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Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

This is a partial review of the connection theory on differentiable fibre bundles. From
different view points, this theory can be found in many works, like [2-6, 9, 13-15, 18, 19,
24,26, 27, 30, 31, 35-40, 42]. The presentation of the material in Sections 2-5, containing
the grounds of the connection theory, follows some of the main ideas of [30, Chapters
1 and 2], but their realization here is quite different and follows the modern trends in
differential geometry. Since in the physical literature one can find misunderstanding or
not quite rigorous applications of known mathematical definitions and results, the text is
written in a way suitable for direct application in some regions of theoretical physics.

The work is organized as follows. In Section 2 some introductory material is collected,
like the notion of Lie derivatives and distributions on manifolds needed for our exposi-
tion. Here some of our notations are fixed too.

Section 3 is devoted to the general connection theory on bundles whose base and bun-
dles spaces are differentiable manifolds. In Section 3.1 some coordinates and frames/bases
on the bundle space which are compatible with the fibre structure of a bundle are re-
viewed. Section 3.2 deals with the general connection theory. A connection on a bundle
is defined as a distribution on its bundle space which is complimentary to the vertical
distribution on it. The notion of parallel transport generated by connection and of spe-
cialized frame is introduced. The fibre coefficients and fibre components of the curvature
of a connection are defined via part of the components of the anholonomicity object of a
specialized frame. Frames adapted to local bundle coordinates are introduced and the lo-
cal (2-index) coefficients in them of a connection are defined; their transformation law is
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2 Connection theory: a concise introduction

derived and it is proved that a geometrical object with such transformation law uniquely
defines a connection. The parallel transport equation in their terms is derived and it is
demonstrated how from it the equation of geodesics on a manifold can be obtained.

In Section 4, the general connection theory from Section 3 is specified on vector bun-
dles. The most important structures in/on them are the ones that are consistent/compati-
ble with the vector space structure of their fibres. The vertical lifts of sections of a vector
bundle and the horizontal lifts of vector fields on its base are investigated in more details
in Section 4.1. The general results are specified on the (co)tangent bundle over a mani-
fold in Section 4.2; Section 4.3 is devoted to linear connections on vector bundles, that
is, connections such that the parallel transport assigned to them is a linear mapping. It is
proved that the 2-index coefficients of a linear connection are linear in the fibre coordi-
nates, which leads to the introduction of the (3-index) coefficients of the connection, the
latter coefficients being defined on the base space. The transformations of different ob-
jects under a change of vector bundle coordinates are explored. The covariant derivatives
are introduced and investigated in Section 4.4. They are defined via the Lie derivatives
and a mapping realizing an isomorphism between the vertical vector fields on the bundle
space and the sections of the bundle. The equivalence of that definition with the wide-
spread one, defining them as mappings on the module of sections of the bundle with
suitable properties, is proved. Some properties of the covariant derivatives are explored.
In Section 4.5, the affine connections on vector bundles are considered briefly.

Section 5 deals briefly with morphisms between bundles with connections defined on
them.

In Section 6, some of the results of the previous sections are generalized when frames
more general than the ones generated by local coordinates on the bundle space are em-
ployed. The most general of such frames, compatible with the fibre structure, and the
frames adapted to them are investigated. The main differential-geometric objects, intro-
duced in the previous sections, are considered in such general frames. Particular attention
is paid to the case of a vector bundle. In vector bundles, a bijective correspondence be-
tween the mentioned general frames and pairs of bases, in the vector fields over the base
and in the sections of the bundle, is proved. The (3-index) coefficients of a connection in
such pairs of frames and their transformation laws are considered. The covariant deriva-
tives are also mentioned on this context.

Section 7 closes the paper with some concluding remarks.

2. Preliminaries

This section contains an introductory material, notation, and so forth, that will be needed
for our exposition. The reader is referred for details to standard books on differential
geometry, like [19, 20, 29, 40].

A differentiable finite-dimensional manifold over a field K will be denoted typically
by M. Here K stands for the field R of real or the field C of complex numbers, K = R, C.
The manifolds we consider are supposed to be smooth of class C?. (Some of our defi-
nitions or/and results are valid also for C! or even C° manifolds, but we do not want
to overload the material with continuous counting of the required degree of differen-
tiability of the manifolds involved. Some parts of the text admit generalizations on more
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general spaces, like the topological ones, but this is out of the subject of the present work.)
The sets of vector fields, realized as first-order differential operators, and of differential
k-forms, k € N, over M will be denoted by & (M) and Ak(MD), respectively. The space tan-
gent (resp., cotangent) to M at p € M is T,(M) (resp., T;,“(M)) and (T(M),r, M) (resp.,
(T*(M),wr+,M)) will stand for the tangent (resp., cotangent) bundle over M. The value
of X e ¥(M) at p € M is X, € T,(M) and the action of X on a C! function ¢ : M — K is
a function X(¢) : M — K with X(¢), := X, (¢) € K.

If M and M are manifolds and f: M — M is a C' mapping, then f, :=df := T(f):
T(M) — T(M) denotes the induced tangent mapping (or differential) of f such that,
for pe M, filp:=dfly:=Tp(f): Tp(M) — Tf(p)(M) and, for a C! function g on M,
(X))@ :=X(go f):p~ fxlp(g) = X,(g o f), with o being the composition of map-
pings sign. Respectively, the induced cotangent mapping is f* := T*(f): T*(M) - T*
(M).If h: N — M, N being a manifold, we have the chain rule d(f o h) = df o dh, which
is an abbreviation for d(f o h)4 = (df) (g o (dh), for g € N.

By J < R will be denoted an arbitrary real interval that can be opened or closed at
one or both its ends. The notation y : ] — M represents an arbitrary path in M. For a C!
path y:J — M, the vector tangent to y at s € ] will be denoted by y(s) := d/dt|,—s(y(¢)) =
yx(d/drls) € Ty (M), where r in d/dr| is the standard coordinate function on R, that
is, 7 : R — R with 7(s) := s for all s € R and hence r = idg is the identity mapping of R. If
so € J is an end point of ] and ] is closed at sy, the derivative in the definition of y(so) is
regarded as a one-sided derivative at so.

The Lie derivative relative to X € & (M) will be denoted by £yx. It is defined on ar-
bitrary geometrical objects on M [41], but below we will be interested in its action on
tensor fields [19, Chapter I, Section 2] (see also [21]). If f, Y, and 6 are, C!, respectively,
function, vector field, and 1-form on M, then

Ex(f) =X(f), (2.1a)
§£X(Y) = [X>Y]_: (Zlb)
(£x(0))(Y) =X (0(Y)) - 0([X, Y] ) = (dO)(X,Y) + Y (6(X)), (2.1¢)

where [A,B]_= A o B — Bo A is the commutator of operators A and B (with common
domain) and d denotes the exterior derivative operator.

Since Ly is a derivation of the tensor algebra over the vector fields on M, for a ten-
sor field S: A'(M) x - - - X A{(M) X X(M) X - - - Xx X(M) — F(M), with F(M) being the
algebra of functions on M, we have

(£xS)(0,...;Y,...) = X(S(6,...;Y,...)) = S(£x0,...;Y,...)

2.2
e 80 B Y ) e (22

which defines £x S explicitly, due to (2.1).

Let the Greek indices A,y,,... run over the range 1,...,dimM and let {E,} be a C!
frame in T'(M), that is, let E, € (M) be of class C! and, for each p € M, let the set {Eulp}
be a basis of the vector space T,(M). (There are manifolds, like the even-dimensional
spheres S, k € N, which do not admit global, continuous (and moreover Ckfork>1),
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and nowhere vanishing vector fields [34]. If this is the case, the considerations must be
localized over an open subset of M on which such fields exist. We will not overload our ex-
position with such details.) Let {E#} be the coframe dual to {E,}, thatis, E¥ € ALY(M), let
{E*|,} be a basis in T;,k (M), and E#(E,) = &) with 6;’ being the Kronecker deltas (5;’ =1
for y = and §} = 0 for y # v). Assuming the Einstein’s summation convention (sum-
mation on indices repeated on different levels over the whole range of their values), we
define the components (T )" of £x in (relative to) {E,} via the expansion

ngﬂ = (FX)VHEV, (2.3)
which is equivalent to
ExE' = —(Tx)"5E, (2.3)

by virtue of E*(E,) = & and the commutativity of the Lie derivatives and contraction
operators. (The sign before (T'x)", in (2.3) or (2.3") is conventional and we have chosen it
in a way similar to the accepted convention for the components of a covariant derivative
(or, equivalently, the coefficients of a linear connection—see Section 4).) Sometimes, it is
convenient for (2.3) and (2.3") to be written in a matrix form

FxE=E- Ty, $xE* =-Tx-E*, (2.4)
where 'y := [(I‘X)Hy]/ilf,',ij\fl, E:= (Ey,...,Eqimm), and E* := (EL,... E9mM)T \ith T be-
ing the matrix transposition sign, and the matrix multiplication is explicitly denoted by

centered dot - as otherwise E - 'y may be confused with ETx = E(T'x) = (E;(I'x),...) =
([El((l"x)””)],...). From (2.3) and (2.1b), we get

(rx)v# = _E}A (XV) - C;,\XA) (25)

in {E,}, where X = X#E, and the functions ZA’ known as the components of the anholo-
nomicity object of {E,}, are defined by

[E,E,]_=: C,,Ey, (2.6)
or, equivalently, by its dual (see (2.1¢))
dE! = —%C;VEH AE, (2.6")

with A being the exterior (wedge) product sign. (If M is a Lie group and {E,} is a basis
of its Lie algebra (:= {left invariant vector fields in (M)} ), then C?W are constants, called
structure constants of M, and (2.6) and (2.6") are known as the structure equations of
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the tensor frame induced by {E,} and {E*}, we get, from (2.2), the components of xS
as

(2.7)

A frame {E,} or its dual coframe {E"} is called holonomic (anholonomic) if Cﬁ,, =0
(Cﬁ,, # 0) for all (some) values of the indices u, v, and A. For a holonomic frame always
exist local coordinates {x#} on M such that locally E, = 0/0x* and E* = dx*. Conversely,
if {x#} are local coordinates on M, then the local frame {0/0x#} and local coframe {dx*}
are defined and holonomic on the domain of {x#}.

A straightforward calculation by means of (2.6) reveals that a change

{E,} — {E, = BYE,} (2.8)

of the frame {E,}, where B = [B;’] is a nondegenerate matrix-valued function, entails the
transformation

Cl,— Cuy = (B™), (BYE, (B) — BYE, (Ef) + B{BICEx). (2.9)

Besides, from (2.5) and (2.9), we see that the quantities (I X)vﬂ undergo the change
(Ix)"y — (Tx)", = (B, ((Tx) By + X (BY)) (2.10)

when (2.8) takes place. Setting I'y := [(FX)VH] and Ty := [(TX)””], we can rewrite (2.10)
in a more compact matrix form as

I'x — Tx=B"!-(Tx-B+X(B)). (2.11)

Ifn € Nand n < dim M, an n-dimensional distribution A on M is defined as a mapping
A:p~ A, assigning to each p € M an n-dimensional subspace A, of the tangent space
T,(M) of M at p, A, < Ty(M). A solution (resp., first integral) of a distribution A on M is
an immersion ¢ : N — M (resp., submersion y : M — N), N being a manifold, such that
Img, < A (resp., Keryy D A), that is, for each g € N (resp., p € M), ¢+ (T4(N)) S Ay(y)
(resp., ¥« (Ap) = 0y(g) € Ty(y(N)). A distribution is integrable if there is a submersion
¥ : M — N such that Kery, = A; if the commutators of the vector fields in A are vector
fields also in A, then A is locally integrable and if A is integrable, then the commutators
of the vector fields in A belong to A. We say that a vector field X € (M) is in A and write
XeAiftX, e A, forall p e M. A basison U € M for A'is a set {X,...,X,} of nlinearly
independent (relative to functions U — K) vector fields in Ay, that is, {X; [ps--osXulp} is
a basis for A, forall p € U.

A distribution is convenient to be described in terms of (global) frames or/and cof-
rames over M. In fact, if p € M and ¢ = 1,...,n, in each A, < T,(M), we can choose a



6  Connection theory: a concise introduction

basis {Xg|p} and hence a frame {XQ},XQ p XQIP, in {A,: p € M} < T(M); we say that
{X,} is a basis for/in A. Conversely, any collection of # linearly independent (relative to
functions M — K) vector fields X, on M defines a distribution p — {ZZ=1 feXolp: fe€
K}. Consequently, a frame in T(M) can be formed by adding to a basis for A a set of
(dimM — n) new linearly independent vector fields (forming a frame in T(M) \ {A, :
p € M}) and vice versa, by selecting » linearly independent vector fields on M, we can
define a distribution A on M. Equivalently, one can use dim M — # linearly independent
1-forms w% a = n+1,...,dim M, which are annihilators for it, w®la, =0 for all p € M.
For instance, if {X, :u = 1,...,dimM} is a frame in T(M) and {X, : o = 1,...,n} is a basis
for A, then one can define w* to be elements in the coframe {w*} dual to {X,}. We call
{w?} a cobasis for A.

Ending this section, we will make a remark concerning the (non)local character of the
considerations in this paper. In general, when some coordinate system(s) is (are) used, the
quantities connected with it (them) are local in a sense that they are defined on, possibly,
a subset of the (intersection of the) domain(s) of this (these) coordinate system(s). Other
case when the considerations are possibly local is when one deals with continuous or
differentiable vector fields which generally exist on proper subsets of a manifold. But,
for instance, the concepts of a connection on a manifold and the associated to it parallel
transport are global ones: the connection is an object defined on the whole manifold and
the parallel transport (resp., along a path) is a mapping defined on the set of all C! paths
(resp., on the whole fibre over the initial point of the path). However, the representations
of these objects in a coordinate system or a frame are generally local.

3. Connections on bundles

Before presenting the general connection theory in Section 3.2, we at first fix some nota-
tion and concepts concerning fibre bundles in Section 3.1.

3.1. Frames and coframes on the bundle space. Let (E,7,M) be a bundle with bun-
dle space E, projection 7 : E — M, and base space M. Suppose that the spaces M and E
are manifolds of finite dimensions n € N and #n + r, for some r € N, respectively; so the
dimension of the fibre 77!(x), with x € M, that is, the fibre dimension of (E,w, M), is
r. Besides, let these manifolds be C? differentiable if the opposite is not stated explicitly.
(Most of our considerations are valid also if C' differentiability is assumed and even some
of them hold on C° manifolds. By assuming C? differentiability, we skip the problem of
counting the required differentiability class of the whole material that follows. Some-
times, the C? differentiability is required explicitly, which is a hint that a statement or
definition is not valid otherwise. If we want to emphasize that some text is valid under a
C! differentiability assumption, we indicate that fact explicitly.)

