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For an arbitrary-type functor F, the notion of split coalgebras, that is, coalgebras for
which the canonical projections onto the simple factor split, generalizes the well-known
notion of simple coalgebras. In case F weakly preserves kernels, the passage from a coalge-
bra to its simple factor is functorial. This is the simplification functor. It is left adjoint to the
inclusion of the subcategory of simple coalgebras into the category Setr of F-coalgebras,
making it an epireflective one. If a product of split coalgebras exists, then this is split and
preserved by the simplification functor. In particular, if a product of simple coalgebras
exists, this is simple too.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

Originally introduced by Aczel and Mendler [1] to model various types of transition sys-
tems, coalgebras (or systems) offer a very rich field of mathematics. Basic tools and results
in the theory of coalgebras can be found in [3, 8].

Coalgebras of a given Set-endofunctor F, also called the type functor with morphisms
between them, form a category denoted by Setr. The notions of extensionality and sim-
plicity are tightly connected to two of the main tools in the theory of coalgebras: bisimu-
lations and congruence relations, respectively.

The coalgebraic definition of bisimulation as well as the notion of congruence relation
made their first appearance in [1]. In the particular case of weak pullbacks preserving
functors, Rutten in [8] has built on results and notions from them. In general, congru-
ences need not be bisimulations, and even the largest bisimulation on a coalgebra need
not be transitive in the general case. In [4], Gumm and Schroder have shown that under
a weaker condition, namely that of weak kernels preservation in which we are interested
in this paper, every congruence relation is a bisimulation and in particular the largest
bisimulation on a coalgebra is the largest congruence relation thereon.

This paper both gives a slight overview of some existing insights in the theory of coal-
gebras in Sections 2 and 3, and in addition, presents some new material such as the notion
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of split coalgebra introduced in Section 4. This generalizes the notion of simple coalgebras
as does [5] that of extensional coalgebra (see Section 3). The fact that the quotient of a
coalgebra with respect to a congruence relation [3] yields again a coalgebra helps to build
many coalgebras from a given one. It turns out that amidst these, the quotient with re-
spect to the largest congruence relation is its sole factor which is simple. We call it its
simple factor (see Section 3). This uniqueness draws our attention to a study in Section 5
of the passage from an F-coalgebra to its simple factor. Fortunately, as is shown here, in
case the type functor weakly preserves kernels, this passage is functorial. We call it the
simplication functor and show that it is left adjoint to the inclusion functor of the subcat-
egory Simp(F) of simple F-coalgebras making it an epireflective one. We also show that
if a product of split coalgebras exists, then it is split and that the simplification functor
is well-behaved with respect to split coalgebras, as far as the preservation of products is
concerned. This implies that if a product of simple coalgebras exists, then it is simple too.

2. Preliminaries
2.1. Some categorical notions

2.1.1. Epireflective subcategory. If a functor I : C — D is an inclusion, then a left adjoint
S:D — Cis called a reflection. If C is a full subcategory and there exists a reflection S such
that the unit n7x : X — (I o §)(X) is an epimorphism for all objects X in D, the subcategory
[9] C s called epireflective. If there exists a reflection S for a subcategory C, then (see [9])
there exists one which is the identity on C, that is, such that S o I = idc. If such a reflection
is chosen, then it is called an epireflector.

2.1.2. Weak limits preservation.

Definition 2.1. Let F : C — C be a functor and D : | — C a diagram for which D-limits
exist in C. Then,

(i) F weakly preserves D-limits, if F transforms every limit cone over D into a weak
limit cone over F o D, that is, for every limit (L, (vk)ke«) of the diagram D, (F(L),
F(vi)kex) is a weak limit of the diagram F o D;

(ii) F preserves weak D-limits if it transforms every weak limit cone over D into a weak
limit cone over F o D.

It is quite clear that there is a fine linguistic difference between “F preserves weak D-
limits” and “F weakly preserves D-limits.” But fortunately, it has been proven [3, 4] that
the difference disappears in every category in which D-limits exist.

