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We show that if v is a symmetric regular Laguerre-Hahn linear form (functional), then
the linear form u defined by u = —Ax"2v + &) is also regular and symmetric Laguerre-
Hahn linear form for every complex A except for a discrete set of numbers depending on
v. We explicitly give the coefficients of the second-order recurrence relation, the structure
relation of the orthogonal sequence associated with u, and the class of the linear form u
knowing that of v. Finally, we apply the above results to the symmetric associated form
of the first order for the classical polynomials.
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1. Introduction

The product of a linear form by a polynomial is one of the construction processes of
linear forms. Christoffel has proved that the product of a positive definite linear form
by a positive polynomial gives a positive definite linear form [7]. This result has been
generalized in [9]. It was proved that, on certain regularity conditions, the product of a
regular linear form u by a polynomial R gives a regular linear form. In particular, if u is
a semiclassical [14] (resp., Laguerre-Hahn [2, 8]), then the linear form Ru, if it is regular,
is also semiclassical (resp., Laguerre-Hahn). Then it is interesting to consider the inverse
problem, which consists in determining all regular linear forms u, satisfying Ru = —Av,
where v is a given regular linear form and A # 0. When R(x) = x — ¢,x? (resp., R(x) = x?),
Maroni [13, 15] (resp., Maroni and Nicolau [16]) found necessary and sufficient condi-
tions for u to be regular. Also, an explicit expression for the orthogonal polynomials (OP)
with respect to u is proved. Finally, it was proved that, if v is semiclassical linear form (see
[1, 3, 13, 16]), then u is a semiclassical linear form. See also [11]. In particular, in this
paper, Marcellan and Prianes proved that if v is Laguerre-Hahn linear form, then u is also
a Laguerre-Hahn linear form. When R(x) is of degree two, Branquinho and Marcellan [4]
found necessary and sufficient conditions for u to be regular. More generally, when R(x)
is any nonzero polynomial, Lee and Kwon [10] found a necessary and sufficient condition
for u to be regular and gave its corresponding OP in terms of the OP relative to v.
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2 Symmetric Laguerre-Hahn linear forms

In this paper, we consider the same problem as in [1, 3] in the symmetric Laguerre-
Hahn case: given a symmetric Laguerre-Hahn linear form v, find the linear form u de-
fined by u = —Ax2v+ 8 © x’u = —Av, (u); = 0. Section 2 is devoted to the preliminary
results and notations used in the sequel. In Section 3, an explicit necessary and sufficient
condition for the regularity of the new linear form different from that in [15] is given. We
compute the exact class of the Laguerre-Hahn linear form obtained by the above modifi-
cation and we give the structure relation of the OP sequence relatively to the linear form
u. Finally, we apply our results to some examples.

2. Notations and preliminary results

Let P be the vector space of polynomials with coefficients in C and let %" be its dual.
We denote by (u, f) the action of u € P" on f € P. In particular, we denote by (u), :=
(u,x"), n > 0, the moments of u. For any linear form u and any polynomial h, we let Du =
u', hu, 8 and x~'u be the linear forms defined by (u', f) := —(u, f'), (hu, f) := (u,hf),
(8, f):= f(0),and (x~'u, f) := (u,00 f) where (6o f)(x) = (f(x) — f(0))/x, f € P.

Then, it is straightforward to prove that for f € % and for u € %', we have
x(x7'u) = u, (2.1)
xMxu) = u— (u)od. (2.2)
We also define the right multiplication of a linear form by a polynomial with
h _ h n n n )
(uh)(x) := <u"(’2_§(5)> => ( > aj(u)jm>xm, h(x)=> aixl. (2.3)
m=0 \ j=m i=0
Next, it is possible to define the product of two linear forms through
(uv, f):=(u,vf), feP (2.4)
For f,g € P and u,v € %', we have the following results [14]:
(ubo ) (x) = (Bo(uf))(x),
fuv) = (fu)v+x(uby f)(x)v, (2.5)
(fu)' = fu' + f'u.

Let us define the operator 0 : P — P by (0 f)(x) := f(x?). Then, we define the even
part ou of u by (ou, f) := (u,0 f).
Therefore, we have [12]

F)(ou) = o(f(x*)u), (2.6)
ou' =2(o(xu)). (2.7)

The linear form v will be called regular if we can associate with it a sequence {S,} >0
(deg(S,) < n) such that

(vs8uSm) = 1uOum, n,m=0,1,#0, n=0. (2.8)
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Then, deg(S,) = n, n = 0 and we can always suppose each S, a monic. The sequence
{84} n=0 s said to be orthogonal with respect to v.

