ON THE BIHARMONICITY OF PRODUCT MAPS
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We introduce the warped product of maps defined between Riemannian warped product
spaces and we give necessary and sufficient conditions for warped product maps to be
(bi)harmonic. We obtain then some characterizations of nontrivial harmonic metrics and
nonharmonic biharmonic metrics on warped product spaces.
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1. Introduction

Let f: (M™,g) — (N",h) be a map between the m-dimensional Riemannian manifold
(M,g) and the n-dimensional Riemannian manifold (N, k).
The energy of the map f is given by

E(f) = jMe<f>vg, (1.1)

where v, is the volume form on (M,g) and e(f)(x) := (1/2)IIdf(x)||2T,fM®f,,TN is the
energy density of f at the point x € M. In local coordinates (x')/"; on M and (y*)i_,
on N, the energy density is given by e( f)(x) = (1/2)g" (x)hap(f (x))(2f*/9x") (0 fb/0x7).
Critical points of the energy functional are called harmonic maps.
The first variational formula of the energy gives the following characterization of
harmonic maps: the map f is harmonic if and only if its tension field 7(f) vanishes
identically, where the tension field is given by

L 0*f° afe aftafc\ o
. _oil Z2ZS _MpkZ) | Nrya
7(f):=trace, Vdf = ¢ (8 e L5 F +7 I, ox 9 ) 9y’ (1.2)

with ¥ Ff‘j and NT7, being the Christoffel symbols of the metrics g and h, respectively.
The theory of harmonic maps was introduced by Eells and Sampson [7] and has been
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2 On the biharmonicity of product maps

developed by many authors. The bienergy E,( f) of the map f is defined by

(=3 | I, (13)

As it was observed in [1], the bienergy is the first variation of the energy with respect to a
particular variation of the map; precisely that with —7( f) as variational vector field.

The map f is said to be biharmonic if it is a critical point of the bienergy functional.
The Euler-Lagrange equation associated to the bienergy functional is given by

7(f):= —Afr(f)—tracegRN(df,T(f))df=0, (1.4)

where Af = —traceg(Vf v/ - VJ;) is the Laplacian on the sections of f~!(TN), and RY
is the Riemannian curvature operator of (N, h) (see [8, 9]).

Note that 72(f) = —J¢(7(f)), where J; is the Jacobi operator of f, which gives the
second variation of the energy functional at its critical (harmonic) points.

Harmonic maps are obviously biharmonic and are absolute minimum of the bienergy.
In [9], the author proved that harmonicity and biharmonicity are equivalent if M is
compact and RN < 0, or if f is a Riemannian immersion with || 7( f)|| constant (see [11])
and RN <0.

Examples of nonharmonic biharmonic maps are given in [5] and also in [8], where it is
proved that the generalized Clifford torus S?(1/+/2) x $4(1/~/2) — $™* with p+q = m,
p # g, is a nonharmonic biharmonic submanifold of $"*!.

A classification of nonharmonic biharmonic submanifolds of S* is given in [3, 4].

The method of conformal deformation of metrics has been used by several authors to
study the existence or properties of (bi)harmonic maps.

In the case of warped or twisted product spaces, the same techniques can be used,
not by deforming conformally the whole metric but by acting only on the warping or
twisting functions. In the present paper we consider a particular class of maps defined
between warped product spaces, the so-called warped product maps, and we examine
(bi)harmonic properties of these maps in relation to that of the component maps. We ap-
ply the results obtained to characterize (bi)harmonic metrics on warped product spaces.

Throughout the paper, manifolds, metrics, and maps are assumed to be smooth.

2. Harmonicity of warped product maps, harmonic metrics, and nonharmonic
biharmonic metrics on warped product spaces

2.1. Warped product of manifolds. Let (M,g) and (N, k) be two Riemannian manifolds
of dimensions m and n, respectively, and A € C* (M) a strictly positive function on M.

The warped product of (M,g) and (N, h), with warping function A, is the product
manifold M X N endowed with the metric G, defined by

Gy =:m*g+(Aom)a*h, (2.1)

where 7 and o are the projections of M X N on M and N, respectively.
The metric G is also called the warped product of the metrics ¢ and h with warping
function A.
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For X,Y € €(TM) and U,V € €(TN),
G(X+U,Y+V)=g(X,Y)+(Aom)*h(U,V), (2.2)

where we use the same convention as in [10] for the notations of vector fields.
Let £V, "V, and V be the Levi-Civita connections of (M,g), (N,h), and (M x N,G)),
respectively. We have the following (see [10]).