2.2. Some basic facts about coalgebras. Let F be a type functor C — C. An F-coalgebra
is just a pair (A, aa : A — F(A)) where A is an object called the carrier and a4 a morphism
called the structure of the coalgebra. This will often be denoted by (A, a4) or by the single
letter sd. A homomorphism from a coalgebra 9 = (A,a4) to a coalgebra B = (B,a3) is a
map f:A — Bsuchthat F(f)oas =agpo f.

F-coalgebras with their homomorphisms form a category Cr which is cocomplete pro-
vided that C is cocomplete. More precisely, the forgetful functor U : Cp — C which asso-
ciates to each F-coalgebra o its underlying object A creates colimits. This can be found
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in [2] in the setting of category Set which serves as the basic category from now on. As
for limits, the forgetful functor [7] creates those which are preserved by the functor F.
Epis in Setr are just surjective homomorphisms and every injective homomorphism is a
mono [8].

2.2.1. Generation of homomorphisms. The following theorem can be used to prove that a
map is a homomorphism.

Tueorem 2.2 [7]. Let A, B, and € be coalgebras, ¢ : A — € a homomorphism, f : A — B
andg:B — Cmapswithe =go f.

(1) If f is a surjective homomorphism, then g is a homomorphism.

(2) If g is an injective homomorphism, then fis a homomorphism.

2.2.2. Bisimulations. The following definition of bisimulation was introduced by Aczel
and Mendler [1]: a bisimulation between two coalgebras ¢ and % is a relation R< A X B
for which there exists a structure ag : R — F(R) such that the projections 7, : R — A and
7 : R — B are homomorphisms of coalgebras. In particular, & is always a bisimulation
between & and %B. On the other hand, bisimulations are closed under arbitrary unions so
that there is always a largest bisimulation ~ g between two coalgebras 4 and 9. When
A = B, one talks of bisimulation on & and ~4 denotes the largest bisimulation on .
For every coalgebra o, the diagonal A, is [3, 7, 8] a bisimulation on .
We have the following facts about bisimulations.

THEOREM 2.3 [7]. Let sd and B be coalgebras.
(1) Given two homomorphisms ¢ : P — A and v : P — B, then (o, y)(P) := {(¢(p),
v(p)) | p € P} is a bisimulation between s and RB.
(2) Let ¢ : A — B be a homomorphism. For all bisimulation R on s, ¢(R) := {(¢(a),
o(a’")) | (a,a") € R} is a bisimulation on %.

2.2.3. Congruence relations. A congruence relation on a coalgebra o is a relation on A
which is the kernel (in Set) of a homomorphism with domain s{. For any congruence
relation 0 on o there is [3] a unique coalgebra structure on A/6 for which the canonical
projection g : A — A/8 is a homomorphism. The corresponding coalgebra is denoted by
/6 and called a factor coalgebra for . In [1], it has been shown that there is a largest
congruence relation contained in every reflexive relation R denoted by Con[R]. In partic-
ular, Vg := Con[A X A] denotes the largest congruence relation on . This is in general
a proper subset of A X A.

LEmMA 2.4 [4]. IfF weakly preserves kernels, then the largest bisimulation ~y on a coalge-
bra s is transitive, in fact it is the largest congruence relation V 4 on .

3. Extensionality and simplicity
3.1. Definitions and some basic results

Definition 3.1 [5]. Let s be a coalgebra for an arbitrary-type functor F.
(1) oA is called simple if it does not have any nontrivial congruence relation.
(ii) oA is called extensional if its diagonal is its largest bisimulation.
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The following theorem is a characterization of extensional coalgebras. This can be
found in [3], and, in [8] (in case F preserves weak pullbacks), as a characterization of
“simple” coalgebras.