It is a very well-known fact that the sequence {S,},-0 satisfies the recurrence relation
(see, e.g., the monograph by Chihara [6])

Snia(x) = (-x - Enﬂ)snﬂ(x) = 8u11Sn(x), n=0,

Six)=x—&,  So(x)=1 (2.9)

with (&,,8,41) € Cx (C—{0}), n > 0, by convention we set §y = (v)o = 1.
In this case, we let {S%},-0 be the associated sequence of first order for the sequence
{Su} n=0 satisfying the second order recurrence relation

S (%) = (x = Euea) S (%) = 828D (x), 1> 0,

(2.10)
SV =x—£&, SV =1, (Yx)=0).
Another important representation of Sﬁ,l)(x) is, (see [5]),
S (x) := <v%§”*‘(o> (2.11)

Also, let {S, (-, )} u=0 be the corecursive polynomials for the sequence {S,},=¢ satisfying

(5]
Sp(,pt) = Su(x) — S (x), n=0. (2.12)

A linear form v is called symmetric if (v)2,41 = 0,7 > 0.In (2.9), we have §, = 0,1 > 0

(6].
Throughout this paper, unless otherwise mentioned, the linear form v will be sup-
posed normalized, (i.e., (v)o = 1), symmetric, and regular.
Let us consider the quadratic decomposition of {S,},-0 and {Sﬁ,l) Yoo [6, 12]:
Son(x) =By(x?),  Sanni(x) = xRy (x?), (2.13)
So (%) = Ry (x%,=81), Syl () = xPD (). (2.14)

The sequences {13,,},,20 and {ﬁn}nzo are, respectively, orthogonal with respect to ov and
xov. We also have

Pria(x) = (x = &8 ) Prn (x) = 85, Pu(x), m =0,

~ o ~ (2.15)
Pi(x) =x—&f, Py(x) =1,

with

& =081, & =0mat6ms Oh =010, n=0. (2.16)
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By virtue of (2.9), with &, = 0, we get S,42(0) = —8,+15,(0). Consequently,
80(0) = Py(0) =1, $5442(0) = Ps1 (0) = (1) [ [ 8001, n =0 (2.17)

PropositioN 2.1 [14]. v is regular if and only if ov and xov are regular.

3. The Laguerre-Hahn case

Fora A € C— {0}, we can define a new linear form in %’,
u=—-Ax"2v+0,. (3.1)
From (2.1) and (3.1), we have
Xu=—v. (3.2)

Remark 3.1. The above problem was partially treated by the second author and Maroni
[1, 15] and we are going to handle it differently.

PROPOSITION 3.2. u is regular if and only if P,(0,A) # 0, n = 0, where P, is defined by
(2.13).

Proof. Applying the operator o for (3.2) and using (2.6), we obtain
xou = —Aov. (3.3)
From (2.2) and (3.3), we get
ou=—-Ax"tov+d,. (3.4)

From (3.1), it is plain that u is symmetric linear form. Then, according to Proposition
2.1 u is regular if and only if xou and ou are regular. But xou = —Aov is regular because
A # 0 and ov is regular. So u is regular if and only if ou = —Ax"'ov + J; is regular.

Or, {ﬁﬂ} #=0 18 the corresponding orthogonal sequence to ov, and it was shown in [13]
that ou = —Ax~lov + & is regular if and only if A # 0 and P,(0,A) # 0, n > 0. Then, we
deduce the desired result. O

Remarks 3.3. (1) u is regular if and only if A # 1,,, n > 0, where A, P, (0 )/Pn 1(0)
(2) In fact, we have the well-known identity (see [6, page 86])

P (0)PY,(0) = B,y12(0)PY HSM, n=0. (3.5)

Dividing the above equation by ﬁ,ﬁz(O)ﬁnﬂ(O) and using (2.13), (2.16), and (2.17),
we obtain
B0 B | T o
Pup(0)  Pui(0) o0

n=0. (3.6)
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This leads to

n k
8
P(0) = =Pra (0 X [T 5= n=0. (3.7)
k=0 v=0 2v+1

Using (2.12) and (3.7), we can easily find the result given in [15] according to Propo-
sition 3.2: when the linear form v is symmetric, then

-1
uis regular < A # — ( Z 1_[ Oay ) (3.8)

k=0v=0 62v+1

When u is regular, let {Z,} .0 be the corresponding sequence satisfying the recurrence
relation