Let the Greek indices A,4,7,... run from 1 to n = dim M, let the Latin indices a, b,c,...
take the values from n+ 1 to n+r = dimE, and let the uppercase Latin indices I,/,K,...
take values in the whole set {1,...,7+r}. One may call these types of indices, respectively,
base, fibre, and bundle indices.

Suppose {ul} = {u*,u?} = {ul,...,u™"} are local bundle coordinates on an open set
U c E, thatis, on the set 7(U) < M there are local coordinates {x*} such that u# = x# o 7;
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(On a bundle or fibred manifold, these coordinates are known also as adapted coordinates
[32, Definition 1.1.5].) the coordinates {u#} (resp., {u?}) are called basic (resp., fibre)
coordinates [29]. (If (U,v) is a bundle chart, with v: U — K" X K" and % : K" — K are
such that e?(cy,...,¢,) = ¢; € K, then one can put u? = e o pr, ov, where pr, : K" X K" —
K" is the projection on the second multiplier K".)

Further only coordinate changes

{ut,u} — {0} (3.1a)

on E which respect the fibre structure, namely, the division into basic and fibre coordi-
nates, will be considered. This means that

i (p) = f'(u'(p),...,u"(p)),

N (3.1b)
T(p) = AU (P)s.r ()t (P)y..., u™ (p))

forpeUn lNJ, with U ¢ E being the domain of the coordinates {#'}, and some functions
f. The bundle coordinates {u#,u®} induce the (local) frame {0y := 9/0ut,0, := 9/0u’}
and coframe {du#,du®} over U in, respectively, the tangent T'(E) and cotangent T*(E)
bundle spaces of the tangent and cotangent bundles over the bundle space E. Since a
change (3.1) of the coordinates on E implies 9; — o; := 9/9% = 9u//9%9; and du! —
du! = (0u!/94))di/, the transformation (3.1) leads to

(04>0a) — (3 9a) = (35,0) - 4, (3.22)
(dut,du®) " — (do*,d®) " = A7' - (du’,dub) . (3.2b)
Here expressions like (d,,0,) are shortcuts for ordered (n + r)-tuples like (01,...,0,+/)

= ([0u]i=1,10a nire1), T is the matrix transpositions sign, the centered dot - stands for
the matrix multiplication, and the transformation matrix A is

ou” ou”
N [aﬁ#] e B T -
= [aﬁ]:|1,]—l - [ail’{b] [aub] = a_ub oub |’ (3.3)
ol o ot ous

where 0, is the n X r zero matrix. Besides, in expressions of the form 9;a’, like the one
in the right-hand side of (3.2a), the summation excludes differentiation, that is, d;a’ :=
ald; = X a'oy; if a differentiation really takes place, we write d;(a’) := >;9;(a). This
rule allows a lot of formulae to be written in a compact matrix form, like (3.2a). The
explicit form of the matrix inverse to (3.3) is A~! = [0u!/dW/] = - - -, and it is obtained
from (3.3) via the change u < .

The formulae (3.2) can be generalized for arbitrary frame {e;} = {e,,e,} in T(E) and
its dual coframe {e!} = {e#,e?} in T*(E) which respect the fibre structure in a sense that
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their admissible changes are given by

(61) = (e[uea) — (gl) = (g;uga) = (e),ep) - A, (3.4a)

et et (e
O-@() v

Here A = [A}] is a nondegenerate matrix-valued function with a block structure similar
to (3.3), namely,

[A/Z]Z,vﬂ Onxr AL 0
. 43), e (AT [Afi A’J o
with inverse matrix
A [AZ]_I " (3.5b)

1 1

—1 — —
—[A5] - [Af] - (AR [A7]
Here Aj: U -~ K and [A;;] and [A}] are nondegenerate matrix-valued functions on U
such that [A}] is constant on the fibres of E, that is, for p € U, A}(p) depends only on
7(p) € M, which is equivalent to any one of the equations

0A],

Ay =B om, = =0 (3.6)

with [B;j] being a nondegenerate matrix-valued function on 7(U) € M. Obviously, (3.2)
corresponds to (3.4) with e; = 3/0ul, & = /04!, and A} = 9u/ /03l

All frames on E connected via (3.4)-(3.5), which are (locally) obtainable from holo-
nomic ones, induced by bundle coordinates via admissible changes, will be referred as
bundle frames. Only such frames will be employed in the present work.

If we deal with a vector bundle (E,m, M) endowed with vector bundle coordinates {u/}
[29], then the new fibre coordinates {2} in (3.1) must be linear and homogeneous in the
old ones {u“}, that is,

W= (Bfom)-ub,  u'=((BY)jon)-it, (3.7)

with B = [B}] being a nondegenerate matrix-valued function on 7(U) € M. In that case,
the matrix (3.3) and its inverse take the form

out o’
RS 0 1 ol 0
A= , A = .
d(B1), ~ _1\b 0By N\ . @,
( o] 07'[) b (B, om p Bbom

(3.8)
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More generally, in the vector bundle case, transformations (3.4) are admissible with ma-
trices like

A_( [A4] 0) A_l_( (A 0 ) 69)
S \[Abae] [ag]) B 3 Bl 07 R D7) R 2V ‘

with A‘b’y : U — K being functions on U which are constant on the fibres of E,

a
@ _Biop aA’”‘=0 (3.10)
bu bu > Juc .

for some functions By, : m(U) — K. Obviously, (3.9) corresponds to (3.5) with Afl = A?Mﬁc
and the setting A} = 91//9%! reduces (3.9) to (3.8) due to (3.7).

3.2. Connection theory. From a number of equivalent definitions of a connection on
differentiable manifold [24, Sections 2.1 and 2.2], we will use the following one.

Defintion 3.1. A connection on a bundle (E, 7, M) is an n = dim M-dimensional distribu-
tion A" on E such that, for each p € E is fulfilled,

Ay @ A = T, (E), (3.11)
where the vertical distribution A" is defined by
AV :p— Ay =Ty ( (n(p))) = Tp(n  (n(p))), (3.12)

with 1: 771 (n(p)) — E being the inclusion mapping, A" : p — A’;, € Ty(E), and & is the
direct sum sign. The distribution A" is called horizontal, and symbolically we write A" &
A" = T(E).

A vector at a point p € E (resp., a vector field on E) is said to be horizontal or vertical if
it (resp., its value at p) belongs to Ag or Ay, respectively, for the given (resp., any) point
p- A vector Y, € T,(E) (resp., vector field Y € X(E)) is called a horizontal lift of a vector
Xo(p) € Tu(p)(M) (resp., vector field X € X (M) on M = n(E)) if m4(Y,) = Xn(p) for the
given (resp., any) point p € E. Since 7y | : A’;, — Tr(p)(M) is a vector space isomorphism
for all p € E [29, Section 1.24], any vector in Ty(,) (M) (resp., vector field in & (M)) has a
unique horizontal lift in T, (E) (resp., X(E)).

As a result of (3.11), any vector Y, € T,(E) (resp., vector field Y € %(E)) admits a
unique representation Y, = Y, & Y}! (resp., Y = Y ® Y") with Y} € A} and Y} € A}
(resp., Y € A” and Y" € AM). If the distribution p~ AZ is differentiable of class C™, m €
N U {0,00,w}, it is said that the connection A" is (differentiable) of class C™. A connection
A" is of class C™ if and only if, for every C" vector field Y on E, the vertical YV and
horizontal Y" vector fields are of class C™.

A C' path B:] — E is called horizontal (vertical) if its tangent vector f3 is horizontal
(vertical) vector along f3, that is, /3’(5) S Ag(s) (ﬁ(s) S AZ;(S)) forallse]. Alift y:] — E of
apath y:J — M, that is, m oy = p, is called horizontal if y is a horizontal path, that is,
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when the vector field y tangent to ¥ is horizontal or, equivalently, if y is a horizontal lift
of j. Since 7! (y(J)) is an (r + 1)- dimensional submanifold of E for any C! path y, the
distribution p — Aﬁ N Tp(r[’l(y( J))) is one-dimensional and, consequently, is integrable
for an arbitrary C! path y. The integral paths of that distribution are horizontal lifts of y
and, for each p € n=1(y(])), there is (locally) a unique horizontal lifty, of y passing through
p. (In this sense, a connection A" is an Ehresmann connection [9, page 314] and vice versa
[32, pages 85-89]).

Defintion 3.2. Let y:[o,7] = M, with 0,7 € R and ¢ < 7, and let ?P be the unique hor-
izontal lift of y in E passing through p € n~!(y([0,7])). The parallel transport (transla-
tion, displacement) generated by (assigned to, defined by) a connection A" is a mapping
P:y — P7, assigning to the path y a mapping

PViat(y(o) = nt(y(r) y:lot]-M (3.13)
such that, for each p € 771(y(0)),
PY(p) :=y,(7). (3.14)

In vector bundles the linear connections for which is required the parallel transport
assigned to them to be linear in a sense that the mapping (3.13) is linear for every path y
are important (see Section 4.3).

Let us now look on the connections A" on a bundle (E,7, M) from a view point of
(local) frames and their dual coframes on E. Let {e,} be a basis for A", that is, ey € Al
and {e,|,} is a basis for A?, for all p € E, and let {e?} be the coframe for A" that is, a
collection of 1-forms e, a = n+1,...,n+r, which are linearly independent (relative to
functions E — K) and such that e4(X) = 0 if X € A",

Defintion 3.3. A frame {e;} in T(E) over E is called specialized for a connection A" if the
first n = dim M of its vector fields form a basis {e,} for the horizontal distribution A" and
its last = dim 7~ (x), x € M, vector fields form a basis {e,} for the vertical distribution
A". Respectively, a coframe {e’} on E is called specialized if {e®} is a cobasis for A" and
{e*} is a cobasis for AV.

The horizontal lifts of vector fields and 1-forms can easily be described in specialized
(co)frames. Indeed, let {e;} and {e'} be, respectively, a specialized frame and its dual
coframe. Define a frame {E,} and its dual coframe {E#} on M which are 7r-related to {e;}
and {e!}, that is, E, :=m.(e,) and et := 7* (E*) = E¥ o my. (Recall, 74 IA; : A;‘, = Tn(p)(M)
is a vector space isomorphism.) If Y = Y¥E, € ¥(M) and ¢ = ¢,e* € A'(M), then their
horizontal lifts (from M to E), respectively, are

Y = (Ytom)e, ¢ = (puom)e. (3.15)
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The specialized (co)frames transform into each other according to the general rules
(3.4) in which the transformation matrix and its inverse have the following block struc-

ture:
[A7] o) (1Al O
= > A = , 3.16
(om [AD] Opcn [AE]7! (3:16)

where A;,Ag : E — K and the functions A}, are constant on the fibres of the bundle (E, 7,
M), that is, we have

AY=Blom or aA; =0 (3.17)
U 4 ous

for some nondegenerate matrix-valued function [B;’] on M. Besides, in a case of vector
bundle, the functions Aj, are also constant on the fibres of the bundle (E, 7, M), that is,

9Aa _

Ab=Blog or
a a auu

(3.18)
for some nondegenerate matrix-valued function B = [B%] on M. Changes like (3.4), with
A given by (3.16), respect the fibre as well as the connection structure of the bundle.

Let E be a C? manifold and A" a C' connection on (E, 7, M). The components Cﬁ of

the anholonomicity object of a specialized frame {e;} are (local) functions on E defined
by (see (2.6))

[61,6}]_ =: CII§€K (319)
and are naturally divided into the following six groups (cf. [30, page 21]):
culh el dgp=0h  {cy =0k {Cul,  {Cul. (320)

The functions Cﬁv are constant on the fibres of (E,m, M), precisely Cﬁv = f}}v o 7, where
f,ﬁ, are the components of the anholonomicity object for the 7z-related frame {74 (e,)} on
M, as the commutators of 7-related vector fields are r-related [40, Section 1.55]. Besides,
since the vertical distribution A" is integrable (the space A} is the space tangent to the
fibre through p € E at p), we have

leasen] = CSpec (3.21)
(so that C}, = 0), due to which C¢,, are called components of the vertical anholonomicity
object. To prove that Cﬁb = 0, one should expand {e;} along {d; = 9/du’}, with {u!} being
some bundle coordinates, namely, e, = e}iay + eﬁab ande, = egab, with some functions e?,
efj, and eZ, and to notice that e;j are constant on the fibres, that is, aa(e;j) =0.
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The nontrivial mixed “vertical-horizontal” components between (3.20), namely, C7,
and CZh, are important characteristics of the connection A", The functions

° Zﬂ = +CZ” = fC;b, (3.22a)
R,Zv = +C‘Z1/ = _Cg,,) (322b)
which enter into the commutators
Eeen = ey, ep]. = °1"Zﬂea, (3.23a)
Leoer = lewer] = R, eq+ Cﬁveb (3.23b)

are called, respectively, the fibre coefficients of A" (or components of the connection object of
A") and fibre components of the curvature of A" (or components of the curvature (object) of
A" in {e;}. Under a change (3.4), with matrix (3.16), of the specialized frame, functions
(3.22) transform into, respectively,

T, = AL([AL] )3T Af + e, (4])), (3.242)
Re, = ([al]7");AL48RS,, (3.24b)

which formulae are direct consequences of (3.23). If we put A := [AL], °T, := [ T4 ], and
I, := [ T9), then (3.24a) is tantamount to

T,=aA " (T, - A+e(A)

1 R (3.25)

=AA - T,—e(A ) A
Up to a meaning of the matrices [A;] and A and the size of the matrices °T, and A, the last
equation is identical with the one expressing the transformed matrices of the coefficients
of a linear connection (covariant derivative operator) in a vector bundle [17, equation
(3.5)] on which we will return later in this work (see Section 4, in particular (4.37)).
Equation (3.24b) indicates that R}, are components of a tensor, namely,

1
Q:= Eszea ®e Ae’, (3.26)

called curvature tensor of the connection A”. By (3.23a), the horizontal distribution A" is
(locally) integrable if and only if its curvature tensor vanishes, Q = 0.

Defintion 3.4. A connection with vanishing curvature tensor is called flat, integrable, or
curvature free.

ProrosriTioN 3.5. The flat connections are the only ones that may admit holonomic special-
ized frames.