TaeoreM 3.2. For a coalgebra s, the following are equivalent.
(1) A is extensional.
(2) Every homomorphism with domain 3 is a monomorphism.
(3) For every coalgebra B, there is at most one homomorphism v : B — 5.

The following result shows that extensionality generalizes simplicity.
CoROLLARY 3.3 [5]. Every simple coalgebra is extensional.

For functors weakly preserving kernels, both notions agree. The following gives an
easy description of simple coalgebras when the terminal coalgebra exists.

LEMMA 3.4 [3]. If the terminal coalgebra exists, then simple coalgebras are precisely isomor-
phic copies of its subcoalgebras.

For every Set-endofunctor F, we denote by Ext(F) (Simp(F), resp.) the fully faithful
subcategory of Setr whose objects are extensional coalgebras (simple coalgebras, resp.).
Despite the fact that Setr is cocomplete [2] for any type functor F, the subcategories
Ext(F) and Simp(F) are not cocomplete in general. More precisely, we have the following
important observation.

Remark 3.5. For every type functor different from the empty constant functor, neither the
class of simple coalgebras nor that of extensional ones is closed under sums. However, the
former is closed under homomorphic images and domains of injective homomorphisms
and the latter under domains of monomorphisms but not under homomorphic images.

3.2. Some examples

3.2.1. Nondeterministic labelled transition systems with output. Let X be a set with 2] > 2
and a and b two different elements in 2.

Example 3.6. Let %P be the power set functor defined by P(X) := {A | A < X}, and for
allmap f: X =Y, P(f) : P(X) - P(Y) where P(f)(A) := f(A), £ x $d the functor
which associates every set X with ¥ X X and every map f: X — Y withidy X f: 2 X X —
X X Y defined by (ids % f)(e,x) = (e, f(x)). For the arrow representation of coalgebras
and the characterizations of homomorphisms and bisimulations between coalgebras in
Setgo(sxgd), see [8].

The P o (£ X $d)-coalgebras & := (S,as) defined by as(0) = {(a,1)} and as(1) =
{(b,1)} and T := (T,ar) defined by T = {0,1,2} with ar(0) = {(a,1),(b,2)}, ar(1) =
{(b,1)} and ar(2) = {(a,2)} represented below are extensional.

F=0—>1" )b g:aCzéo*"ﬂQb. (3.1)



M. Kianpi and C. N. Jugnia 5

It is well known [6] that P preserves weak pullbacks. Similarly does the functor X X
$d. Thus the type functor % o (X x $d) weakly preserves pullbacks. Consequently, it does
weakly preserve kernels so that the coalgebras ¥ and J are also simple.

3.2.2. (—)3-coalgebras. The functor (—)3 given on sets as (X)3 = {(x1,%2,%3) € X° | x; =
xp0rx; =x30rx; = x3} and on maps f:X — Y as (f)3(x1,%2,%3) = (f(x1), f(x2),
f(x3)) constitutes a great source of counterexamples in the theory of coalgebras. It has
been introduced in [1] and is an example of functor which does not weakly preserve ar-
bitrary pullbacks [3].

Example 3.7. Consider the (—)%-coalgebras A= (A,an), where A = {a,b} and oy : A —
(A)3 is defined by as(a) = (a,a,b) and a4 (b) = (a,b,a) and 1 := (1,a;) with 1 = {x}. 1
is the terminal coalgebra and hence the only nonempty simple coalgebra (up to isomor-
phism) and o is extensional.

3.3. Simple factor coalgebras. Every coalgebra “can be made” simple by taking the quo-
tient with respect to its largest congruence relation. It is well known [3] that when ordered
by the set inclusion, congruences on a coalgebra form a complete lattice. The following
which extends a result from Rutten [8] for weak pullbacks preserving functors is imme-
diately checked using the fact that [5] the congruence lattice of $4/0 is isomorphic to the
interval above 0 of the congruence lattice of .

ProrosritioN 3.8. For any functor F, every coalgebra s, and every congruence relation 0
on A, the quotient /8 is simple if and only if 0 = V 4.