Zp2(x) = xZpy1 () — YnHZn (x), n=0,

ZW)=x  Zox) =1L (3.9)
Let us now consider the quadratic decomposition of the sequence {Z,} >0,
Zon(x) = Pu(x?),  Zau1(x) = xRy(x), n=0. (3.10)
From (3.4), we can deduce the following result.
ProrosITION 3.4 [13]. The polynomials of the sequence {Py} 4o satisfy the relation
Pyt (x) = Pri (x) +8uPa(x), 120, (3.11)
where
LNIn:—m, n=0. (3.12)
LEmma 3.5 (cf. [1]).
Zni2(x) = Sp2(x) +anSp(x), n=0, (3.13)
with
A = Ay 2nr1 = O2ni2, 1= 0. (3.14)
Proof. On the basis of [1], we have dy,11 = 82412, 1 = 0 and
Zon+2(x) = Sans2(X) + 24820 (x), n=0. (3.15)

In (3.13), replace x by x?> and compare the obtained equation with the above one, we
obtain a,, = dy, n > 0, according to (3.10). O

ProprosITION 3.6 (cf. [15]).

~ 82p410
==X Vw2 =0n  Yini3 = S L > Q). (3.16)

an
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~

Remarks 3.7. (1) The decomposition (3.10) shows that R, (x) = P,(x), n = 0, since xou =
—Aov. Consequently, the polynomial Z,,,; does not depend on A.

(2) From (2.16), (3.9), and (3.16), the sequence {P,},>¢ satisfies the recurrence rela-
tion (2.13) with

~ 024110
ﬁop _ —)L, ﬁgﬂ =d,+ 2n+;i 2n+2’ n> 0,
" (3.17)

Gn+1020410

P ~ p n+102n+102n+2

N = Ao, Yp = - a0 n= 0.
n

Definition 3.8 [2]. The regular linear form v is called Laguerre-Hahn if its formal Stieltjes
function satisfies the Riccati equation

B(2)S (v)(2) = B(2)S*(v)(2) + Co(2)S(v)(2) + Dy (2), (3.18)

where ® is monic, B, Cy, and Dy are polynomials, and S(v)(z) = — >,..o((v)/2"*1).

It was shown in [8] that (3.18) is equivalent to
(Dx)v) +Pv+B(x12) =0 (3.19)
with
P(x) = @' (x) - Co(x). (3.20)
We also have the following relation:
Do(x) = = (v6,®)  (x) — (v6F) (x) — (VOZB) (x). (3.21)

Remark 3.9 [14]. When B = 0 in (3.18) or (3.19), the linear form v is semiclassical.
ProposiTioN 3.10 [1]. Define d= max(deg(a)),deg(g)) and p = deg(‘?’)

~

The Laguerre-Hahn linear form v satisfying (3.19) is of class s = max(d — 2,p — 1) if and
only if

[TU® @ +FC)| +|B)]| + | (v,0?®+6.F +v0,0.B) |} #0, (3.22)
ce¥

where % denotes the set of zeros of ®.
COROLLARY 3.11. The Laguerre-Hahn linear form v satisfying (3.18) is of class s = max(d —
2,p — 1) ifand only if

[TLC@]| + B+ |Dole)|} #0. (3.23)

ce¥
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Remark 3.12. Equation (3.23) is equivalent to the fact that the polynomial coefficients in

(3.18) are coprime.

ProrosritioN 3.13. If v is a Laguerre-Hahn linear form and satisfies (3.18), then for every
A € C— {0} such that P,(0,A) # 0, n = 0, the linear form u defined by (3.1) is regular and

Laguerre-Hahn. It satisfies

®(2)S' (u)(2) = B(2)S*(u)(2) + Co(2)S(u)(2) + Dy(2),

where
O(z) = 22P(2),
B(z) = —A"'2*B(2),
Co(z) = 22Co(2) — 20712 B(z) — 22D(2),
Do(z) = —®(z) — ADy(z) + zCo(z) — A1 22B(2),
and u is of class s such that s <5+ 4.
Proof. We have [14]
S(v)(z) = S(=A7"&%u)(2)
= A" HZ2S(u) (2) + (u6o (£%)) (2)}

= -1 HZ2S(u)(2) +z}.

By substituting (3.26) in (3.18), we easily find (3.24)-(3.25).
The linear form u satisfies the distributional equation

(Ox)u) +Yu+B(x'u?) =0,

where @ and B are the polynomials defined by (3.25) and

Y(x) = -’ (x) — Co(x) = x* (¥(x) + 21 'xB(x)).

Then deg(®) <5+4, deg(B) <5+6, and deg(¥) = p <5+5.

Thus d = max(deg(®),deg(B)) <5+ 6 and s = max(d —2,p — 1) <5+4.

ProrosITION 3.14. The class of u depends only on the zero x = 0 of ®.