Proof. See Definition 3.4 and (3.23b). O
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The above considerations of specialized (co)frames for a connection A" on a bundle
(E,m, M) were global as we supposed that these (co)frames are defined on the whole bun-
dle space E, which is always possible if no smoothness conditions on A" are imposed.
Below we will show how local specialized (co)frames can be defined via local bundle co-
ordinates on E.

Let {u'} be local bundle coordinates on an open set U < E. They define on T(U) <
T(E) the local basis {0; := d/du'}, so that any vector can be expended along its vectors. In
particular, we can do so with any basic vector field el of a specialized frame {e;} restricted
to U, eIU :=er|y. Since {9,],}, with p € U, is a basis for A}, we can write

A’ 0
() = (a0, a0t = @0 (4] () G2

where [A;;] and [A!] are nondegenerate matrix-valued functions on U. (The nondegen-
eracy of [A}] follows from the fact that the vector fields 74 | A (eﬁ] ) = Apmy (d/0ut) form a
basis for X(n(U)) € X (M)).

Defintion 3.6. A frame {X;} over U in T(U) is called adapted (to the coordinates {u'} in

U) for a connection A" if it is the specialized frame obtained from (3.27) via admissible
(A7t 0 )

transformation (3.4) with the matrix A = ( o A

Exercise 3.7. An arbitrary specialized frame {eIU } in T(E) over U enters in the definition
of a frame {X;} adapted to bundle coordinates {ul} on U. Prove that {X;} is independent
of the particular choice of the frame {ef'}. (Hint: apply Definition 3.6 and (3.4a) with A
given by (3.16).) The below-derived equality (3.34) is an indirect proof of that fact too.

According to (3.4) and Definition 3.6, the adapted frame {X;} and its corresponding
adapted coframe {w'} are given by

Xy =0y +T;04, X, = 0us (3.28a)

wt = dut, w® =du® — F,‘jdu”. (3.28b)

Here the functions Fz : U — K are defined via

1

[Ta] = +[A5] - [AZ]" (3.29)

and are called (2-index) coefficients of A". In a matrix form, (3.28) can be written as

o, 0 wt 8 0 dw
_ . U — .
(X#’Xa) - (a%ab) |:+rf{ 6g:| > (wa> |:I*z 6Z:| (duh> . (330)

The operators X, = 9, + 170, are known as covariant derivatives on T(U) and the plus
sign in (3.28a) before Iy (hence in the right-hand side of (3.29)) is conventional.

If {u'} and {%'} are local coordinates on open sets U < E and Uc E, respectively, and
Un U + o, then, on the overlapping set U N U, a problem arises: how are the adapted
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frames corresponding to these coordinates connected? Let us mark with a tilde all quan-
tities that refer to the coordinates {#! }. Since the adapted frames are, by definitions, spe-
cialized ones, we can write (see (3.4))

N~ w w”
(X/A:Xa) = (Xv’Xb) A, (CT)“) =A"". (wb> > (3-313)

where the transformation matrix A and its inverse have the form (3.16). Recalling (3.2)
and (3.3), from these equalities, we get

5]
: ouw | | out ot
e [22][22])-

oub

Combining (3.29) and (3.31), one can easily prove the following.

(3.31b)

ProposITION 3.8. A change {u'} — {ui'} of the local bundle coordinates implies the follow-
ing transformation of the 2-index coefficients of the connection:

o ma (00, 00\ o
s — T4 = (aub rt+ auv> == (3.32)

It is obvious that a connection A" is of class C™, m € N U {0}, if and only if its coeffi-
cients I} are C™ functions on U, provided oy are C™ vector fields on U (which is the case
when E is a C"™*! manifold). By virtue of (3.32), the C"*! changes of the local bundle
coordinates preserve the C™ differentiability of I';. Thus the C"*! differentiability of the
base M and bundle E spaces is a necessary condition for existence of C" connections on
(E,r,M); as we assumed m = 1 in this work, the connections considered here can be at
most of differentiability class C!.

The next proposition states that a connection on a bundle is locally equivalent to a
geometric object whose components transform like (3.32).

ProrositioN 3.9. To any connection A" in a bundle (E,m,M) can be assigned, according
to the procedure described above, a geometrical object on E whose components I'; in bundle
coordinates {u!} on E transform according to (3.32) under a change uly — {31 of the
bundle coordinates on the intersection of the domains of {ul} and {31}, Conversely, given a
geometrical object on E with local transformation law (3.32), there is a unique connection
A" in (E,t, M) which generates the components of that object as described above.

Proof. The first part of the statement was proved above, when we constructed the adapted
frame (3.28a) and derived (3.32). To prove the second part, choose a point p € E and
some local coordinates {u!} on an open set U in E containing p in which the geometrical
object mentioned has local components I Define alocal frame {X;} = {X,,X,;} on U by
(3.28a). The required connection is then A q- AZ = {r*Xyly: " € K} forany g € U,
which means that AZ is the linear cover of {X,lq}. The transformation law (3.32) insures
the independence of A" from the local coordinates employed in its definition. O
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From the construction of an adapted frame {X;}, as well as from the proof of Proposi-
tion 3.9, follows that the set of vectors {X,} is a basis for the horizontal distribution Al
and the set {X,} is a basis for the vertical distribution A¥. The matrix of the restricted
tangent projection 7, | o in bundle coordinate system {u# = x# o 7r,u} on E, where the x*
are local the coordinates on M, is the identity matrix as (7| Al )Z = d(xt o mr)/out|, = 6;
for any point p in the domain of {u!}. Hereof we get

0

0
o an (Xy) = w(‘:’ Tl p (Xulp) = o

). (3.33)
7(p)

In particular, from here follows that 7z, [y : Af; — Tr(p)(M) is a vector space isomorphism.
The inverse to (3.33), namely,

XH = (7T*|Ah)_l<a?d,> = (7T*|Ah)_l °7T>k< 9 )) (3.34)

out

can be used in an equivalent definition of a frame {X;} adapted to local coordinates {u'},
namely, this is the frame (714 [an) ™! © 714 (9/0u*),9/0u?). If one accepts such a definition of
an adapted frame for A", the (2-index) coefficients of A" have to be defined via expansion
(3.28a); the only changes this may entail are in the proofs of some results, like (3.31) and
(3.32).

It is useful to be recorded also the simple fact that, by construction, we have

7+ (X,) = 0. (3.35)

Let E be a C? manifold and let A" be a C' connection. The adapted frames are generally
anholonomic as the commutators between the basic vector fields of the adapted frame
(3.28a) are (cf. (3.31) and (3.32))

[X,,,XV]_ = RZVXa, [XM,Xb]_ = ‘TZMXQ, [Xa,Xb]_ =0, (3.36)

with
R, = 0,(I5) — 9, (I'%) +T50, (%) — %9, (T) = X, (') — X, (I'%) (3.37a)
b = —00(T%) = —Xp(T%) (3.37b)

being the fibre components of the curvature and fibre coefficients of the connection. An
obvious result from (3.36) is stated as follows.

ProrosriTioN 3.10. An adapted frame is holonomic if and only if
R, =0(=0Q=0), °T; =0 (3.38)

Therefore, only the flat (integrable) C! connections, for which Q = 0, may admit holo-
nomic adapted frames (cf. Proposition 3.5). Besides, as a consequence of (3.37b) and
(3.38), such connections admit holonomic adapted frames on U < E if and only if there
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are local coordinates on U in which the coefficients I'; are constant on the fibres passing
through U, that is, if and only if l"l‘j = Gl‘j o 7t for some functions Gﬁ :1(U) — K, which is
equivalent to ab(rg) =0.

Example 3.11 (horizontal lifting of a path). Recall, the horizontal lift of a C! path y:] —
M passing through a point p € 771(y(t)) for some to € J is the unique path Vp:] —E
such that wey, = y,7,(t) = p, and ?P(t) € Agp(t) for all t € J. As in a specialized frame

{er}, the relation X, € Ag is equivalent to e?(X) = 0 for any X € X(M); in an adapted
coframe, given by (3.28b), the horizontal lift y, of y is the unique solution of the initial
value problem

@’ (y,) =0, (3.39)
7,(t) = p, (3.39b)

which is tantamount to any one of the initial-value problems (t € J)

7,(1) = Th(7,(10)7,(t) =0, (3.39a")

¥, (to) = p"i=u'(p), (3.39b")
duoy,(®) _d( o) ,
— "L, =3 =0, (3.392")
u (7, (t0)) = u'(p), (3.39b")

where x* are the local coordinates in the base space that induce the basic coordinates u*
on the bundle space, u# = x# o 1. (Note that the quantities d(x* o y(t))/dt, entering into
(3.39a""), are the components of the vector y tangent to y at parameter value ¢.) One may
call (3.39a), or any one of its versions (3.39a’) or (3.39a”"), the parallel transport equation
in an adapted frame as it uniquely determines the parallel transport along the restriction
of y to any closed subinterval in J (see Definition 3.2).

Example 3.12 (the equation of geodesic paths). A connection A" on the tangent bundle
(T(M), T, M) of a manifold M is called a connection on M. In this case, (3.39) defines
also the geodesics (relative to A")in M. A C? path y:J] = M in a C* manifold M is called
a geodesic path if its tangent vector field y undergoes parallel transport along the same
path y, that is, P"!l*71((g)) = j(7) for all 0,7 € J, which means that the lifted path y :
J — T(M) is a horizontal lift of y (relative to A"). So, if x* are local coordinates on 7(U) €
M and the bundle coordinates on U < E are such that [40, Section 1.25] u# = x* o7
and u™* = dx* (4,v,... = 1,...,n = dimM), then (3.39a”’) transforms into the geodesic
equation (on M)

2 v
w _ ;’W(y(t))w =0, te], (3.42)

which (locally) defines all geodesics in M. (With obvious renumbering of the indices, one
usually writes T% for I';"*.) Of course, a particular geodesic is specified by fixing some
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initial values for y(fy) and y(ty) for some t, € J. Notice that (3.42) is an equation for a
path y in M, while (3.39a”") is an equation for the lifted path y in T(M) provided the
path y in M is known; for a geodesic path y : ] — M, evidently, we have y = . That is,
the vector y(t) tangent to y at ¢ is identical with the value () of the horizontal lifting
y:J] — T(M) of y (in the tangent bundle space) at ¢ for all t € J.

4. Connections on vector bundles

In this section, by (E, 7, M) we will denote an arbitrary vector bundle [29]. A peculiarity
of such bundles is that their fibres are isomorphic vector spaces, which leads to a natural
description of the vertical distribution A” on their fibre spaces, as well as to existence of a
kind of differentiation of their sections (known as covariant differentiation).

In the vector bundles, as we will do in this section, the so-called vector bundle coordi-
nates which are linear on their fibres and are constructed as follows are used (cf. [32, page
30]). Here the linearity means that the fibre coordinate functions u* with domain U < E
are linear on the intersection U N~ !(p) forall p € U, that s, ulunrp: UN n(p)—
K are linear functions on the vector space U N7~ !(p).

Let {e,} be a frame in E over a subset Uy S M, that is, {e,(x)} is a basis in 7~ !(x)
for all x € Uy. Then, for each p € 77! (Uy), we have a unique expansion p = pe,(n(p))
for some numbers p* € K. The vector fibre coordinates {u®} on n~!(Uy) induced (gener-
ated) by the frame {e,} are defined via u?(p) := p? and hence can be identified with the
elements of the coframe {e®} dual to {e,}, that is, u® = e?. Conversely, if {u!} are coordi-
nates on 77! (Uy) for some Uy S M which are linear on the fibres over Uy, then there is
a unique frame {e,} in 77!(Uy) which generates {u®} as just described; indeed, consid-
ering u™*!,...,u™" as 1-forms on 77! (Uy), one should define the frame {e,} required as
a one whose dual is {u?}, that is, via the conditions u”(ey) = §j.

A collection (') of basic coordinates (u#) and vector fibre coordinates {14} on 7~ (Uy)
is called vector bundle coordinates on 771 (Uy). Only such coordinates on E will be em-
ployed in this section.

4.1. Vertical lifts. The idea of describing the vertical distribution A” on a vector bundle
is that if L is a vector space, then to any Y € L there corresponds a “vertical” vector field
Y € (L) = Sec(T(L),r,L) whose value at X € L is the vector tangent to the path ¢ —
X+tY e L,witht € R, at t = 0, that is, Y"|x := d/dt|;—o(X + tY). Here and below, with
Sec(E,m,M) (resp., Sec™(E, 7, M) with m € N U {0}) we denote the module of sections
(resp., C' sections) of a bundle (E, 7, M) (resp., of a C"™! bundle (E,m, M)).

Let (E,7,M) be a vector bundle and AV the vertical distribution on it, namely, for
eachpeE,AV:p— A} = Ty(n 1 (7(p))). To every Y € Sec(E,m, M), we assign a vertical
vector field Y” € A” on E such that, for p € E,

d
Yy = Y"Ipzza tzo(p+tY|,,(p)). (4.1)
(The mapping (p, Yn(p)) — Y} defines an isomorphism from the pullback bundle 7*E
into the vertical bundle V'(E)—see [29, Sections 1.27 and 1.28] and also [32, page 41,
Exercises 2.2.1 and 2.2.2].)
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LEmMMA 4.1. Let {u} be vector fibre coordinates generated by a frame {e,} on M. If Y €
Sec(E,m,M) and Y = Y?%e,, then

v _ a a
Y= (Yom) o (4.2)
Proof. Using Definition 4.4, we get for p € E,
y o d _ A (p+1Ylxp)) J
Y |p - a tzo(p"’tY'ﬂ(P)) - dt t:()aua »
(4.3)
Cdpr+tYi(n(p) | 9| . | . ) ‘

- dr odue |, = VP50 ] = ((Fem g )] -

(]

If Y € Sec(E,m,M), the vector field Y := v(Y) € AV, defined via (4.1), is called the
vertical lift of the section Y. It is (locally) given by (4.2) in vector bundle coordinates. An
evident corollary of Lemma 4.1 is stated as follows.

CoROLLARY 4.2. The commutator (Lie bracket) of the vertical lifts of any two sections is zero,
that is, if Y1, Y, € Sec(E,m, M), then

[Y], Y]] =0. (4.4)
ProposiTioN 4.3. The mapping

v:Sec(E,m,M) — {vector fields in A"},

(4.5)

d
v:Y — YV ip— Y|, = i tzO(P*'tYn(p))

is a bijection and it and its inverse are linear mappings.

