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Mittal and Rhoades (1999-2001) and Mittal et al. (2006) have initiated the studies of error
estimates E,( f) through trigonometric Fourier approximations (TFA) for the situations
in which the summability matrix T does not have monotone rows. In this paper, we
determine the degree of approximation of a function _7, conjugate to a periodic function
f belonging to the weighted W(L,,&(t))-class (p = 1), where &(t) is nonnegative and
increasing function of ¢ by matrix operators T (without monotone rows) on a conjugate
series of Fourier series associated with f. Our theorem extends a recent result of Mittal
et al. (2005) and a theorem of Lal and Nigam (2001) on general matrix summability.
Our theorem also generalizes the results of Mittal, Singh, and Mishra (2005) and Qureshi
(1981-1982) for Norlund (N,)-matrices.
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1. Introduction

Let f be 27-periodic function (signal) in L, [—7,7]. The Fourier series associated with f
at a point x is defined by

(=9

f(x)~%+i(ancosnx+bnsinnx) = ZAn(x) (1.1)
n=1

n=0
with partial sums s, ( f;x). The conjugate series of Fourier series (1.1) of f is given by

[eY)

(b, cosnx — a,sinnx) = ZBn(x) (1.2)
1 n=1

Me

n

with partial sums S, ( f;x). Throughout this paper, we will call (1.2) as conjugate Fourier
series of function f.
Define for all n = 0,

ta(f3x) = D anksk(f3%), (1.3)
k=0
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2 Approximation of W(L,,&(t)) functions

where T = (a,) is a linear operator represented by the infinite lower triangular matrix.
The series (1.1) is said to be T-summable to s if ¢,(f;x) — s as n — oo. The T-operator
reduces to the Norlund N -operator if

P, T (1.4)

where P, = Y';_, px # 0 and p_1= 0 = P_;. In this case, the transform t,( f;x) reduces to
the Norlund transform N, ( f;x).

A linear operator T is said to be regular if it is limit-preserving over ¢, the space of
convergent sequences. Each matrix T in this paper has nonnegative entries with row sums
one. Iflim, . ayx = 0, for each k, then T is regular.

The L,-norm is defined by

Ifl, = (joz | £(x) |pdx>vp) oz,

(1.5)
1f 1l = supyeroom | f(O)],
and the degree of approximation E,( f) is given by
En(f) = Miny|| f (x) = Tu(x)|] (1.6)

in terms of n, where T,(x) is a trigonometric polynomial of degree n. This method of
approximation is called trigonometric Fourier approximation (TFA).
A function f € Lipa if

[fx+t)— f(x)| =0(|t]*) forO<a<1, (1.7)

and f(x) € Lip(a, p), for 0 < x < 27, if

27 1/p
wp(t;f)=(L |f(x+t)—f(x)|de) —0(1t1%), O<a=<1,p=1.  (18)

Given a positive increasing function &(¢) and p > 1, f(x) € Lip(&(¢), p) if

2m 1/p
apt )= (] 1760 =700 Pdx) =0, (19)

and f(x) € W(L,,&(t)) if

2m 1/p
(L I[fGe+ 1) —f(x)]sinﬁxV’dx) —0(E(D), (B=0). (1.10)
If B =0, our newly defined class W(L,,&(t)) coincides with the class Lip(&(t), p). We
observe that

Lipa < Lip(a, p) < Lip (&(¢),p) € W(Lp,&(1)) forO<a=<1, p>1. (1.11)
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We write

() =y(t) =27 [f(x+t)— f(x=1)],  W,=|P;'| > k|pk—pr-1]
k=1

r n 1
Wa(r) = > (k+1)|Akanuk|, 0=<r=<n, J(n,t) = zan,n_kcos(n—kJr 5)t,
k=0 k=0

s

2 F(x) = L w(#) cot (%)dt - limh_thﬂw(t) cot (%)dt, A= ans
r—k

—k+1 — ot
ook Dane gy J0D)
' Ak sin(t/2)
1 . 1
T= [?], the integral part of 7 Akank = Ank — Apj+1-

(1.12)

Furthermore, C denotes an absolute positive constant, not necessarily the same at each
occurrence.

2. Previous results

Qureshi [12] has proved a theorem on the degree of approximation of a function f(x),
conjugate to a periodic function f(x) with period 27 and belonging to the class Lipa,
for 0 < a < 1, by Ny-means of its conjugate Fourier series. He has proved the following
theorem.

THEOREM 2.1 [12]. If the sequence { p,} satisfies the conditions

(D) n|pal <C|Pu],

y 2.1)
(i) W, < C,
then the degree of approximation of a function fN(x), conjugate to a periodic function f(x)
with period 2m and belonging to the class Lipa, 0 < a < 1, by Nj-means of its conjugate
Fourier series, is given by

n

ool =0 3 ). 22)
k=1

where T,(x) is the N,,-mean of conjugate Fourier series (1.2).

Remark 2.2. Qureshi [12] has taken p, = 0, so conditions (2.1) can be stated without
modulus sign.