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

Proof. Since v is a Laguerre-Hahn linear form of class s, S(v)(z) satisfies (3.18), where the
polynomials ®, B, Cy, and Dy are coprime. Let @, B, Cy, and Dy be as in Proposition 3.13.
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Let ¢ be a zero of @ different from 0, this implies that CT)(C) = 0. We know that |§(C)| +
|Co(e)l +1Do(c)] #0,
(i) if B(c) # 0, then B(c) # 0,
(ii) if B(c) = 0 and Cy(c) # 0, then Cy(c) # 0,
(i) if B(c) = Co(c) = 0, then Dy(c) # 0, whence |B(c)| + |Co(c)| + | Do(c)| # 0. 0

Concerning the class of u, we have the following result.

PROPOSITION 3.15. Letf = deg ®, 7= degﬁ, and p = deg‘f’. Under the conditions of Prop-
osition 3.13, for the class of u, the following two different cases hold.
1) If —=®(0) — ADy(0) # 0, then

or p<FE=7+1, (3.29)

2) If =®(0) — ADo(0) = 0 and ®(0) # 0, then

S+3 ifp<r =T,
s=15 ifp=71T<F+2 or p<?, T=7+1, (3.30)
S+1 ifp<r,f=F+20rp=7+1,

where the polynomials &, ¥, B, Cy, and Dy are defined in (3.18)-(3.19).
Proof. 1f —®(0) — ADy(0) # 0, then from (3.25) and (3.28) we have

deg(®) = T+2, deg(B) =7 +4, p:=deg(¥) < max(p+2,7+3). (3.31)

We will distinguish three cases:

(a) p <7 then p=7+3ands=max(f,7+2).Iff <7 thens=F+2 =5+4.If =7+
1, thens=7+2 =543, since §= 7 — 1 in this case. If f > ¥+ 2, then s = ?= ? 2;
(b) p=7F,then p=F+3=p+3ands=max(f,p+2). Iff< p+2,thens=p+2=
S+3.1fT> p+2,thens=1=5+2;
(c) p>7 then p < p+2ands=max(f,p+1).
Since f=5+2or p+1=5+2, thens =5+2.
Therefore, from the above situations, we deduce
s if p<7,
s={5+3 1f5=?? +2 orp<iE=7+1, (3.32)
$+2 ifp<rt=F+2 orp=7+1



M. Sghaier and J. Alaya 9
If —~®(0) — AD(0) = 0, then (3.24)-(3.25) is divisible by z. Thus,

2®(2)S (1) (2) = A" '22B(2)S2 (1) (2) + { — 2D(2) — 21 22B(2) + 2Co (2)} S(u) (2)
+{ = (60®)(2) - A'zB(2) + Co(2) - M(60D) (2)}.

(3.33)
If &(0) # 0, it is not possible to simplify, which means that the class of u is
S+3 ifp<F T<7,
s=15+2 ifp=Fi<F+2orp<r, T=7+1, (3.34)
S+1 ifp<r,f=Ff+2orp=7F+1. 0

Note that the sequence of orthogonal polynomials (OPs) relatively to a Laguerre-Hahn
linear form has a structure relation [2]. Then, if we consider that the linear form v is
Laguerre-Hahn, its OPs {S, } ,~ fulfills the following structure relation:

D(x)S),,1 (%) — B(x)SP (x) = %(ém (x) = Co(%))Su1(x) = 81Dyt ()84 (x), 120,
(3.35)
with
Cr1 (x) = =Cp(x) +2xDy (x),
n=>0, (3.36)

~

Sur1 D1 (%) = =D (x) + 8,D, -1 (x) — xCpo(x) + x* D,y (x),

where éo(x) and D, (x) are given by (3.18) and 8oD_, (x) = E(x).
Replacing n by n — 1 in (3.35) and using (2.9), we obtain

[a—

B0, (x) — B)SY, (x) = D)8y () + ( (&) — Colx)) — x5n<x>)sn<x>.

(3.37)

2

According to Proposition 3.13, the linear form u is also Laguerre-Hahn and its OPs
{Z,} n=0 satisfies a structure relation. In general, {Z,} - fulfills

D(x)Zp41(x) = Bx)ZM (x) = %(Cn-%—l(x) = Co(x)) Zn+1(x) = Yue1Dps1 () Zn(x), n =0,
(3.38)

with

Cur1(x) = —Cy(x) +2xD,(x),
n=0, (3.39)
Yn+1Dn+1(x) = —@(x) + Ynanl(x) - an(x) +x2Dn(x):

where Cy(x), Dy(x) are given by (3.25) and yoD_;(x) = B(x).
We are going to establish the expression of C, and D,, n > 0, in terms of those of the
sequence {Sy,} n=o.
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ProposiTION 3.16. The sequence {Z,}n=0 satisfies the structure relation (3.38) with (for
n>=0)

Crra () = X2 Cru1 (%) +2(@n — 841) %Dy (%) = 2(ans1 — Snr2) XDy (%),

D) = 2By (0 + (a0 = yr) (B = 2By 20, (3.40)

C1 = x*Co(x) — 2AxDy(x), D (x) = x*Dy(x),

Co(x) and Dy(x) are given by (3.25).