Proof. The linearity and injectivity of v follow directly from (4.1). Now we will prove that,
for each Z € A”, thereis a Y € Sec(E, 7, M) such that YV = Z, that is, v is also surjective.
Let Z = Z%9/0u”, with {u!} being (local) vector bundle coordinates on E and the func-
tions Z¢ being constant on the fibres of E, that is, Z! = z! o 7 for some functions z' on M.
Define Y = z%, with {e,} being the frame in E over M generating {ul}. By Lemma 4.1,
we have YV = (2% o 7)(9/0u®) = Z%(9/0u’) = Z. The linearity of v~! follows from here
too. O

Consider a section w of the bundle dual to (E, 7, M) [29]. Its vertical lift w, is a 1-form
on AV such that, for Z € A" and p € E, w,(Z)], = w(Y)|z(p) for the unique section Y €
Sec(E,m,M) with Y” = Z (see Proposition 4.3), that is, we have w, (- ), = (@ o v71(+)) | x(p)
which means that

w,(Z)=(wov ' (Z))omr or w,(Y) |p = 0(Y)|n(p) (= wr(p) (Yu(p)))- (4.6)
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If {e* = u®} is the coframe dual to {e,} and w = w,e?, then in the coframe {du?} dual
to {d/0u}, we can write (cf. (4.2))

w, = (wg o m)du’. (4.7)

It should be mentioned, “vertical” lifts of vector fields or 1-forms over the base space M
are generally not defined unless E = T(M) or E = T* (M), respectively. (Since 7« (A}) =
0x(p) € Tr(p)(M), p € E, we can say that only the zero vector field over M has vertical lifts
relative to 77 and any vector field in AV is its vertical lift. This conclusion is independent
of the existence of a connection on (E, 7, M) and depends only on the fibre structure of E
induced by 7.)

Let A" be a connection on (E,n,M) and let ¢ : E — K be a C' mapping. Since any
X € X(E) can uniquely be written as a direct sum X = v(X) @ h(X), with v(X) € A” and
h(X) € A", we have ¢4 (X) = ¢4 (V(X)) + ¢4 (h(X)) € X(K). If {Z} is a specialized frame
in T(E) and {Z'} is its dual coframe of 1-forms on ¥(E), we immediately get

Px = (94 (Za)) 2%+ (9 (24)) 2" = (Za(9)) 2% + (Zu(9)) 2, (4.8)

as X = X'Z; entails v(X) = X*Z, and h(X) = X#Z,; in particular, (4.8) holds in any
adapted (co)frame (3.28) and/or a section ¢ of the bundle (E,n,M). If {u'} are vector
bundle coordinates, in the (co)frame (3.28) adapted to them, we have Z, = X, Z, = 9,,
ZF = wt = dut, Z° = w?, and we can write the expansion ¢ = ¢,u” with ¢, : E — K. Thus
(4.8) takes the form

¢x = Pa0” + (X (@au)) wt = @, + (X, (@au)) 0", (4.9)

where (4.7) was applied.
A section Y of (E,m, M) and section w of the bundle dual to (E, 7, M) can be lifted verti-
cally via the mappings

v:Y — Y EA, (4.10a)
W — Wy, (4.10b)

respectively, given by (4.5) and (4.6) (see also (4.2) and (4.7)). These mappings do not
require a connection and arise only from the fibre structure of the bundle space induced
from the projection 77 : E — M.

If a connection A" on (E,7,M) is given, it generates horizontal lifts of the vector fields
on the base space M and of the I-forms on the same base space M into respectively, vec-
tor fields in A" and linear mappings on the vector fields in A", Precisely, if F € %(M)
and ¢ € A'(M), their horizontal lifts are defined by the mappings (alternatively, one may
define ¢, = ¢ o . = *(¢); in this way the domain of ¢y, which is defined by (4.11b),
is expanded on the whole space X(E); obviously, ¢,(Z) = ¢»(Z) for Z € A" 2 ¥(E) and
¢, (Z)=0for Z € ¥(E) \ {X € A"})

F—F'eA" withF":p— F}:= (n*|Ag)‘1(Fﬂ(p)), p€EE, (4.11a)

¢ — P with Sni=domylpn:p— ¢h|p :¢|r[(p) o (”*'Af;)' (4.11b)
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The horizontal lift ¢;, of ¢ can also be defined alternatively via
¢ (F") |, = (F)| i) (4.12)

which equation is tantamount to (4.11b).

Let {t# = x# o 7,u”} be vector bundle coordinate system and let {X;} (resp., {w;}) be
its adapted frame (resp., coframe) constructed from it according to (3.28). If Y = Y?,,
w = wqe, F = F#(9/0x*) € X(M), and ¢ = ¢,dx* € A'(M), (4.2) and (4.7) imply

Y= (Yo m)X,, w, = (wg o) W?, (4.13)
while from (4.11) and (3.33), one gets

F" = (F*om)X,, ¢n = (¢y o m)wh, (4.14)
which agree with (3.15).

4.2. The tangent and cotangent bundle cases. As an example, in the present subsection
a connection A" on the tangent bundle (T(M), 71, M) over a manifold M is considered.

A vector field Y € X (M) = Sec(T(M), 7wy, M) has unique vertical lift YV € A (which
is independent of A") and unique horizontal lift given by (see (4.5))

YV:=v(Y) €A, Yhi= ((mr) )" (Y) € A, (4.15)

the last equality meaning that Y}} = ((m7) « IA; )’1(Yp), which is correct as (717) « |Ag : Ag -
Ty(p)(M) is an isomorphism. Respectively, if w is 1-form on M, it has vertical lift w,
(which is independent of A"y and horizontal lift wy,, which is 1-form on A", defined by
(see (4.6))

w0, (Z) = (wovY(2Z)) oy, wpi=wo (m7), =1 (w). (4.16)
The horizontal lift of w has the properties
wp (YY) =0 forY e X(M), (4.17a)
wp(Y") = (0(Y)) oy for Y € (M), (4.17b)
the first of which is equivalent to
wp(Z)=0 forZeA, (4.15a")

due to Proposition 4.3.
Thus there arises a lift (M) — %(T(M)) such that the lift of YEX (M) is Y EX(T(M))
with

Y:=Y'eoY" (4.18)
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Obviously, this decomposition respects Definition 4.4 and
(1) (Y) = (mr)  (Y") = Y. (4.19)
The dual lift w — @ € A'(T(M)) of a 1-form w € A'(M) is given by
W= wy, S W (4.20)
As a result of (4.6) and (4.17), we have
@(Y) = w, (V") + wp(Y") = 2(w(Y)) o 77 (4.21)

At last, let us look on the vertical and/or horizontal lifts from the view point of local
bases/frames.

In the case of the tangent bundle (T (M), 77, M) (resp., cotangent bundle (T* (M), 7},
M)) over a manifold M, any coordinate system {x#} on an open set Uy S M induces
natural vector bundle coordinates in the bundle space [40, Section 1.25] (see also [32,
pages 8, 43]). For the purpose, we put e, = d/9x", so that e# = dx*, and we get (A, y,... =
1,...,dimM and a,b = dimM +1,...,2dim M)

{u'} = {x# o rp,dx”}, thatis, u* = x* o mp u® = dx*~dimM (4.22a)
on 717! (Uyr), in the tangent bundle case, and

{ul} = x"onT*,(-)<i) that is, u# = x* o 7y~ udimM“’:EME(i) (4.22b)
ox” ox”

on 77.(Uy) 3 &, in the cotangent bundle case. In connection with the higher order
(co)tangent bundles, it is convenient the vector fibre coordinates to be denoted also as
uf := x# := dx* in T(M) and by () = (+)(0/0x*) in T*(M).

Consider the vector bundle coordinates {u# = x* o r,u} = dx”} on 77 (Uy). They
induce the frame {9, = 0/0ut,d} = 0/0u]} and the coframe {du#,du}} on n7'(Uy) and

n74 (Unm), respectively. According to (3.30), they induce the following adapted frame and
its dual coframe:

vV

1 1 8/4 0 vl 3l
(X/,nX/,;) = (av:av) ) +r;; 8‘;} = (all +ryawa},4)a (4233—)

wH 8 0 dw” dut N
o) Tl ort st \awt) T \aud - rhaw) (4.23b)
where, as accepted in the (co)tangent bundle case, a fibre index, like g, is replaced with
a base index, like y, according to a — y = a — dim M, which leads to identification like
I? .= rdimM+v,
p p
Consider a vector field Y = Y#(9/dx*) € & (M) and 1-form 5 = 5, dx* € A'(M). Ac-

cording to (4.2) and (4.7), their vertical lifts are

Y'=(Yto nT)Xﬁ eN, 0" = (nu o mr+) o, (4.24a)
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and similarly, due to (4.14), the horizontal lifts of Y and 7 are
Yh = (Y¥onr)X, € A", " = (1 o mr+) . (4.24b)

4.3. Linear connections on vector bundles. The most valued structures in/on vector
bundles are the ones which are compatible/consistent with the linear structure of the fi-
bres of these bundles. Since a distribution A: p — A, = T,(E), p € E, on the bundle space
E of a (vector) bundle (E, 7, M) cannot be considered as a linear mapping without addi-
tional hypotheses, the concept of a linear connection arises from the one of the parallel
transport assigned to a connection (see Definition 3.2). (For an alternative approach, see
[24, page 42].)

Defintion 4.4. A connection on a vector bundle is called linear if its assigned parallel
transport is a linear mapping along every path in the base space, that is, if the mapping
(3.13) is linear for all paths y : [0,7] — M in the base.

The restriction on a connection to be linear is quite severe and is described locally by
the following theorem.

THEOREM 4.5 (cf. [30, Section 5.2]). Let (E,7,M) be a vector bundle, let {u'} be vector
bundle coordinate system on an open set U C E, and let A" be a connection on it described
in the frame {X;}, adapted to {u'}, by its 2-index coefficients Iy (see (3.27)—(3.29)). The

connection A" is linear if and only if, for each p € U,

Ti(p) = —T4,(x(p)u’(p) = = (T, o ) - u”) (p), (4.25)

where Iy, : m(U) — K are some functions on the set m(U) = M and the minus sign before
Z# in (4.25) is conventional.

Proof. Take a C! path y: [0,7] — 7(U) and consider the parallel transport equation
(3.39a”), namely,

= T4(7,(0) (1), (4.26)

where y, : [0,7] — U is the horizontal lift of y through p € n(y(0)), y* := u® oy, and
P (t) = d(o# o p(£))/dt = d(ut o p(t))/dt as u# = x* o 7w for some coordinate system {x*}
on (U).

Sufficiency. 1If (4.25) holds, (4.26) can be transformed into

~—

dya(t
dt

= T3, (Y)Y (D7#(1), (4.27)

which is a system of r linear first-order ordinary differential equations for the r func-
tions ?;“,. .. ,?Z”. According to the general theorems of existence and uniqueness of the

solutions of such systems [12], it has a unique solution

ya(t) = Y ()p" (4.28)
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satisfying the initial condition ?Z(G) = u?(p) =: p% where Y = [Y}'] is the fundamental
solution of (4.27), that is,

—‘“QE” = [T, ()P O]y - YO, Y(0) = Ly = []]. (4.29)

The linearity of the mapping P?, defined by (3.14), with respect to p follows from (4.28)
fort=r.
Necessity. Suppose (3.13) is linear in p for all paths y: [o,7] — 7(U). Then 7p(t) =
pylloi] (p) is the horizontal lift of y | [o,¢] through p and (cf. (4.28)) ?Z(t) = AZ(y(t))pb
for some C! functions A} : 7(U) — K. The substitution of this equation in (4.26) results
into

0A7(x)

Oxt Lxmy(=r(y,1)

PP =Ta(F,(0) (). (4.30)

Since y: [0,7] — M, we get (4.25) from here, for t = o, with Fzy(x) = —0dAj(x)/0xt for
xen(U). (Il

The functions 1"2‘” :71(U) — K will be referred as the (local) 3-index coefficients of the

linear connection A" in the adapted frame {X;}. If there is no risk to confuse them with
the 2-index coefficients I'; : U — K, they will be called simply coefficients of A", Note, the
2-index coefficients of a linear connections are defined on (a subset of) the bundle space
E, while the 3-index ones are define on (a subset of) the base space M. Equation (4.27) is
simply the parallel transport equation for the linear connection considered.

Example 4.6. Since u® is replaced by u{ = dx* in the tangent bundle case (see Section 4.2),
the linear connections in (T'(M), w7, M) have 2-index coefficients of the form

Ty = — (T}, omr) - uj = = (I3, o r) - do, (4.31)
and, consequently, they can be regarded as 1-forms on M.

Consider a linear connection A" on a vector bundle (E, 7, M). Let T4 and I}, be its 2-
and 3-index coefficients, respectively, in a frame {X;} adapted to vector bundle coordi-
nates {u!}.

CoRroLLARY 4.7. The 3-index coefficients I'y, of a linear connection A" uniquely define the
fibre coefficients of A" in {X;} by

o le - rzﬂ o =m*( Z,u)’ (4.32)

that is, the fibre coefficients of a linear connection are equal to the 3-index ones lifted by the
projection 7.

Proof. Since (3.28a) and (4.25) imply
(X, Xp] = (FZM o 11) Xas (4.33)

(4.32) follows from (3.22a) and (3.23a) or (3.37b) and (4.25). O
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As the vector bundle coordinates ! are, by definition, linear on the fibres of the bun-
dle, the general change of such coordinates is

{u,u"} — {0 =% o 1,0 = (B} o ) - u’}, (4.34)

with B = [Bj] being a nondegenerate matrix-valued function on 7(U). The change (4.34)
entails the following transformation of the corresponding adapted frames:

(X Xa} — (X, = (Bom) - X, Xa = (BS o) - X}, (4.35)

where [B;j] = [0x”/0x*] is a nondegenerate matrix-valued function on the intersection of
the domains of {x#} and {X*}. (In (4.35) we have used that ou”/du"| , = d(x” o )/9(X* o 1)
lp = 0x"/0X* | n(p).)

ProrosITION 4.8. The change (4.34) implies the following transformations of the 3-index
coefficients of the linear connection:

~

0B
— T}, = B] (B;Ffv -

T ox”

. ) (B71);, (4.36)
Proof. Apply (4.35), (3.32), and (4.25). Alternatively, the same transformation law fol-
lows also from (3.24a) and (4.32). O

If we introduce the matrix-valued functions I, := [FZH] and IN“,, = [NZH] on M, we can
rewrite (4.36) as
oB

r,— T, =B (B-Fv—w)-B*1=B;B-(FV-B*1+

an1>

e (4.37)

This relation corresponds to (3.25) with [A}] = B~ o (see also (4.32)) as the frame
{ea: M — Ej}, relative to which the vector fibre coordinate system {u“} is defined (E >
p — u?(p) with p = u?(p)es(m(p))), transforms via the matrix inverse to B o 7.