Generalizing Theorem 2.1 of Qureshi [12], many interesting results have been proved
by various investigators such as Qureshi [13, 14], Lal and Nigam [2], Mittal et al. 8, 9] for
functions of various classes (defined above) using N,-matrices and general summability
matrices.



4 Approximation of W (L,,&(t)) functions

Qureshi [13, 14] has extended his Theorem 2.1 for the functions of classes Lip(a, p)
and Weighted, that is, W (L,,&(¢))(p = 1) respectively, using monotonicity on the ele-
ments of Nj,-matrix. For the W(L,,&(t))-class, he proved the following theorem.

THeOREM 2.3 [14]. If a 2n-periodic function f belongs to the class W(Ly,&(t)), then its
degree of approximation by Norlund means of a conjugate Fourier series is given by

1F =R, = o(nree (1)) (2.3)

provided that &(t) satisfies the conditions
Uoﬂ/n (Hg((t?' )psin"” tdt}up - o(%), (2.4)
{J:/n (l“?(l/gm)f’dt}w =0(n°), (2.5)

where § is an arbitrary number such that q(1 — 8) — 1 > 0. Conditions (2.4) and (2.5) hold

uniformly in x and
{Lﬂm (%)th}w = O<nﬁ+1+1/pg<%)>’ (2.6)

where p~'+q ' =1and1 < p < co.

Remark 2.4. Qureshi [12—14] has used monotonicity on the generating sequence {p,} in
the proof of his theorems but has not mentioned it explicitly in the statement of these
theorems.

Remark 2.5. Condition (2.1)(i) can be dropped in Theorem 2.1, as condition (2.1)(ii)
implies condition (2.1)(i) [1, page 16].

Recently Mittal et al. [8] have generalized Theorem 2.3 by taking semimonotonicity
on the generating sequence {p,} and also by dropping the condition (2.6). They proved
the following theorem.

THEOREM 2.6 [8]. The degree of approximation of a function f, conjugate to a2m-periodic
function f belonging to weighted class W(L,,&(t))(p = 1) by Ny-means of its conjugate
Fourier series (1.2), is given by

1Fe0 =T, = owe (), 2.7)

provided that {p,} satisfies (2.1)(ii) and &(t) satisfies conditions (2.4) and (2.5) uniformly
in x and

§(1)

e is nonincreasing in t, (2.8)

where & is an arbitrary number such that 0 # 8q+ 1< g, such that p~'+q 1 =1,1<p <
o, and 1,(x) is the same as in Theorem 2.1.
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Recently, Mittal et al. [9] extended Theorem 2.1 [12] for functions of Lip(&(¢), p)(p =
1)-class to matrix summability using semimonotonicity on the sequence {a,x}, which in
turn generalizes a result of Lal and Nigam [2]. They proved the following theorem.

TueoREM 2.7 [9]. Let T = (a,) be an infinite regular triangular matrix with nonnegative
entries such that

Wu(r)=0(Aun—r), 0<r<n, (2.9)

then the degree of approximation of a function f(x), conjugate to a 2m-periodic function
f(x) belonging to Lip(&(¢), p)-class, by using a matrix operator on its conjugate Fourier
series, is given by

||f(x)—7n(x)||p=O(n“"f(%>), (2.10)

provided that &(t) is nonnegative, increasing, and satisfies conditions (2.4), (2.5) uniformly
in x and (2.8), where § is an arbitrary positive number such that (1 —6) — 1 >0 and Ta(x)
are the matrix means of the conjugate Fourier series (1.2).

3. Main result

Mittal [3], Mittal and Rhoades [4-6], and Mittal et al. [7] have obtained many interesting
results on TFA (these approximations have assumed important new dimensions due to
their wide application in signal analysis [10] in general, and in digital signal processing
[11] in particular, in view of the classical Shannon sampling theorem), using summability
methods without monotonicity on the rows of the matrix T. In this paper, we extend
Theorem 2.6 to matrix (linear) operators and generalize Theorem 2.7 for functions of
the weighted class W (L,,&(t)). We prove the following theorem.

TueoreMm 3.1. Let T = (a, ;) be an infinite regular triangular matrix with nonnegative
entries satisfying (2.9), then the degree of approximation of function f(x), conjugate to a
2m-periodic function f(x) belonging to class W (Ly,&(t)), p = 1, by using a matrix operator
on its conjugate Fourier series, is given by

1F =Tl = o7 (1)) (1)

provided that &(t) satisfies (2.4) and (2.5) uniformly in x, in which § is an arbitrary positive
number with g(1 — 8) — 1 >0, where p~'+g7! =1, 1 < p < o0 and condition (2.8) holds.

Note 3.2. In the case of the N,-transform, condition (2.9), for r = n, reduces to (2.1)(ii)
and thus Theorem 3.1 extends Theorem 2.6 to matrix summability for the weighted class
functions.