To prove the above proposition, we need the following lemma.

LEMmMma 3.17.
anxzsnﬂ(x) = apXZni2 + )’n+2(8n+1 - an)ZnJrl (x), n=0, (3.41)
anx*Sp(x) = (an1 — Ons2) Znia + Yni2xZu1(x), n=0, (3.42)
XZ (%) = xZuia(x) = MSE () + anS, (), n=0. (3.43)
Proof. For (3.41)-(3.42) see [1].
It is clear that
x(Sn(x) - Sn(g)) - (X - f)(sn(x) - Sn(o) = E(Sn(x) - Sn(f)) + (E _x)(sn(f) - Sn(o)),
(3.44)
then
(1) (1) m '
<£72V, Sn(f) - Sn(x)> _ Snfl(x) _zsn—l(o) _ Snfl (0) (345)
E—x x X

From (3.2) and (3.13), the conditions (%, Z,+2) = 0 and (u,xZ,1,) = 0 imply, respec-
tively,

“A(S (0) + Sty (0)) +8s2(0) +,S,(0) =0, (3.46)
~M($01(0) +a,8,”,(0)) = 0. (3.47)
From (2.11) and (3.13), we have

Zﬁzi)l (x) _ <u’ Zn+2(€) — Zn+2 (-x) >

E—x
_ Sn+2(x) — Sn+2(0) Sn(x) — 84(0)
= " +ay ; (3.48)
_ Sn+2(£) - Sn+2 (X) — Sn(f) — Sn (X)
—A{<€ ZV’—ffx >+an<€ Zv’if,x >)§
Taking into account (3.45)—(3.47) in the above equation, we get (3.43). O

Now, we are able to prove Proposition 3.16.
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Proof. After derivation, we multiply (3.13) by ®(x), we obtain
D(X)Z] 1 (x) = D(x)S.,,, (%) + 2y D(x)S,, (x). (3.49)

Multiplying (3.43) by A‘lﬁ(x), adding (3.49), and taking into account (3.35)—(3.37),
we get

B(x)Z),(x) + A 2B () ZN) (%) = G, 1) S () + H (3, 1) S, (x) + A7 xB () Zsa (%),

(3.50)
where
Glx,n) = %( Crsa(x) = Co(3))x+ap D (%) = 82Dy (%),
1~ N 1~ N N (3.51)
Hm) = =3 (Cra) = Col0)) 8y + an] 5 (€)= Cot)) —xB, () .

Multiplying (3.50) by x? and taking into account (3.14), (3.25), (3.36), and (3.41)-
(3.42), we obtain

D(x)Z),(x) — B(x)Z8 (%)

= {%xz(énﬂ(x) — éo(x)) + (an - 6n+l)xﬁﬂ(x)

N N L an (3.52)
— (@ns1 = On+2) XDps1 (x) + xD(x) + A7 B(x)}Zm (x)
~ ~ a ~
— Yo B (04 (@0 = 8a) (Bul) = 1 B2 ) | 201 (o)
n
Comparing with (3.38), we get the desired result for n > 2.
Finally, using (3.39) with n = 0 and (3.25), we easily obtain C; and D;. O

Remark 3.18. In the Laguerre-Hahn case, the polynomials C, and D, of (3.38) enable
to obtain the coefficients of the fourth-order differential equation satisfied by each Z,,,
n = 0. See, for instance [8, page 90].

Examples 3.19. In the next examples, we apply our results to the associated linear form
of the first order for the classical polynomials which are symmetric.
(1) Let v be the associated linear form of the first order of Hermite. Here [8, 11]

2n+3
2 bl

D(x) =1, P(x)=2x, Bx) =-1,
(Nln(x) = —2x, 5,,(x) =-2, nx=0.