Let E be a C> manifold and A" a C' connection on (E, 7, M). Substituting (4.25) into
(3.37a), we get the fibre components of the curvature of a linear connection as

R, =~ (R}, om) -, (4.38)
where
a O (ray_ 9 (ray\_7cpa e T
by * = @( o) — %( o) — Touley + T3, T (4.39)
or in a matrix form
Ry :=[R},] = % - gij ~T,-T,+T, L), (4.35)

are the components of the curvature operator (see (4.58)). As a result of (3.22b) and (4.38),
the transformation (4.34) entails the change

R}, — R}, = BIB(B™'){B{RY,, (4.40)
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or in a matrix form
Ry — Ryy = B)BSB™' - Ry, - B, (4.36)
which corresponds to (3.24b) with A = B~! o 7 (see also (4.38)).

4.4. Covariant derivatives in vector bundles. A possibility for introduction of differen-
tiation in vector bundles, endowed with connection, comes from the vector space struc-
ture of their fibres. This operation can be defined in many independent ways, leading to
identical results. In one of them is involved the parallel transport induced by the connec-
tion: the idea is the values of sections to be parallel transported (along paths in the base)
into a single fibre (over the paths), where one can work with the “transported” sections
as with functions with values in a vector space. Other method uses the existence of nat-
ural vertical lifts of sections of the bundle and horizontal lifts of the vector fields on the
base space; since the both lifts are vector fields on the bundle space, their commutator
(or Lie derivative relative to each other) is well defined and can be used as a prototype of
some sort of differentiation. We will realize below the second method mentioned, which
seems to be first introduced in a rudimentary form in [30, page 31]. (In [30, page 31] it
is proved that, for F = 0/0x* and in our notation, the ath component of the right-hand
sides of (4.50) and of (4.51) coincide in a frame {E,} in E.) (An equivalent alternative
approach is realized in [29, Sections 2.49-2.52].) The first way, as well as the axiomatic
approach, for introduction of covariant derivatives will be obtained as theorems in what
follows.

Let (E, 7, M) be a vector bundle on which a linear connection A" is defined. Suppose
{E,} is a frame in E to which vector fibre coordinates u® are associated and {u!} is the cor-
responding vector bundle coordinate system. The frame adapted to {u!} will be denoted
by {X;}, and {w!} will be its dual coframe, both defined by (3.28) through the (2-index)
coefficients I, of Ah.

Let Z = ZA“Xa e Avand Z = ZHX,, e A" be, respectively, vertical and horizontal vector
fields on E. Define a mapping VA" @ Al = T(E) — Z(E) such that (the idea of the con-
struction (4.41) is to drag the vertical vector field VA along the horizontal one Z, which
will give a vector field in % (E), and then to project the result onto the vertical distribution
AY by means of the invariant projection operator II = X, ® w® : X(E) — &(E); evidently
I1? = 1o I1 = I and I1 is the unit (identity) tensor in the tensor product of vector fields
and 1-forms on E)

Vi (2,Z) — V7(2):=T1(¥52) € %(E), (4.41)
where the (1,1) tensor field

II:=> X, ® o (4.42)
a

is considered as a operator on the set of vector fields on E. Since (see (2.1b) and (2.7))

P77 = Z(ZY X+ 2" 2% X Xa] (4.43)
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and w*(X,) = 8; =0, from (3.36), (3.37b), and (4.41), we obtain
V2Z = ZMX,(Z°) = 29y (T} Xa, (4.44)

from where one can prove, via direct calculation, the independence of V;Z of the particu-
lar (co)frame used. For any particular point p € E, the value of the vector field (4.44) at p
is a vertical vector, (V72)| p € A}, but generally V77 is not a vertical vector field. The rea-
son is that a vertical vector field on E is a mapping V: p — V, € A} = Tp(rfl(r[(p))) =
Typy (1 (m(p))) = (7151 p) " (On(py), with 1: 77! (p) — E being the inclusion mapping and
05(p) € Tr(p)(M) being the zero vector, due to which V), and hence its components, must
depend only on 7(p) € M. Therefore, we have

V7 EA" = 0p(I})) = —Th,om =TI} = —( Zyon)-ub+GZorr, (4.45)

for some functions I‘“ﬂ, GZ :M — K. Thus @ZZA is a vertical vector field if and only if the
2-index coefficients ¥ in {X;} of the connection A" are of the form

I‘Z = — (I‘ZH o 7-[) . ub + GZ oTT. (4.46)

This equality selects the set of affine connections among all connections (see Section 4.5);
(usually the affine connections are defined on affine bundles [19, 24]) in particular, the
linear connections for which G,=0 and FZH are their 3-index coefficients (see (4.25) are
of this type ). For connections with 2-index coefficients (4.46), (4.44) reduces to

V2Z = Z'{X,(2%) + 2P (T}, o ) } X, € A", (4.47)

Now the idea of introduction of a covariant derivative of a section Y € Sec(E, 7, M)
along a vector field F € (M) is to “lower” the operator V from T(E) to T(M).

Defintion 4.9. A covariant derivative or covariant derivative operator, associated to a linear
(or affine) connection A" on a vector bundle (E, 7, M), is a mapping

V : %(M) x Sec! (E, 1, M) — Sec®(E,m, M),

(4.48)
V:(F,Y)— ViY

such that, for F € ¥(M) and Y € Sec'(E,m,M), VY is the unique section of (E, 7, M)
whose vertical lift is Vg Y”, with V defined by (4.41) (or (4.47)), namely,

(VeY) :=VmY" (4.49)
or

VEY =97 o Vi )m (V(Y)) = (v o Vi 1m0 v) (Y), (4.50)

where F" € A" and Y” € A” are, respectively, the horizontal and vertical lifts of F and Y.
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Remark 4.10. Definition 4.9 and the rest of this subsection are valid also for affine connec-
tions for which (4.46) holds, not only for the linear ones. For some details, see Section 4.5.

ProrosiTioN 4.11. Let {E,} be a frame in E and {x*} local coordinate system on M. If
Y = Y?E, € Sec' (E,m,M) and F = F*(0/0x*) € %(M), then the following explicit local ex-
pression holds:

o) G
VpYzF"(W+FhHY )Ea. (4.51)
Proof. Apply (4.49), (4.13), (4.14), (4.47), and (4.2). O

ProposITION 4.12. Let A" be a linear connection on (E,m,M) and let P be generated its
parallel transport. Let x € M, y: [0,7] — M, y(ty) = x for some ty € [o,7], and y(t;) = Fx,
that is, y being the integral path of F € X(M) through x. Then

p! (Yy(s)) - Yy(to)

Pl e (Yyre) = Y.
1 s—to _n fote—to \ Ly(tot+e) y(to)
(VeY) |, =lim — lim ; , (4.52)
where Y € Sec!(E,m,M) and
pylist] ors <t
P!, § (4.53)
(P fors>t

Proof. Use Definition 3.2 and apply the parallel transport equation (4.27) with initial
value 7}%) (s) = Yy at the point t = s € [0, 7]. O

By Proposition 4.12, (4.52) can be used as an equivalent definition of a covariant de-
rivative associated with a linear connection.

PrOPOSITION 4.13. Let F,G € ¥(M), Y,Z € Sec' (E,n,M), and let f:M— K beaC
function. Then

VeigY = VEY + VY, (4.54a)

VY = fVrY, (4.54b)

Ve(Y+Z)=VrY+VEiZ, (4.54¢)

Ve(fY)=FE(f)-Y+f- VY. (4.54d)

Proof. Apply (4.51). O

PrOPOSITION 4.14. If a mapping (4.48) satisfies (4.54), there exists a unique linear connec-
tion A", the assigned to which covariant derivative is exactly V.

Proof. Define local functions I'y, on M, called components of V, by the decomposition
VajoxnEp =: Ty, Ea. (4.55)

A simple verification proves that they transform according to (4.36) and hence the quan-
tities (4.25) transform by (3.32). Proposition 3.9 ensures the existence of a unique linear
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connection whose 2-index (3-index) coefficients are Iy (FZM). Thus the covariant deriva-
tive of Y € Sec(E, 7w, M) relative to F € % (M) is given by the right-hand side of (4.51). On
another hand, (4.54) entail (4.51), with FZH defined by (4.55), so that V is exactly the co-
variant derivative operator assigned to the connection with 3-index coefficients I',,. [

Consequently, (4.54) and (4.55) provide a third equivalent definition of a covariant
derivative (covariant derivative operator). Moreover, since Proposition 4.14 establishes
a bijective correspondence between linear connections and operators (4.48) satisfying
(4.54), quite often such operators are called linear connections. (See also [29, Sections
2.15 and 2.52].) As it is clear from the proof of Proposition 4.14, the bijection between
linear connections and covariant derivative operators is locally given by the coincidence
of their (3-index) coefficients and components, respectively.

Exercise 4.15. A C! section w = w,E* of the bundle dual to (E,r, M) can be differentiated
covariantly similarly as the sections of (E,7,M). Show that the corresponding operator,
say V*, can equivalently be defined by (the “Leibnitz rule”)

(VEw)(Y) = F(w(Y)) —@(VFY) (4.56)
and locally the equation
owg .
Viw=F* ( aj:f‘ - rgﬂwb>E ) (4.57)

is valid.

Equipped with the covariant derivative V assigned to a C! linear connection A", we
define the curvature operator of A" (or V) by

R:Z(M) x (M) — End (Sec(E,,M)),

(4.58)
R:(F,G) — R(F,G):=VpoVg—VsoVE—Virag.,
with End(- - - ) denoting the set of endomorphisms of (- - - ).
Exercise 4.16. Prove that locally
(R(F,G)(Y) = (R}, YPF*G")E,, (4.59)

where the functions R}, : M — K, called the components of the curvature operator R in
the pair of frames ({9/0x*}, {E,}), are defined by

0 0

R(w, ﬁ) (Ep) =: RS, Eq (4.60)

and are explicitly expressed through the coefficients of V(= 3-index coefficients of A")
via (4.39).

A linear connection or covariant derivative operator is called flat or curvature free if

R=0(<> R =0). (4.61)

a
buy
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Obviously, the flatness of A" or V is a necessary and sufficient condition for the (local)
integrability of the horizontal distribution A" : p — Ag c Ty(E), p € E (see (3.23b) and
(4.38)).

TueorEM 4.17. Let Y be a C! section of a vector bundle (E, 7, M) endowed with a linear
connection A". The following three conditions are equivalent:
(1) Y is covariantly constant, namely, if F € X (M), then

VeY = 0; (4.62)
(ii) Y is a solution ofAh, that is,
ImY, CA"( = Y| (T(M)) c A forx € M); (4.63)
(iii) Y is parallelly transported along any path 'y : [o,7] — M,
PY(Yy(0)) = Yy(o)- (4.64)

Proof. Since Y = u(Y)e,, mo Y =1idy, and w® = du® — T/‘jdu”, we have for x € M,

() (P 2] e 2
“ o) = oxt | ou |y, oxt  Foul |y,
(4.65)
0 emoY) | oav*|  (oy*
T Oxt xFV(Yx) T o . (ax!‘ ~Lae Y) 2

The equivalence of (i) and (ii) follows from here, (4.25), (4.51), and that A" annihilates
the 1-forms w?, w%(Z) = 0 = Z € A".
If we rewrite the parallel transport equation (4.27) as (see (4.51))

(Vi) [y = 05 (4.66)

the equivalence of (i) and (iii) follows from Definition 3.2 of a parallel transport and the
arbitrariness of y in (4.66). O

Exercise 4.18. Formulate and prove a theorem dual to Theorem 4.17; for example, a sec-
tion ¢ = @,u® of the bundle dual to (E,7,M) is a first integral of A", that is, Ker g, 2 A"
(= ¢« |p(Ag) = 0p(p) € Ty(p)(K) for p € E), if and only if

V*p=0. (4.67)

ProPOSITION 4.19 (cf. [30, page 32]). Let a linear connection A" on a vector bundle be given
and let Ty, be its (3-index) coefficients. The following conditions are (locally) equivalent:
(a) A" is integrable;
(b) A" is flat;

(¢) there exists a solution of the system of partial differential equations

U
oxt

+T3,U=0 (4.68)
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relative to U® and the solution of (4.68) satisfying U?|,_y, = U is U® = B{UY, where B =
[By] is the fundamental solution of (4.68), namely,

aBZ a 4 a a
w + FC‘HBh = 0, Bh |X:X0 = ah; (4.69)

(d) there is an integrating matrix B~ for the 1-forms w®, that is, (B~' o m)fw® = df*®,
where the functions f°: E — K are first integrals of A", that is, Kerdf* > A;
(e) the coefficients of A" have the form

B! B

— (T2 1—_-R. __“2
L= [T,) =B 5 =2 (4.70)
for some matrix-valued function B on M.
Proof. (a)&(b). See (4.61) and the comment after it.
(c)®(e). The matrix form of the equation in (4.69), that is,
oB /
w‘FF#'B:O, (463)

is tantamount to (4.70).

(b)«(c). The flatness of A", that is, Ry, =0 (see (4.35")), is the integrability condition
for (4.63") as an equation relative to B—see [17, Lemma 2.1].

(c)e(d). Since (3.36) and the first equality in (2.1c¢) entail

Fx, (9a0?) = —9aRj, 0"+ {X, (¢a) — °I“Z”gob}w“, (4.71)

we have (see also (4.32)) for a flat linear connection

ox#
_ 0B B .
A (@ e

Thus (4.69), which entails (c), is equivalent to Sixy((B’l o m)f w?) = 0, which is equiv-
alent to d((B~! o )] w®) = 0, due to w*(Xy) = & = 0 and the second equality in (2.1a)
(applied, e.g., for Y = X, ). Now the Poincaré’s lemma (see [27, Section 6.3] or [8, pages
21, 106]) tells us that locally (on a contractible region in E) there are functions f* on E
such that the last equality is tantamount to d f* = (B~ o 7){ w?.