We call d/V g the simple factor of the coalgebra .

4. Split coalgebras

In this section, we introduce the concept of split coalgebra. As the concept of extensional
coalgebra, this generalizes that of simple coalgebra.

4.1. Definitions and some basic results

Definition 4.1. Let F be any type functor. A coalgebra o is called split if the canonical
projection 7y, of s onto #/V g splits.

We have the following characterization of simple coalgebras.

ProPOSITION 4.2. For every type functor F, a coalgebra is simple if and only if it is split and
extensional.

From Propositions 3.8 and 4.2, it follows that for any coalgebra if there exists a ho-
momorphism y : 4/Vy — s, then automatically 7y, o y = idgv,,, that is, o is a split
coalgebra.

This constitutes a key factor in tackling the proof of the following result which permits
obtaining split coalgebras when the terminal coalgebra exists.

ProrosiTiON 4.3. Let F be any type functor. If there is a terminal coalgebra 1, then every
coalgebra A, such that there exists a homomorphism ¢ : 1 — s, is split.
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4.2. Some examples

4.2.1. (=)3-coalgebras (continued).

Example 4.4. Nonempty split coalgebras are just coalgebras ${ for which there exists a
homomorphism ¢ : 1 — 9, that is, there exists an element ay € A such that as(ag) =
(a0,4a0,a0).

4.2.2. P o (2 x $d)-coalgebras (continued).

Example 4.5. The coalgebra 0 = « C 0 Q b is obviously split and M = 0 + O is split
but not simple.

5. The simplification functor

It follows from Proposition 3.8 that for every type functor F and all coalgebras o, s4/V 4
is the only simple factor coalgebra for sd. Can the passage from s to sd/V 4 be made into
a functor from Sety to Simp(F)?

5.1. The simplification functor. The following theorem provides a positive answer to
the aforementioned question and shows the adjunction of the thus obtained functor with
the inclusion functor I : Simp(F) — Setg.

THEOREM 5.1. Assume that the type functor F weakly preserves kernels. Consider S : Setp —
Simp(F) defined by S(A) = A/V 4 and for all homomorphism ¢ : A — B and all a in A,
S(@) : A/V g — B/Vg with S(9)(a/V u) := ¢(a)/Vg. Then the following holds.

(1) S is a covariant functor.

(2) S is left adjoint to the inclusion functor 1 with unit 3 :idse, — Lo S and counit
e:S ol — idsimp(r) defined by ny := v, the canonical projection of s onto 4/V g
for all A in Setp and eg : A/V g — A with €4(a/V g) := a for all A in Simp(F)
and all a in A.

Proof. (1) S is well defined on objects since 94/V 4 is, as seen in Proposition 3.8, always a
simple coalgebra. Let now ¢ : ¢ — & be a homomorphism. We want to show that S(¢) is
a homomorphism too. Let a and a’ be elements of A with (a,a’) € V4. Then (a,a’) €~y
for Vg =~y by Lemma 2.4. Now ¢(~) is a bisimulation on %B by Theorem 2.3. There-
fore (¢(a),p(a’)) E~g and consequently (¢(a),p(a’)) € Vg for Vg =~g, that is, S(¢) is
a map. We now show that it is even a homomorphism. By the definition of S(¢), we have
S(@) oy, = 7y, © f, where 1y, and 7y, are the canonical projections of s{ and % onto
A/V 5 and B/ Vg, respectively. Now 7y, o ¢ is a homomorphism and 7y, is a surjective
homomorphism. Therefore by Theorem 2.2, S(¢) is a homomorphism. One can easily
check that S preserves composition of homomorphisms and identity homomorphisms.
(2) We want to show that we have the following identities:

IkeonxI=idy, %S08y =ids. (5.1)
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We first show that I * € o 77 % I = idy. Let o be a coalgebra in Simp(F). We have

(I * Eom*k I)gg = I(sgq) © N1(sh)
(5.2)
= €4 © 1y.