Oopr1 =n+1, Oy = >0, (3.53)

(3.54)

In this case, the linear form v is a Laguerre-Hahn linear form of class § = 0. From (2.17)
and (3.53), we have

P,(0)=(-1)"T(n+1), n=0. (3.55)
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From (3.53), (2.15), (2.16), and (2.10), we get the second-order recurrence relation
satisfied by {135,1) }n=0. Using this relation, we deduce by induction

B (0) = 2(— 1) (F(n+ 2) - M) >0, (3.56)
NG
From (2.12), and (3.55)-(3.56), we obtain
~ (=1)" 3
B0 = 2 (- anvarne neawr(ne 3}, nzo, (357)
NG 2
then u is regular for every A # 0 such that
1y, AT(n+3/2)
AH£2 7\/51,(”_'_1), n=0. (3.58)

From (3.12) and (3.57), we obtain

~ _ (1=20)/al(n+2)+4AT(n+5/2) N
b= o) al(n+ )+ 4 l(n+372)° "= (3.59)

Using (3.53), (3.59), and (3.16), we get

Y1 = _/1)

(1-20) /Al (n+2) +4AT(n +5/2)
Vo2 = ) JAT(n+ 1) + 4AT(n + 3/2)°

~ (1-20)/m(2n+3)I'(n+2) +8Mn+ 1)I'(n+5/2)
Yanis = 2(1 - 20) Jal(n+2) + 8AT(n +5/2) :

nz0, (3.60)

n=0.

Taking into account that the linear form v is Laguerre-Hahn and by virtue of Prop-
osition 3.13, the linear form u is also Laguerre-Hahn. It satisfies (3.24) and (3.27) with

D(x) = %2, B(x) = A71x%, Y(x) = (2-21"1x3,

Co(x) = (2471 = 2)x% — 2x, Do(x) = (A1 —2)x2 +20— 1. (3.61)

From (3.54), we have —®(0) — 1D(0) = —1+21 and ®(0) = 1.
Now it is enough to use Proposition 3.15 to obtain the following.

(i) If A satisfies (3.58) and A~! # 2, then the class of u is s = 2.
(ii) If A=! = 2, then the class of uis s = 1.

Remark 3.20. The symmetric Laguerre-Hahn linear forms of class s = 1 have been de-
scribed in [2].
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Finally, from (3.54), (3.59), and Proposition 3.16, we give the elements of the structure

relation of the sequence {Z,} >0 for n = 0,
Co(x) = (2471 = 2)x® — 24, Cy(x) = —=2x° + 4)x,

B 6AL(n+3/2)
(1— 20 /al(n+ 1) +4AT(n+3/2)"

Y 6AL'(n+5/2) X
(1-2)0)/al(n+2)+4AT(n+5/2)"

Do(x) = (A1 =2)x* +21 -1, Dy (x) = —2x7%,

Consa(x) = —2x°

Coniz(x) =

Dipia(x) = —2x7

A2A—1)/nT(n+3/2)T(n+1)

T2((1=20)VAT(n+ 1)+ 4AT(n +3/2)) (1 — 2A)/AL(n+2) + 4AT(n+5/2))°

(2) Let v be the associated linear form of the first order of $(a, «). Here [8, 11]

4(n+1)(n+a+1)

62n+1 =

(4n+2a+3)(4n+2a+5)’
2n+3)2n+2a+
62n+2 = ( " 3)( " & 3) 5 nZO)
(4n+2a+5)(4n+2a+7)

~ ~ ~ 200+1
_ 42 - _ -
O(x)=x"—-1, Y(x) 2(a+2)x, B(x) 2at3

én(x) =2(n+a+1)x, 5n(x) =2n+2a+3, n=0.

We assume (2a+ 1) # 0, then v is a Laguerre-Hahn linear form of class § = 0.

(3.62)

(3.63)

(3.64)

By applying the same process as we did to obtain (3.57) and using the above results,

we can get for n > 0,

(="

Pa0,2) = F2n+a+5/2)

dn()‘% n= 0)

where

I(a+32)I(n+1)I'(n+a+1)

d,(V) = (1- 2a+3))

T'(a+1)
2Q2a+3)A ( §> ( é)
+7ﬁ r n+2 T n+oc+2 , n=0.

Then, u is regular for every A # 0 such that

2T(a+ 1)I'(n+3/2)T(n+a+3/2)

1 _
A A 23— N G 3/)T (it Dl at 1)’

n=0.