It remains to be proved that f*: E — K are first integrals of A", that is, Kerd f*D Al
which means ( f4) IP(A?,) =0,p €E,or (f*)«,(X,) = 0as A" is spanned by {X,}. Using
the global chart (IK,idk) on [, which induces the one-vector frame {9/9r} for r € K on

O [
4.72
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K, we have (see (3.28))

a a b d ‘ _ afa b afa i
(F9)lp () = (f) |p<8ul‘+rl‘aub> p_<8u“ » rﬂ(p)aub p)di‘ fa(p)
=0 asdf= (B 'om), w* = (B om);(du’ — T} o du¥) (4.73)
af d b af du" dfa 0

4.5. Affine connections. In Section 4.4, we met a class of connections on a vector bundle
whose local 2-index coefficients have the form (see (4.46))

FZ=—(Fzﬂon)-ub+G,‘jon (4.74)

in the frame {X;} adapted to a vector bundle coordinate system {ul}. From abr; = —FZH
and (3.32), one derives that the functions TZH in (4.74) transform according to (4.36),
namely,

aB“ Cc
- ax;)(B*l),j, (4.75)

ry, — T4, = B (B
when the vector bundle coordinates or adapted frames undergo the change (4.34) or
(4.35), respectively. Thus, combining (3.32), (4.75), and (4.74), we see that (4.34) or

(4.35) implies the transition
Gi — G% = B{G'B). (4.76)

Consequently, the functions Fzﬂ in (4.74) are 3-index coefficients of a linear connection,
while Gy in it are the components of a linear mapping G : X (M) — End(Sec((E,m,M)*))
such that G: F — G(F) : w » (G(F))(w), for F € X(M) and a section w of the bundle
(E,r,M)* dual to (E,,M), and (G(d/0x*))(E?) = Gj. The invariant description of the
connections with local 2-index coefficients of the type (4.74) is as follows.

Defintion 4.20. A connection on a vector bundle is termed affine connection if assigned its
parallel transport P is an affine mapping along all paths y : [0,7] — M in the base space,
that is,

PY(pX) = pP"(X) + (1= p)P7(0), (4.77a)
PY(X +Y) = PY(X) +P?(Y) — P?(0), (4.77b)

where p € K, X,Y € n7!(y(0)), and 0 is the zero vector in the fibre 77! (y(0)), which is a
K-vector space.

THueOREM 4.21. Let (E, 7, M) be a vector bundle, let {u'} be vector bundle coordinate system
over an open set U € E, and let A" be a connection on it with 2-index coefficients I in the
frame {X;} adapted to {u'}. The connection A" is an affine connection if and only if (4.74)
holds for some functions Iy, Gy : m(U) —
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Proof (cf. the proof of Theorem 4.5). Take a C' path y: [0,7] — #(U) and consider the
parallel transport equation (3.39a’), namely,
dy; (1)
dt

=T5(7,0) (1), (4.78)
where Yy [o,7] — U is the horizontal lift of y through p € 77! (y(0)), * := u® oy, and
pH(t) = d(x# o p(t))/dt = d(u# o p(t))/dt as u# = x* o  for some coordinates {x*} on (U).
Sufficiency. 1f (4.74) holds, (4.78) can be transformed into
dy; (t)
dt

= =T}, (y(0) 7, ()7 (D) + Gi (y(1)) (8), (4.79)

which is a system of r linear inhomogeneous first-order ordinary differential equations
for the r functions 7;‘,“,...,7;”. According to the general theorems of existence and
uniqueness of the solutions of such systems [12], it has a unique solution

75t = Yi(0)p® + y°(0), (4.80)

satisfying the initial condition ?Z(a) =u?(p) =: p?, where Y = [Y}/] is the fundamental
solution of (4.27) (see (4.29)) and y“(t) is the solution of (4.79) with y?(t) for ?;(t)
satistying the initial condition y?(¢) = 0. The affinity of (3.13) in p, that is, (4.77), follows
from (4.80) for t = 7.

Necessity. Suppose (3.13) is affine in p for all paths y: [o,7] — 7(U). Then ?p(t) =
pYllotl(p) is the horizontal lift of y | [o,¢] through p and (cf. (4.80)) yy(t) = Al(y(1)pb +

A%(y(t)) for some C! functions Af,A%: m(U) — K. The substitution of this equation in
(4.78) results into

0A%(x) . 0A%(x)
abu 0P+ ot
X | x=y(0)=n(7, (1) x| x=y(0)=n(7, (1)

(0. = TRy, (0)9#(8).
(4.81)

Since y : [0,7] — M, we get (4.74) from here, for t = g, with I‘ZH(x) = —0A}(x)/0x* and
Gﬁ(x) = 0A%(x)/oxt for x € m(U). O

ProrosITION 4.22. There is a bijective mapping « between the set of affine connections
and the set of pairs (V,G) of a linear connection V and a linear mapping G : X (M) —
End(Sec((E,m,M)*)).

Proof. If A" is an affine connection with 2-index coefficients given by (4.74) (see Theo-
rem 4.21), then (see the discussion after (4.74)) to it corresponds the pair a(4A") :=
(A", G) of a linear connection, with 3-index coefficients I, and linear mapping G :
X (M) — End(Sec((E,m,M)*)), with components Gj,. Conversely, to a pair (LAFG), lo-
cally described via the 3-index coefficients I, of LAR and components G}, of G, there

corresponds an affine connection 4A" = a~! (A", G) with 2-index coefficients given by
(4.74). 0
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In Section 4.4, it was demonstrated that covariant derivatives can be introduced for
affine connections, not only for linear ones.

PrOPOSITION 4.23. The covariant derivative for an affine connection “A" coincides with the
one for the linear connection 'A" given via a( AA") = ('A", G) with « defined in the proof of
Proposition 4.22.

Proof. Apply (4.44)—(4.51). O

If a linear connection ‘A" and an affine one 4A" are connected by a( 4A") = (A", G)
for some G, then some of their characteristics coincide; for example, such are their fibre
coefficients (see (3.37b), (4.74), and (4.25)) and all quantities expressed via their corre-
sponding (identical) covariant derivatives. However, quantities, containing (depending
on) partial derivatives relative to the basic coordinates u#, are generally different for those
connections. For instance, if ARfjv and LR[“W are the fibre components of the curvatures of
AN and AR, respectively, then, by (3.37a) and (4.74), we have

ARf, = —("Ry,, om) - u’ = T4, o,

Lpa Lpa b (4'82)

R}, =—("Ry,, om) -u,
where (see (4.39))
d 0
LRZ;W = w( Zv) - %( Zy) - iyrgv +r2vr‘cl,u’
5 5 (4.83)
Tﬁv = —w(Gﬁ) + @ (Gz) +T?VG; — FZ#Gf,,

and the functions T}, have a sense of components of the torsion of LAK relative to G [24,
pages 42, 46].

Thus, in general, the affine connections and linear connections are essentially different.
However, they imply identical theories of covariant derivatives.

If, for some reason, the linear mapping G is fixed, then the set of linear connections
{LA"} can be identified with the subset {a~'(*A",G)} of the set of affine connections
{AA"}, We will exemplify this situation on the tangent bundle (T'(M), 7w, M) over a man-
ifold M. Using the base indices y,7,..., for the fibre ones a,b,..., according to the rule
a— u=a—dimM (see Section 4.2), we rewrite (4.74) as

Y = —(T%, o mr) - t} + G o 7y (4.84)

Now the affine connections on (T'(M), 7wy, M) are the generalized affine connections on M
[19, Chapter III, Section 3]. The choice of G via

Gy:M— &, (4.85)

which corresponds to the identical transformation of the spaces tangent to M, singles
out the set of affine connections on M—see [19, Chapter III, Section 3] or [29, pages 103—
105]—(known also as Cartan connections on M [24, pages 46]) whose 2-index coefficients
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have the form (see (4.84), (4.22a), and (4.85))
Iy = — (%, o mrr) - dx* + 8. (4.86)

Combining this with Proposition 4.22, we derive the following.

ProrositioN 4.24 (cf. [19, Chapter III, Section 3, Theorem 3.3]). There is a bijective
correspondence between the sets of linear connections and of affine ones on a manifold.

Often the terms “linear connection” and “affine connection” on a manifold are used
as synonyms, due to the last result.

5. Morphisms of bundles with connections

(Some ideas in this section are borrowed from [30, Chapter I, Section 6].) A morphism
between two bundles (E,7,M) and (E',n’,M’) is a pair of mappings (F, f) such that
F:E-E,f:M—-M,andn'oF = f on. If (U,u) and (U’,u’) are charts in E and E,
respectively, and F(U) < U’, we have the following local representation of (F, f):

F=u'oFou':u(U) — u'(U), (5.1a)

f=xofoxtix(V)—x'(V)), (5.1b)

where (V,x) and (V',x") are local charts, respectively, on M and M’. Further, we as-
sume that U’ = F(U) and that the charts in the base and bundle spaces respect the fi-
bre structure, V = n(U) and V' = n'(U’) so that V' = f(V), and that the basic coor-
dinates are u# = x# o and u'* = x'* o 7r’. Here and henceforth the quantities referring
to (E’,n’,M") will inherit the same notation as the similar ones with respect to (E,m, M)
with exception of the prime symbol added to the latter ones; in particular, the primed
indices A',u’,7',... and a’,b’,c’,... run, respectively, over the ranges 1,...,n" = dimM’
and ' +1,...,n" + 7" = dimE’ with " being the fibre dimension of (E',n’,M’"), that is,
r" =dim((n")"(p")) for p’ € M.

Using the local coordinates {x#} on M and {u# = x# o 1,u®} on E, we rewrite (5.1) as
(cf. (3.1))

F =ul oFou: u(U) — K, (5.1a")

7”’ =x" o fox:x(n(U)) — K, (5.1b")

. . R Ry .
that is, one can simply write u '=F (u,...,u™")and x'* = f” (x1,...,x™"). However, in
what follows, the mappings

o=yt oF=x"omgoF=x"ofon:U—K, F' :=u%eF:U—K,
(5.3a)

fHi=x" o fin(U) — K, (5.3b)
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will be employed. The reason is that the derivatives

Iy -1 Yol
e g | A P
> Ju o |, o oul) lyp oW out)lyy

peU, (54)
(note that {t/ o u~!} are Cartesian coordinates on u(U) € K"*") are the elements of the
matrix of the tangent mapping Fy : T(E) — T(E’) in the charts (U,u) and (U’,u’). In-
deed, since this matrix, known as the Jacobi matrix of F, is defined by [40, Section 1.23(a)]

F*(aﬂp):F]I,|p(a}'|F(P)): rev, (5.5)
we have
[F} ] - [aFI,] o ot I (5.6)
J din ({0}, {0k’ }) — ow I']::llt::zf:rrr - [Ffl‘“'] [Fflb’] = Fjl, F)ab/ . .

Let connections A" and A" on (E,,M) and (E,' n’,M’), respectively, be given. To the
local coordinates {u!} and {u''} correspond the adapted frames (see (3.27)—(3.30))

Vv

814 0 b
(X0 Xa) = (3,0p) - = (3 +T"9,04),

+I5 8%
, (5.7)
’ ’ ’ ’ 6;"’ 0 ’ ‘b
(XﬂHXa’):(av')ab’)' 4T s :(a,/‘"ry’ ab”aa’))
u a
where d; := 9/du!, and adapted coframes
o\ [ o du\ WY &0 du™y
wi) | -T¢ of dwt) W) |-rg ose | \dwt)
(5.8)

The symbols I'; and I‘;ﬁ' in (5.7) and (5.8) denote the 2-index coefficients of, respectively,
A" and A" in the respective adapted frames.

If {e;} and {e}} are arbitrary frames over U in T(E) and over U' = F(U) in T(E'),
respectively, the (Jacobi) matrix of F in them is defined via (cf. (5.5))

F*(el|p) = (FII,|p)(e}’|F(p))- (5.9)
In particular, in the adapted frames (5.7), we have Fy (X;|,) = (FI 1) (X} [F(p)) and there-

fore the Jacobi matrix of F in the adapted frames (5.7) is (the changes e := {¢;} — {B{ e}
and ¢’ := {e;} — {BI{ ey}, with nondegenerate matrix-valued functions B := [B{ ] and
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B := [B}{,], imply the transformation F, . := [F]I’] — (B")"! - F(¢.) - B of the Jacobi ma-
trix of Fy; from here, (5.10) follows immediately)

. ) R
BT = 1 L () = {Fg' Fb']

a
s oy 0
_ f?*,’ o/ _ F,Q’ o, o0 (5.10)
-TYoF &Y | |F, Ey| [+1¢ od
B £ 0
X, (F") = (T o F)FY FY

with FI] := oF!" /ow/ defining the matrix of F in ({0k}, {9k }) via (5.6). Thus, the general
formula (5.9) now reads

Y 0 i N 4 ’
Fi (X Xa) = (X, X},) - [Fi’ Fb’] = (F, X, +FY X, Fb X;,) (5.11)
[4 a
with
F) =X, (F") - (T} o F) - F},. (5.12)

From (5.9), it is clear that the elements F]I |, of the Jacobi matrix of Fy at p € U are
elements of a (1,1) (mixed) tensor from T (E) ® Tr(p)(E'); in particular, if the adapted
frames are changed (see (3.31)), the block structure of (5.10) is preserved and the el-
ements of its blocks are transformed as elements of their corresponding tensors (e.g.,
FY'(p) are elements of a tensor from the tensor space spanned by {w”|, ® X}, [p(»)}.) An
important corollary from (5.11) is

Fo(A") A" = F) =0 (5.13)

in any pair ({X7},{Xr }) of adapted frames. If it happens that F, (A" = A" we say that F
preserves the connections A" and A", that is, F is a connection preserving mapping; in par-
ticular, if (E',n",M’) = (E,,M) and F,(A") = A%, the mapping F is called a symmetry
of A",

If the bundles considered are vectorial ones, the fibre coordinates, morphisms, and
connections which are compatible with the vector structure must be linear on the fibres,
namely,

FO=(Fy om)u®,  Th=-(omu’s  Tp=-(T5, on)u’, (5.14)

where the functions @Z’ :71(U) — K are of class C! and 1"2‘” (resp., FZ: H,) are the 3-index
coefficients of the linear connection A" (resp., A"). Consequently, in a case of vector
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bundles, the Jacobi matrix (5.10) takes the form

s W e
F; F 0
o=, , (5.15)
FY Fb (FY om)us FYon

with
Fl, = 0,(F)) —T5,F + (Th o f) - FC - £ (5.16)

where we have used that 7o F = forand &' oF = F*, and we have set £ := d(x™ o f)/
ox*, so that Fj, = f\" o 7. Therefore, (5.12) now reads

b o_ (gt a
E; = (Fa,om) - u’. (5.17)

