may be compared to (2.23).

(8) We consider now applications of the special Gini mean

S =S(a,b) = (a®b?) """

(see [15]). Its attached mean (by the exp-log method)

X 4 pe)
S(x,y) = % =logS(e*,e”)
is a special case of
Cxfx)+yf(y)
Mioy) = =% 70

which was defined in [18]. Using the inequality

(3)<(e)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)
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from [15], we get
2 — 24 < 3E - 3A.

The inequalities

given in [15] imply that

2A—E<S <44 -3E<2d4 — A.

These offer connections between the exponential means E and .

Let now the mean

U= Ulab) = %w/(2a+ b)(a+2b).

In [12], it is proved that
4 U2
G<VU3G<I< o < U<A.
By the exp-log method, we get

1
A< Z(3OU,+A)<E<20LL—&Q<OIL<&Q.
These relations offer a connection between the means E and .
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