(3.65)

(3.66)

(3.67)
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From (3.12) and (3.65)-(3.66), we obtain
~ 4dyi1 (1)

D= ant2at3)dnt2a+5d,0) "2 (3.68)
Using (3.63), (3.68), and (3.16), we get
y1= -4,
_ 4dn1 (1)
Y2 = G a s 3) (dn 4 2a 1 5)d, ) 10 (3.69)

(n+1)(n+a+1)2n+3)2n+2a+3)d,(A)
(4n+2a+5)(4n+2a+7)d,1(A)

Yan+s = , n=0.
According to Proposition 3.13, the linear form u is also Laguerre-Hahn. It satisfies
(3.24) and (3.27) with

20+ 1
ocx4

22 B
D(x) = x*(x* - 1), B(x) = -\~ 12“+3

200+1

_ 1 3
Y(x) = 2<oc+2 A Sl +3)
200+ 1

200+ 3

200+ 1

_ _ -1
CO(X)_Z(“ A 2a+3

)x3+2x, Dy(x) = (204+1—/V1 )x2+1—(2oc+3)/\.

(3.70)

From (3.64), we have — ( ) — /\DO(O) =1-22a+3)and ®(0) = —
Now it is enough to use Proposition 3.15 to obtain the following.
(i) If A satisfies (3.67) and A~! # 2« + 3, then the class of u is s = 2.
(ii) IfA7! = 2+ 3, then the class of uis s = 1.
Finally, from Proposition 3.16, we have for n > 0,

Colx) = ( *lziii) Pi2n, Cx) = Qa+ ) — 2020+ 3)x,

AA2a+3)I'(n+3/2)T(n+a+3/2)

_ 3
Coni2(x) =202n+a+2)x’ + Jrdn(0) X,
B 5 4A2a+3)[(n+5/2)I(n+a+5/2)
Conis(x) =22n+a+3)x rdna (V) X,
Do(x) = <2a+1—/\ 12““) 2 +1- (Qa+3)),
200+ 3

Dope1(x) = (4n+ 20+ 3)x?

Diyya(x)
= (4n+2a+5)

y <x2 B (2(x+3)/1(1—(20¢+3)/\)T(oc+3/2)F(n+3/2)F(n+1)F(n+a+1)l"(n+oc+3/2)>'

2/l (a+1)d,(AV)du (A)
(3.71)
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(3) Let v be the associated linear form of the first order of $(a, —«). Here [8, 11]

2n+a+2)2n—a+2)

Ons1 = (4n+3)(4n+5)
(3.72)
s _ (2n+a+3)2n-a+3) 0
T Un+5)(4n+7) 7
D(x)=x>—1 P(x) = —4x By = 1= o
- ’ ’ 37 (3.73)
C.(x)=2(n+1)x, D,(x)=2n+3, n=0.
We assume (1 — a?) # 0, then v is a Laguerre-Hahn linear form of class § = 0.
From (2.17) and (3.72), we have
5 v 1 nV2T(n+1+a/2)T(n+1—a/2)
Pr(0)= (=1 41T (n+9/4)T(n+7/4)T(1 + a/2)T(1 — a/2)’ nz0. (3.74)
From (3.72), we have (with Z;io =0)
- Z 15[ 82y 15 12T(2 + a/2)T(2 — a/2)
TS0 Q@2-a) 2+a)2-al(3/2+a/2)T(3/2— a/2)
(3.75)
i (4k+9I'(k+5/2+ a/2)T(k+5/2 — a/2) 0> 0
AT(k+3+a/2)T(k+3—a/2) ’ -
Or,
(4k +9)'(k+5/2+a/2)T(k+5/2 —a/2) g (3.76)
AT(k+3+a/2)T(k+3 - a/2) Tk Tk '
with
_ T(k+5/2+a/2)I'(k+5/2 - a/2)
S ka2t w2l k2 —wa) K20 (3.77)
then
A, =34 3l"(l +a/2)T(1—a/2)T(n+5/2+a/2)T(n+5/2 — a/2) 00, (3.78)

T(32+a/2)T(3/2 —a/2)T(n+2+a/2)T(n+2 - a/2)’

Therefore, from (3.7), (3.74), and the above result, we obtain

P(0) =

(=1)"1371/2 T(n+2+a/2)T(n+2—a/2)
4+l T(n+9/4)T(n+7/4)T(1 +a/2)T(1 — a/2)

(3.79)

_T(n+52+ a/2)T(n+5/2—a/2)
I'(3/2+a/2)I(3/2 —a/2)
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From (2.12) and (3.74)—(3.79), we obtain

5 _ (=D'nv2 -
Pa0,4) = 41T (n+5/4)T(n+3/4) d(V), n=0, (3.80)

where

I'n+1+a/2)T(n+1—a/2)

dn(A) = (1-31) I'(1+a/2)T(1 - a/2)

(3.81)
3AT(n+3/2+a/2)T(n+3/2 — a/2)

, n=0.
I'(32+a/2)I'(3/2 —a/2)