If M and M’ are manifolds and f : M — M’ is of class C !, the above general consid-
erations are valid for the morphism (fs, f) of the tangent bundles (T(M),nr,M) and
(T(M'"),mp,M'). A peculiarity of a tangent bundle is that the fibre dimension of the bun-

dle equals to the dimension of its base. Due to that fact, the base indices A, 4,7,... = 1,...,n
is convenient to be used for the fibre ones a,b,¢,... = n+1,...,n+r according to the rule
a— p=a—dimM, (5.18a)

which must be combined with a change of the notation for the fibre coordinates, like
a I
ut — uy, (5.18b)

as otherwise the change (5.18a) will entail u® — u#, the result of which coincides with the
notation for the basic coordinates. (The subscript 1 in (5.18b) indicates that u are fibre
coordinates in the first-order tangent bundle (T(M), 7wy, M) over M.) Since f..(9/0x*|;) =
A(x# o f)/ax"lza/ax'”' |f(z) for z € m(U) [40, Section 1.23(a)], the Jacobi matrix of f
relative to the charts (7(U),x) and (7' (U"),x") = (f(7n(U)),x") has the elements

W _ O o f)

fr e = :1(U) - K. (5.19)

Combining this with the definition of the vector fibre coordinates u{, u{ (p*(9/9x”) | x()) =
p¥, we see that (5.3), with f for F, reads

ut =ff(f,(u1,...,u”) =x¥ofom,
S , (5.20a)
ul = £ Wl uth .l = (fF om) - ul,

x# = (k. x") = x o f (5.20b)
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Therefore, the derivatives in (5.6) and (5.10)—(5.12) should be replaced according to
(u# = xt o)

M o O (R N M
Fur g =i om F’VHWZ(axv"”)““ F

If A" and A" are linear connections on M and M’, respectively, their 2- and 3-index
coefficients are connected through (cf. (5.14))

D) =—(),om) - uj, T} ==} on) uj. (5.22)

Thus the Jacobi matrix of (fi)+ =: fix in the pair of frames ({X, = (9/0x*) + rﬁ(a/aub,
X! =0/0ul}, 1X,,,X,' 1) is (cf. (5.15) and (5.16))

‘u,O
{(ﬂ i 0 ] (5.23)

ffv o) - u} ffg oI,
where
Sy o= fho = 0 (f)) = TG0+ (T o 1)1 (5.24)

The quantities (5.24) are components of a T(M")-valued 2-form on M, that is, of an ele-

mentin T(M’) ® A2(M). (Moreover, if we consider fy”’ , defined via (5.19), as components
ofan elementin T (,)(M') ® A},(M ), then (5.24) are the components of the mixed covari-

ant derivative (along 9/dx”) of f!" (9 lf(.)) ® du# relative to the connection A" x A on
M X M.)

6. General (co)frames

Until now two special kinds of local (co)frames in the (co)tangent bundle to the bun-
dle space of a bundle were employed, namely, the natural holonomic ones, induced by
some local coordinates, and the adapted (co)frames determined by local coordinates and
a connection on the bundle. The present section is devoted to (re)formulation of some
important results and formulae in arbitrary (co)frames, which in particular can be natu-
ral or adapted (if a connection is presented) ones.

Let (E,m,M) be a C*> bundle and {e;} a (local) frame in T(E). The components Cﬁ of
the anholonomicity object of {e;} are defined by (3.19) and a change

{er} — {&1 = Bley} (6.1)
with a nondegenerate matrix-valued function B = [B{ 177~ entails (see (2.9))

—K _
Cl — Cyy = (BN (BMenm(Bf) — B"en(Bf) + B} B Clyy ). (6.2)
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Let a connection A" on (E,7,M) be given. If {er} is a specialized frame for A" (see
Section 3.2), then the set {Cﬁ} is naturally divided into the six groups (3.20). The value
of that division is in its invariance with respect to the class of specialized frames, which
means that, if {e;} is also a specialized frame, then the transformed components of the
elements of each group are functions only in the elements of the nontransformed com-
ponents of the same group—see (3.24), (3.21), and (2.9). By means of (6.1), one can
prove that, if such a division holds in a frame {e;}, then it holds in {g;} if and only if the
matrix-valued function B is of the form (3.16). In particular, we cannot talk about fibre
coefficients of A" and of fibre components of the curvature of A" in frames more gen-
eral than the specialized ones as in that case the transformation (6.1), with {e;} (resp.,
{er}) being a specialized (resp., nonspecialized) frame, will mix, for instance, the fibre
coefficients and the curvature’s fibre components of A" in {e;}—see (6.2).

It is a simple, but important, fact that the specialized frames are (up to renumbering)
the most general ones which respect the splitting of T(E) into vertical and horizontal
components. Suppose {e;} is a specialized frame. Then the general element of the set of
all specialized frames is (see (3.4a) and (3.16))

A 0
(E#’Ea) = (ev,eb) - |: 0:“ Ab:| = (A:teV)Azeb)) (633)
a

where [A}]},-; and [Ab]" .1 are nondegenerate matrix-valued functions on E, which
are constant on the fibres of (E,7, M), that is, we can set A;j = B;j o and Aﬁ = ij o

for some nondegenerate matrix-valued functions [B;’] and [B?] on M. Respectively, the
general specialized coframe dual to {e;} is (see (3.4b) and (3.16))

(¢)- [[Ai]l [A;Orl] (a)- {Em;bh] (6:30)

where {e!} is the specialized coframe dual to {e;}, €/ (e) = §].
Since 7y |ar : {X € A"} — %(M) is an isomorphism, any basis {eu} for A" defines a
basis {E,} of X(M) such that

E, =my | A (514): (6.4)

and vice versa, a basis {E,} for X(M) induces a basis {e,} for A via

&u = (77*|Ah)71(E/4)- (6.5)

Similarly, there is a bijection {&“} — {E#} between the “horizontal” coframes {¢#} and
the coframes {E#} dual to the frames in T(M) (E* € A'(M), E*(E,) = 85). Thus a “hori-
zontal” change

& — & = (B, om)ey, (6.6)

which is independent of a “vertical” one given by

s — & = (Blom)e, (6.7)
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with {e,} being a basis for A?, is equivalent to the transformation
E,— E, = B}E, (6.8)

of the basis {E,} for &(M), related via (6.4) to the basis {¢,} for A". Here [B}] and [B}]
are nondegenerate matrix-valued functions on M.

As 14 (g,) = 0 € (M), the “vertical” transformations (6.7) do not admit interpre-
tation analogous to the “horizontal” ones (6.6). However, in a case of a vector bundle
(E,m,M), they are tantamount to changes of frames in the bundle space E, that is, of the
bases for Sec(E, 7, M). Indeed, if v is the mapping defined by (4.5), the sections

E,=v'(e,) (6.9)

form a basis for Sec(E, 7z, M) as the vertical vector fields ¢, form a basis for A". Conversely,
any basis {E,} for the sections of (E,7, M) induces a basis {¢,} for A" such that

eq = v(Ey). (6.10)
As v and v~! are linear, the change (6.7) is equivalent to the transformation
E,— E, = BE, (6.11)

of the frame {E,} in E related to {e,} via (6.9). In this way, we have proved the following
result.

PropositioN 6.1. There is a bijective correspondence between the set of specialized frames
{er} = ey, eq} on a vector bundle (E,m, M) and the set of pairs ({E,},{E,}) of frames {E,}
on T(M) over M and {E,} on E over M. (It should be mentioned the evident fact that a
frame {E,} in T(M) over M is also a basis for the module X(M) of vector fields over M
and hence is a basis for the set Sec(T (M), wr, M) of section of the bundle tangent to M, due
to X(M) = Sec(T(M),mr,M). Similarly, a frame {E,} on E over M is a basis for the set
Sec(E,m, M) of sections of the vector bundle (E,,M).)

Since conceptually the frames in the tangent bundle space T(M) and in the bundle
space E are easier to be understood and in some cases have a direct physical interpreta-
tion, one often works with the pair ({E, = s [ar(€,)}, {Es = v~ 1(&,)}) of frames instead
with a specialized frame {¢;} = {¢,,&,}; for instance {E, } and {E,} can be completely ar-
bitrary frames in T'(M) and E, respectively, while the specialized frames represent only a
particular class of frames in T'(E).

One can mutatis mutandis localize the above considerations when M is replaced with
an open subset Uy in M and E is replaced with U = 7n~'(Uy). Such a localization is
important when the bases/frames considered are connected with some local coordinates
or when they should be smooth. (Recall, not every manifold admits a global nowhere
vanishing C™”, m = 0, vector field (see [34] or [33, Section 4.24]); e.g., such are the even-
dimensional spheres Sk k € N, in Euclidean space.)

Let us turn now our attention to frames adapted to local coordinate system {ul} onan
open set U C E for a given connection A" on a general C! bundle (E,7,M) (see (3.27)-
(3.30)). Since in their definition the local coordinates u! enter only via the vector fields
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o1 := 9/0u! € X(E), we can generalize this definition by replacing {d;} with an arbitrary
frame {e;} defined in T(E) over an open set U < E and such that {e,|,} is a basis for the
space Tp(ﬂ’l(ﬂ(p))) tangent to the fibre through p € U. So, using {e;} for {d;}, we have

o Dy o
(¢7,ed) = (Djjes+ Djea, Dgen) = (ere0) - ([DZ] [Dg])’ (6.12)

where {eV} is a specialized frame in T(U), [D;j] and [D!] are nondegenerate matrix-
valued functions on U, and Dg:U - K.

Defintion 6.2. The specialized frame {X;} over U in T(U), obtained from (6.12) via an
H1-1
admissible transformation (3.4a) with matrix A = ([D”O] [D,?]*l ), is called adapted to the

frame {e;} for A". (Recall, here and below the adapted frames are defined only with respect
to frames {er} = {e,,e,} such that {e;} is a basis for the vertical distribution A" over U,
ie., {eqlp} is a basis for AIV, forall p € U. Since A" is integrable, the relation e, € A” for all
a=n+1,...,n+rimplies [es,ep] € A foralla,b =n+1,...,n+r.)

Exercise 6.3. Using (3.4) and (3.16), verify that the adapted frame {X;} and coframe {w!}
dual to it are independent of the particular specialized frame {ef} entering into their
definitions via (6.12). The equalities (6.13a) and (6.20) derived below are indirect proof
of that fact too.

According to (3.4), the adapted frame {X;} = {X,,X,;} and coframe {w!} = {wH", 0?}
the dual to it are given by the equations

& 0
+1"fj 8l

w.” 6[; 0 ev eﬂ
(w“) - [—FZ 62] ' (eb) - (ea —rzev>’ (6.13b)

where {e!} is the coframe dual to {es}, eI(e]) = 8}, and the functions Fﬁ : U — K, called
(2-index) coefficients of A" in {X;}, are defined by

(X Xa) = (eysep) - [ ] = (eﬂ+Fl’jeb,ea), (6.13a)

[Ta] = +[D2] - [D}] . (6.14)
PROPOSITION 6.4. A change {e;} — {e;} with

[Ax] 0

(gﬂiga) = (ev’eh) ) ([Ab] [Ab]) = (A[ZeV'l_Azeb)Azeb): (6-15)
U a
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where [A/’j] and [AL] are nondegenerate matrix-valued functions on U, which are constant
on the fibres of (E,,M), and Az : U — K, entails the transformations

. e AY 0
(X Xa) — (X Xa) = (eﬂ-q-rzeb,ea) = (AZX,,,AZXb) = (X, Xp) - |: 0/‘ Ab} >

(6.16)

~

a a -1
re — T = ([Ag] ), (T5A; - Af) (6.17)

of the frame {X;} adapted to {er} and of the coefficients Iy ofAh in {X;}, that is, {X;} is the
frame adapted to {e;} and fz are the coefficients ofAh n {)?1}.

Proof. Apply (6.12)—(6.14). O

Note 6.5. 1f {e;} and {¢;} are adapted, then Aft = 0. If {Y;} is a specialized frame, it is
adapted to any frame {e, = A;Yv,ea = AlY,} and hence any specialized frame can be
considered as an adapted one; in particular, any specialized frame is a frame adapted to
itself. Obviously (see (6.14)), the coefficients of a connection identically vanish in a given
specialized frame considered as an adapted one. This leads to the concept of a normal
frame, which will be studied on this context in a forthcoming paper. Besides, from the
above observation follows that the set of adapted frames coincides with the one of spe-
cialized frames.

Exercise 6.6. Verify that the formulae dual to (6.15) and (6.16) are (see (3.4b) and (3.5b))
0 o g ) )
&) \-[ag) ' as)af] T ag)t) A\
Ag— Iy
= ( -lya 4 ([ ] 7);6 01-1\a ) (618)
([Ag] )y e = ([Ag] [As][Az] ), e

(w) (m) (AR he
o @) \([a5] " pet)
Example 6.7. 1f {e;} and {€;} are the frames generated by local coordinates {u'} and {u'},

namely, e; = 9/du’ and ¢; = 9/du!, the changes (6.16) and (6.17) reduce to (3.31) and
(3.32), respectively. The choice e; = 9/du! also reduces Definition 6.2 to Definition 3.6.

A result similar to Proposition 3.9 is valid too provided in its formulation equation
(3.22) is replaced with (6.17).

If e, has an expansion e, = e},(9/du”) + eﬁ(a/aub) in the domain U of {s/} = {u# = x# o
7,u”}, where e? : U — K and e;,’ =X, o7 for some Xy m(U) — K such that det[x;] +0, 00,

U
and we define a frame {x,} in T(7(U)) < T(M) by {x, := x},(9/0x")}, then

4 (Xy) = Xy (6.19)
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by virtue of (3.33) and (3.35). Thus, we have (cf. (3.34))

Xu = (77*|Ah)71(x,u) = (7T*|Ah)71 O TTx (614)) (6.20)

which can be used in an equivalent definition of a frame {X;} adapted to {e;} (with {e,}
being a basis for A”): X,, should be defined by (6.20) and X, = e,. If one accepts such a
definition of an adapted frame, the 2-index coefficients of a connection should be defined
via (6.13a), not by (6.14), and the proofs of some results, like (6.16) and (6.17), should
be modified.