Note 3.3. Also for 3 = 0, Theorem 3.1 reduces to Theorem 2.7, and thus generalizes the
theorem of Lal and Nigam [2].
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4. Lemmas

LemMa 4.1 [3]. Let T = (aux) be an infinite triangular matrix satisfying (2.9). Then

Ve =0(1), 0<k<n. (4.1)
Fork =0,
Vo = O(1), (4.2)
that is,
(n+1ano = O(1). (4.3)

LEmMMA 4.2 [9]. Let T = (anx) be an infinite triangular matrix satisfying (2.9). Then

n—1
|](n,t)| = O(An,n—'r) +O (Z |Akann k| +an0) (4-4)
k=1

5. Proof of Theorem 3.1

It is well known that

~ 1 (" cos(n—k+1/2)t
Sk~ 0 = 5 |yt (I ar
fX)_tn Z Ann— k{],(V x)—’svnik(x)} (5.1)

i cos(n—k+1/2)t
J v (kzé)a”’”k sint/2 )dt'

Therefore,

T =001 < 5 [ 1w [Kon ar
(5.2)

1 m/n 4 . 1
o (] oK de = 5 1], say
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Since K(n,t) = O(1/t), using Hélder’s inequality, condition (2.4), and the fact that
(sint)~! < 7r/2t, for 0 < t < 7/2, and the second mean value theorem for integrals,

L= [ ol 1Ko
[ a1 (o
) :J:/"o{ tzigﬂ t}th] " (5.3)
r Ba 1/q
() [ ot ]
o[l () ]
Since &(t) is nondecreasing with ¢ and also using condition (2.8),

ol 2Jole)([" o)
oo o)

Using Holder’s inequality, condition (2.5), Lemma 4.2, Minkowski’s inequality, and con-
dition (2.8),

1/q
(@)

Il
(@)
S [ =

)

|
(
(

1
n

(5.4)

L= Tl Koo dr
i -0y (t)sinf t PP
B {Jﬂ/n f(t) dt} {Iﬂ/ﬂ
(v |sinﬁt|>P }”}’{ "
- {Jﬂ/ﬂ < f(t) dt Jn/n

4 n—1 q 1/q
= 0(n’) U (tiﬁﬁ)qo{An,M +17! (an,o + > | Aknnk| )} dt] (5.5)

n/n k=1

- o(ne (%))O[{J/ (t5-ﬁAn,n_T)th}l/q +] j/ (té—l—ﬂan,o)th}l/q
L))

k=1

§(OK(n,1)

t=0sinft

q 1/q
dt}

ol 'q dt}”‘]

t-9 sinf tsin(#/2

= O(n‘mf(%)) [L,1 + Lo+ Dy, say.
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Since A has nonnegative entries and row sums one,

bid 1/q bid 1/q
L= «U (tHAn,n_T)th} = O«U t<3*ﬁ)th} =0(nf0"Va), (5.6)
n/n n/n

Using Lemma 4.1,

1/q

b 1/q fis
by = OU (t‘;’l’ﬁan,o)th} = O(any) “ t<5*1*ﬁ)th}
n/n /n

_ O(n_l) (nﬁ—8+1—1/q) _ O(nﬁ—ﬁ—l/q).

(5.7)

Finally from condition (2.9),

e n—1 q 1/q
Ls= {J (tSIﬂ Z |Aka,,,,,_k |) dt}
n/n

k=1

T n—1
O{I (taﬁ(‘[-f- 1) Z |Akan,n_k |
/n —

q
(ta Bz(kﬂ | Aktann- k|) dt} (5.8)

)

q
O{ (t‘sﬁZ(k-i-l |Akann k| dt}
1/q 1/q

O«” (2 PW,(n th} “ (2P A0 th} = 0(nP~91),
Combining (5.6), (5.7), and (5.8),

L= O(n‘mf(%)) (nF~3-12) = O(nPVPE(1/n)). (5.9)
Combining I; and I yields

Moy _ " 1

| 7 - L) o<n VP.{(ﬂ)). (5.10)

Now, using the L,-norm, we get

17w -neol, = [ 170 T rae] =of [ (woveg (1)) ax]

2 1/p (5.11)
o e[ ) "] ofwe(2)]
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6. Applications
The following corollaries can be derived from Theorem 3.1.

CoroLLARY 6.1 [13]. If&(t) =t 0 < a < 1, then the weighted class W(L,,&(t)), p = 1,

reduces to the class Lip(a,p) and the degree of approximation of a function f(x), conjugate
to a 2m-periodic function f belonging to the class Lip(w, p), is given by

~ ~ 1
1) - Fl =01 ). (6.1)
Proof. The result follows by setting f = 0 in (3.1). O

COROLLARY 6.2 [12]. If&(t) = t% for 0 < a < 1 and p = oo in Corollary 6.1, then f € Lipa.
In this case, using (6.1), one has Theorem 2.1.

Proof. For p = o0, we get

Hﬁm—aumm=wmgﬂﬁﬁm—auw=o@})

o

1 &P, (6.2)
= O(}Tngl k““) for pu = putis
that is,
~ N " p
|f(x)_tn(x)| :O<Pnlzkm’:1>' (63)
k=1 0
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