Then, u is regular for every A # 0 such that

IT'(n+3/2+a/2)T(n+3/2 —a/2)T(1 +a/2)T(1 — a/2)
I'n+1+a/2)I(n+1—a/2)T(3/2+a/2)T(3/2 — a/2)’

At £33 n=0. (3.82)

From (3.12) and (3.80)-(3.81), we obtain

~ 4dn+1(/\) -
= an+3)(4n+5)d, ()’ n=0. (3.83)

Using (3.72), (3.83), and (3.16), we get

Y1 = _A:

_ 4d,1 (1) o
V2= a3y (an+5)d,0) "7 (3.84)

(2n+2)>—a?)((2n+3)> —a?)d,(L)
4(4n+5)(4n+7)d, 1 (1) ’

Yan+3 = n=>0.

According to Proposition 3.13, the linear form u is also Laguerre-Hahn. It satisfies
(3.24) and (3.27) with

W) 2
Dx) = 22— 1), B(x):—)vllT“x‘*, ‘P(x):—2<2—)l’llT“)x3,

— 2 _ a2
Co(x):—ZA_llTax3+2x, Dy(x) = (1—A‘1lTa>x2+l—3A.
(3.85)

From (3.73), we have —®(0) —/150(0) =1-31and ®(0) = —1.

Now it is enough to use Proposition 3.15 to obtain the following.
(i) If A satisfies (3.82) and A~! # 3, then the class of u is s = 2.
(ii) If A1 = 3, then the class of u is s = 1.
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Again, from Proposition 3.16, we have for n > 0,

2
Co(x) = —2171 lTax3 +2x, Ci(x) = 2x° — 6)x,

N 6A(n+3/2+a/2)T(n+3/2 — oc/z)x
d,(A) ’

6ATl'(n+5/2+a/2)T(n+5/2 —a/2)
dn ) ®

)x2+1—3A,

Cona(x) =4(n+1)x°

Conss(x) =2(2n+3)x> —

1—ao?

Dutx) = (1 R
D2n+1(x) = (47’l+ 3)X2,

Diyia(x)
= (4n+5)

« ( ) BA1=-3MT(n+1+a/2)T(n+1—a/2)T(n+3/2+a/2)T(n+3/2 —a/2)
. T(1+a/2)T(1 — a/2)dy(V)dpr (V) :

(3.86)

(4) Let v be the associated linear form of the first order of Bessel with parameter value of
a=1. We have [8, 11]

-1 -1

(4n+3)(4n+5)’ Ooni2 = (An+5)(dn+7)’ n=0, (3.87)

82n+1 =
~ 5 ~ ~ 1
D(x) = x°, Y(x) = 4x, B(x) = 3

~ - (3.88)
Cu(x)=2(n+1)x, Dy(x)=2n+3, n=0.

In this case, the linear form v is a Laguerre-Hahn linear form of class §'= 0.

By applying the same process as we did to obtain (3.57) and using the above results,
we can get for n > 0,

D _ L _
P,(0,1) = 2T (2n+3/2) (1-3An(2n+3)), n=0, (3.89)

then u is regular for every A # 0 such that
AV £3n(2n+3), n=0. (3.90)

From (3.12) and (3.89), we obtain

. 1=3A(n+1)(2n+5) .
U= n3)an+5)(1-3nzns3)’ "0 (3.91)
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Using (3.87), (3.91), and (3.16), we get

Y1 = A,
1-3A(n+1)(2n+5) o
4n+3)(4n+5)(1 -3An(2n+3))’ =5 (3.92)

1-3An(2n+3)
4n+5)(4n+7)(1-3Mn+1)2n+5))’

Yont2 = — (

)12n+3=—( n=0.

By virtue of Proposition 3.13, the linear form u is also Laguerre-Hahn. It satisfies
(3.24) and (3.27) with

At A1
D(x) = x4, B(x) = —x*, Y(x) = —2(2 - —>x3,
3 3
. i (3.93)
Co(x) = ?x3, Dy(x) = (1+—)x2—3l
According to Proposition 3.15, the class of u is s = 2.
Finally, from Proposition 3.16, we have for n > 0,
2 -1
Co(x) = ATx3, Ci(x) = 2x° — 6)x,
61
_ 3_ . 00
Conia(x) = 4(n+ 1)x I 3nn+3)”
Comea(x) = 220+ 3)x° + o1 x
i 1-3Mn+1)2n+5)" (3.94)

-1

Dy(x) = (1 + AT)x2 -3A,

Dypi1(x) = (4n+3)x?%,

B , 92
Dania) = (4”+5)<x (1-3A(n+1)(2n+5)) (1 - 3An(2n+3)) )
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