ProrosiTioN 6.8. If {X|} is a frame adapted to a frame {e;}, with {e,} being a basis for A",
for a C' connection A", then (cf. (3.36))

(X, X)) = RS, X, + 80, X3, (6.21a)
(X Xp]_ = T, Xa+ Cly X, (6.21b)
[Xa,Xp] = C%Xa, (6.21¢)

where (cf. (3.37))

RY,:= X, (T5) - X, (%) - Cf, — ThCl, +THCY,

u~vb
+I3 (- Cﬁv + rzcﬁb - rlvjcﬁb) + szf bd> (6.22a)
Siy i= Cly +THCly —TChy,
"Th, = =X, () = Gy + TiCly, — TG (6.22b)
[erer] =:Cljex = Cljeq+ C}]e)t, (6.22¢)

Proof. Insert (6.13a) into the corresponding commutators, use the definition (6.22¢) of
the components of the anholonomicity object of {e;}, and apply (6.13a). Notice, as {e,}
is a basis for the integrable distribution A", we have [e,,e;5] € AY and consequently Cﬁb =
0. O

The functions Ry, are the fibre components of the curvature of A" and ‘T, are the fibre

coefficients of A" in the adapted frame {X;}; if e; = 9/0u’ for some bundle coordinates
{u'} on E, they reduce to (3.37a) and (3.37b), respectively. From (6.21), we immediately
derive the following.

COROLLARY 6.9. A connection A" is integrable if and only if in some (and hence any)
adapted frame:

wa =0. (6.23)
COROLLARY 6.10. An adapted frame {X;} is (locally) holonomic if and only if

R, = Tj, =S, =Cl=Cly=0. (6.24)
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If the initial frame {e;} is changed into (6.15), then the transformation laws of the
quantities (6.22) follow from (6.21) and (6.16); in particular, the curvature components
transform according to the tensor equation (3.24b).

Let us now pay attention to the case when (E, 7w, M) is a vector bundle endowed with a
connection A”.

According to the abovesaid in this section, any adapted frame {X;} = {X,,,X,} in T(E)
is equivalent to a pair of frames in T(M) and E according to

{Xy)Xu} A ({Ey = Ty | A (Xy)}) {Ea =v! (Xa)})- (6.25)

Therefore, the vertical and horizontal lifts are given by (cf. Lemma4.1,
(4.11a), and (4.14))

Sec (E,m,M) 5 Y = YOE, =~ v(Y):=Y" = (Yoo 1) X, € A", (6.262)
%(M) > F = F'E, 2= h(F) := F" = (F* o 1) X, € A", (6.26b)
Thus, we have the linear isomorphism
(h,v) : X(M) x Sec(E,m,M) — X(E),
(6.27)
(h,v): (F,Y) — (F", YY),

which explains why the covariant derivatives (see Definition 4.9) represent an equivalent
description of the linear connections in vector bundles. Since any vector field & = (&7 o
m)X; € #(E) has a unique decomposition & = &' @ &, with &" = (& o )X, and & =
(&% o )X, we have

(1) 1(€) = (melan (§7),v71(8")) = (§“E,§°Eo). (6.28)

Suppose {X;} and {)?I} are two adapted frames. Then they are connected via (cf. (6.3a)
and (6.16))

Xy=(BjomX,,  Xo=(Blom)Xy, (6.29)

where [B[Z] and [B?] are some nondegenerate matrix-valued functions on M. The pairs
of frames corresponding to them, in accordance with (6.25), are related via

E,=BJE,  E,=BlE, (6.30)
and vice versa.

ProOPOSITION 6.11. Let A" be a linear connection on a vector bundle (E, 7, M) and let {X,}
be the frame adapted for A" to a frame {er} such that {e,} is a basis for A” and

Bjom 0
(ewea) | U= (0y,0p) -

(Bb,om)-E¢ Bbom (6.31)

= ((B} o)y + ((BY, o ) - E) 0y, (BS o ) p),
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where 0; := 9/ou! for some local bundle coordinates (wy={w=xtomu’l =E} on U ¢
E, [B;’] and [Bf{’] are nondegenerate matrix-valued functions on U, Bfﬂ :U - K, and {E*}
is the coframe dual to {E, = v='(X,)}. Then the 2-index coefficients Iy ofAh in {X1} have
the representation (cf. (4.25))

_ b
I¢=—(Ij,on)-E (6.32)

on U for some functions Iy, : U — K, called 3-index coefficients of A" in {X;}.

Remark 6.12. The representation (6.32) is not valid for frames more general than the
ones given by (6.31). Precisely, (6.32) is valid if and only if (6.31) holds for some local
coordinates {u'} on U—see (6.17).

Proof. Writing (6.17) for the transformation {d;} — {er}, with {e;} given by (6.31), we
get (6.32) with

a —-1\a c c
bu = ([B;] )c(arby ;+Bby): (633)

where T 4y are the 3-index coefficients of A" in the frame adapted to the coordinates {ul}
(see (4.25)). O
Let {X7} and {)?1} be frames adapted to {e;} and {e}}, respectively, with (cf. (6.31))

B)om 0
e,.2,) = . U
(e‘u;ea) (ev:eb) |:(B£7H ° T[) . E€ BS ° 7_[:| ) (6.34)

in which A" admits 3-index coefficients. Then, due to (6.17) and (6.32), the 3-index co-
efficients FZM and FZH of A" in, respectively, {X;} and {X;} are connected by (cf. (4.36))

Ta e1 1\ e c
Exercise 6.13. Prove that the transformation {e;} — {€1}, with {&;} given by (6.34), is the
most general one that preserves the existence of 3-index coefficients of A" provided they
exist in {er}.

Introducing the matrices T, := [, 125", 1, Ty == [T5,123",,,1, B := [B}], and B, :=

[Bgﬂ], we rewrite (6.35) as (cf. (4.37))

I,=B"'-(I,B,+B,) - B. (6.35)
A little below (see the text after (6.37)), we will prove that the compatibility of the devel-
oped formalism with the theory of covariant derivatives requires further restrictions on

the general transformed frames (6.15) to the ones given by (6.34) with

B,=E,(B)-B™' = B)E,(B) - B, (6.36)
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where Eﬂ 1= Ty | Ak ()?H) = 7Ty |Ah((B‘Z om)X,) = BJE,. In this case, (6.35") reduces to (cf.
(4.37))

I, =B)B'- (I,  B+E,(B)) = B,(B™' -T, —E,(B™")) - B. (6.37)

At last, a few words on the covariant derivative operators V are in order. Without lost
of generality, we define such an operator (4.48) via (4.54). Suppose {E,} is a basis for
¥(M) and {E,} is a one for Sec' (E,, M). Define the components FZM :M — K of V in the
pair of frames ({E,}, {E,}) by (cf. (4.55))

Vi, (Ey) =T}, Ea. (6.38)
Then (4.54) imply (cf. (4.51))
VEY = FE(E,(Y?) + T, Y)E, (6.39)

for F = F'E, € X(M) and Y = Y9E, € Sec'(E,m,M). A change ({E,},{Eq}) — ({E,,},
{Ea}), given via (6.30), entails
Iy

— T8, =By ([B5]): (15, Bf + E, (B;)), (6.40)

as a result of (6.38). In a more compact matrix form, the last result reads
T, =B)B ™' (I, B+E,(B)) (6.41)

with T, := [T%,], T, := [T%,], and B := [B{].

Thus, if we identify the 3-index coefficients of A" defined by (6.32), with the compo-
nents of V, defined by (6.38), (such an identification is justified by the definition of V via
the parallel transport assigned to A" (see Proposition 4.12) or via a projection, generated
by A", of a suitable Lie derivative on X(E) (see Definition 4.9)) then the quantities (6.35)
and (6.41) must coincide, which immediately leads to the equality (6.36). Therefore,

~ o~ Blom 0
(epea) — (Bn) = (emes) - [ ’ ] (6.42)

((BYE,(BY) (B1)!) om)E° Blonm

B=[BY]

is the most general transformation between frames in T'(E) such that the frames adapted
to them are compatible with the linear connection and the covariant derivative corre-
sponding to it. In particular, such are all frames {9/du!} in T(E) induced by vector bun-
dle coordinates {u’} on E—see (4.34) and (3.1)—(3.3); the rest members of the class of
frames mentioned are obtained from them via (6.42) with e; = 9/0u! and nondegenerate
matrix-valued functions [B;’] and B.

If {X;} (resp., {)?1}) is the frame adapted to a frame {e;} (resp., {€1}), then the change
{er} — (&}, given by (6.42), entails {X;} — {X;} with {X;} given by (6.29) (see (6.15)
and (6.16)). Since the last transformation is tantamount to the change

(B}, (Ea}) — (B} {E}) (6.43)
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of the basis of X(M) x Sec(E,n,M) corresponding to {X;} via the isomorphism (6.27)
(see (6.25), (6.29), and (6.30)), we can say that the transition (6.43) induces the change
(6.40) of the 3-index coefficients of the connection A". Exactly the same is the situation
one meets in the literature [19, 29, 40] when covariant derivatives are considered (and
identified with connections).

Regardless that the change (6.42) of the frames in T(E) looks quite special, it is the
most general one that, through (6.16) and (6.25), is equivalent to an arbitrary change
(6.43) of a basis in X (M) X Sec(E, , M), that is, of a pair of frames in T(M) and E.

We would like to remark that, in the general case, (4.59) also holds with F = F*E,,
G = G*E,, and

(R(E,u) Ev)) (Eb) = RZWEu) (6.44)
so that

= E,(T},) — Ey(T§,) — T§,T%, + Tj, T4, — T}, C, (6.45)

a
buvy uv>

where the functions C;}v define the anholonomicity object of {E,} via [E,,E,]_ =: CﬁVEA.

The above results, concerning linear connections on vector bundles, can be generalized
for affine connections on vector bundles. For instance, the analogue of Proposition 6.11
reads.

PROPOSITION 6.14. Let A" be an affine connection on a vector bundle (E,r, M) and let {X,}
be the frame adapted for A" to a frame {e;} such that {e,} is a basis for A” and

Bjom 0
(e;vea) | U= (awah) '

(Bb,om)-E° Bhom (6.46)

= (B} o m)dy+ ((BY, o 7) - E) 3y, (B} o 7)),
where dy := 9/0u! for some local bundle coordinate system {u!} = {u# = x* o ,ub = Eb} on
UCE, [B;] and [BL] are nondegenerate matrix-valued functions on U, Bf:’# :U - K, and
{E“} is the coframe dual to {E, = v™'(X,)}. Then the 2-index coefficients Iy ofAh in {Xr}
have the representation (cf. (4.74))

Tf = —(Tf, om) - E' +Gjom, (6.47)

on U for some functions I, G : U — K.

Remark 6.15. The representation (6.47) is not valid for frames more general than the
ones given by (6.46). Precisely, (6.47) is valid if and only if (6.46) holds for some local
coordinate system {u!'} on U—see (6.17).

Proof. Writing (6.17) for the transformation {d;} — {e;}, with {e;} given by (6.46), we
get (6.47) with

rg, = ([B5] )i(°rg,BL+B5,),  Gi=([B5] '), G, (6.48)
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where aI‘ZV and %Gt are defined via the 2-index coefficients ar; of A" in the frame adapted
to the coordinates {u'} via al"ﬁ =—( afi‘w om)-Eb+ aG/Z o 71 (see Theorem 4.21). O

Let {X;} and {)?1} be frames adapted to {e;} and {€;}, respectively, with (cf. (6.46))

Bl om 0
(80 8a) = (ewen) - | ) © | (6.49)
(Bg,om) -E° Bjom

in which (6.47) holds for A". Then, due to (6.17) and (6.47), the pairs ( ZV,G;’,) and (NZH,
(N;Z) for AP in, respectively, {X;} and {)?1} are connected by (cf. (4.75) and (4.76))

To, = ([B3]™)0(rS, By + BY,)BY, (6.502)
Go = ([BS] '), GEBY. (6.50b)

Exercise 6.16. Prove that the transformation {e;} — {€r}, with {€;} given by (6.49), is the
most general one that preserves the existence of relation (6.47) for A" provided it holds
in {el}.

Further, one can repeat mutatis mutandis the text after Exercise 6.13 to the paragraph
containing (6.43) including.

7. Conclusion

In this paper, we have presented a short (and partial) review of (one of the approaches
to) the connection theory on bundles whose base and bundle spaces are (C?) differen-
tiable manifolds. Special attention was paid to connections, in particular linear ones, on
vector bundles, which find wide applications in physics [7, 24]. However, many other
approaches, generalizations, alternative descriptions, particular methods, and so forth
were not mentioned at all. In particular, these include connections on more general
(e.g., topological) bundles, connections on principal bundles (which are important in
the gauge field theories), holonomy groups, flat connections, Riemannian connections,
and so forth etc. The surveys [1, 23] contain essential information on these and many
other items. Consistent and self-contained exposition of such problems can be found in
[3,9-11, 19, 20, 22, 25, 28, 29].

If additional geometric structures are added to the theory considered in Section 3,
there will become important connections compatible with these structures. In this way
many theories of particular connections arise; we have demonstrated that on the example
of linear connections on vector bundles (Section 4). Here are two more such cases.

If a free right action R: g — R, : E — E, g € G, of a Lie group G on the bundle space E
of a bundle (E,n,M) is given and 7 : E — M = E/G is the canonical projection, we have a
principal bundle (E, 7, M, G). The connections that respect the right action R are the most
important ones on principal bundles. Such a connection A" is defined by Definition 3.1
to which the condition

(Re). (A}) =A% )y §€G, pEE, (7.1)
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is added and is called a principal connection. Alternatively, one can require the parallel
transport P generated by A" to commute with R, namely,

RyoP"=P'oR,, ¢gE€G,y:lo,7] > M. (7.2)

The theory of connections satisfying (7.1) is very well developed; see, for example, [9—
11, 19].

Suppose a real bundle (E, 7, M) is endowed with a bundle metric g, that is, g : x — g,
x € M, with g, : 7 1(x) x 77! (x) — R being bilinear and nondegenerate mapping for all
x € M. The equality

L) =&m e (PYxP), y:[o,1,] — M, (7.3)

which expresses the preservation of the g-scalar products by the parallel transport P as-
signed to a connection A", specifies the class of g-compatible (metric-compatible) con-
nections on (E,7, M). Such are the Riemannian connections on a Riemannian manifold
M, which are g-compatible connections on the tangent bundle (T(M), 7y, M); see, for
instance, [19, 29].

The consideration of arbitrary (co)frames in Section 6 may seem slightly artificial as
the general theory can be developed without them. However, this is not the generic case
when one starts to apply the connection theory for investigation of particular problems.
It may happen that some problem has solutions in general (co)frames but it does not
possess solutions when (co)frames generated directly by local coordinates are involved.
For example [16], local coordinates (holonomic frames) normal at a given point for a
covariant derivative operator (linear connection) V on a manifold exist if V is torsionless
at that point, but anholonomic frames normal at a given point for V always exist.
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