Now o is simple, thus it is extensional by Corollary 3.3. Therefore, it follows from Theo-
rem 3.2 that ey o 174 = idy.
For the second identity, let s be an arbitrary coalgebra in Setz. We have

(ekxSoS*7n)y=1(exS)so(Skn)u
(5.3)
= es(st) © S(st)-

Now S(#s¢) : S(A) — S(S(sA)) and es(sq) : S(S(A)) — S(d) and S(A) is simple and hence
extensional. Thus, automatically, we have eg(s) © S(174) = ids(s)- O

The functor S will be called the simplification functor for the functor F.
From Theorem 5.1, we immediately deduce the following.

CoROLLARY 5.2. If the type functor F weakly preserves kernels, then Simp(F) is an epire-
flective subcategory of Setp and the simplification functor S is an epireflector (up to isomor-
phism).

5.2. Some categorical properties. It is well known [2] that Setr is cocomplete. On the
other hand, every left adjoint [9] preserves colimits but does not necessarily preserve lim-
its. The following shows amongst other things that the simplification functor preserves
some types of limits, as far as they exist.

ProposITION 5.3. Assume that F is a type functor which weakly preserves kernels. The sim-
plification functor S preserves all colimits, the terminal coalgebra (as far as it exists) trans-
forms every homomorphism into an injective homomorphism, and, in particular, epimor-
phisms into isomorphisms.

The following result shows that the simplification functor preserves some products
whenever they exist.

THEOREM 5.4. If F weakly preserves kernels and the product Iic;A; of a family (sd;)icr of
split coalgebras exists, then this is split and (I;c;4:)/ Vi, 50, = iep (Ai/ V ;).

Proof. Let (;)icr be a family of split coalgebras such that the product ITic;od; exists
in Setp. We want to show that it is a split coalgebra too. Thus we need to find a ho-
momorphism x : (TLie4:)/ Vi s, — Miersdi such that oy, o x = idmst)/vy, - Let
pi: jersd; — sd; be the canonical projection of IT;e;sd; to sd;, i € I. Since 4, is split, there
exists a homomorphism y; : i/ Vg, — od; such that 7y, o xi = ida/v,, forallie .

But then we have y; o S(pi) : (ITic;4;)/ Vi, s, — i for each i € I. Thus there exists a
unique homomorphism x : (ITje;4;)/ Vi, a, — Hicrsdi such that, foralli € I, pjoy = xi o
S(pi). Now (Ilicrs4i)/ Vii,q; is a simple coalgebra, so it is extensional by Corollary 3.3.
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Thus by Theorem 3.2, 7y, _ ., © x = id;s,)/v, ;-

pi

Mier A A
A A
X TV, ot Xi 0954, (5.4)
(Hiel&g‘i)/vl_lie]ﬁi pi &g‘i/v‘%’i

To end the proof, we show that (ILic;4;)/ Vi, o, = ier (Ai/V g,). Let gi: € — Ai/V 4,
be homomorphisms in Setr. We have u; := y; o g; : € — sd; in Setp. Thus, there is a unique
u:€ — Iic;d; such that p;ou = u; for all i € I. Now (Ilie; )/ Vi, 4, is a simple coal-
gebra. Thus it is extensional and consequently 7y, _, o u is the unique homomorphism
from € to (ITic;4;)/ V., 0,- On the other hand, the coalgebras s4;/V 4,’s are simple. Thus
they are extensional so that, automatically, g; = S(p;) © v, _, o u for eachi. O

If (A)ier is a family of simple coalgebras then by Proposition 4.2, for each 7, o{; is split
with #i/V g, = sd;. Thus, if their product exists, then by Theorem 5.4, (ITic14:)/ Vi, a1, =
IT;c; ;. Hence we have the following.

CoOROLLARY 5.5. If F weakly preserves kernels and a product of simple coalgebras exists, then
this is simple.
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