LemMA 2.1. For X,Y € €@(TM) and U,V € €(TN), it holds that
(1) 14 (VxY)=8VxY and 0, (VxY) =0,
(i) VxU = VyX = (dMX)/M)U,
(iii) 7« (VyV) = =({U, V)/A) gradA = —Ah(U, V) gradA,
(iv) 04 (VyV) =" VyV.

Let (X1,X2,..»Ximn) = (X1,%2,.. s X, U1, Uz, Uy) be a local coordinates system in
M x N, where (x1,X2,...,%X) and (u1,us,. o E”Z are local coordinates systems in M and N,
respectively. We use the indices notations I,/,K,... € {1,...{;1-!;;1} on M XN, i,j,k,... €
il,...,Am} onAM, and i,j,li,.A..Ae {1,...,n} on N and for I,]A,K,... e_{l,_../.\,m}, we pu_t
IA= i,]=_j, K_= k,..;for LI,K,...€ {m,....m+n},weputl =m+i=i,J=m+j=j,
K =m+k = k. We have

ij 0 _ 7 70
G/\ = (G)L[Af) = (goj Az,/[{]_) > GAI = <G/11] = <g0 Azh;f) . (23)

Let 11"5‘]-, 21"%—, and l"?f be Christoffel’s symbols on (M, g), (N,h), and (M X N, G)), respec-
tively.

A direct computation from Lemma 2.1 leads to the following (see, e.g., [12, page 111]).

Lemma 2.2. (i) If; =' Tf;, for all iy j,k € {1,...,m}.
(ii) I‘f‘] = Ff‘l =0, foralli,j,k € {1,...,m} andforallj_,k e{l,...,n}.
(iii) I = (9logA/9x:)8%, for all i € {1,...,m} and for all j,k € {1,...,n}.
(iv) Tf; = —(1/2)(gradA*)*hyj, for all k € {1,...,m} and for all i, j € {1,...,n}.
() TS =2TE, forall i,k € {1,...,n}.

The relations (i)—(v) of Lemma 2.2 can be also obtained directly from the formula

£ _ 1 zif9Gi  9Gi 9Gii
= ZG)L aXf * 0X; 0X; ' (2:4)

2.2. Warped product maps. Let (M, G)) be the warped product of two Riemannian man-
ifolds (My,g1) and (M,,g,) with warping function A € C*(M,), and let (N, H,) be the
warped product of the Riemannian manifolds (Ny,h;) and (N»,h,) with warping func-
tion p € C*(Ny).

Let ¢y : (My,£1) — (N1, hy) and ¢, : (M,8) — (N2, hy) be two maps.
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Defintion 2.3. The warped product of ¢; and ¢, with warping functions A and g, is de-
fined as the map @, , by

Oyt (M, G)) — (N,H,),
(P1,P2) — (¢1(P1),$2(P2)).

The maps ¢, and ¢, are then called the components of @ ,.

(2.5)

Let (X1,X0, o> Xim+m) = (X1,X250 00> Xy U, Unse e s Upy) and (Y1, Yo, Yy im,) = (115
Y25ees Yn>V1>V2s. >V, ) be local coordinates systems in M; X M, and N; X N, respec-
tively, defined as above with the same notations’ conventions for the indices for which we
use I, J, K on My X My; i, j, k on My i, j, k on My; A, B, C on Ny X Na; a, b, ¢ on Ny, and
a, I_?, con N,.

The second fundamental form of the warped product map ®@,, of ¢; and ¢, is given
by the following.

LemMa 2.4. (i) Fori,je€{l,...,m}andac {1,...,m},
(VdD)[ = (Vg1 (2.6)
(ii) Fori,j € {1,...,m},a€ {l,...,m}, j€{l,....ma},and a € {1,...,m},
(VdD,)f; = (VdDy,) s = 0. (2.7)
(iii) Fori € {1,...,m}, j € {1,...,my}, and a € {1,...,m},

dlog) 8_(/>§‘+ dlogo ¢} 9¢5

(Vd®ro)iy=——5- Ou; " Oy, oxi ou; 28
(iv) Fori,j € {1,...,my} and a € {1,...,n1},
1 2 0E ¢S
(V) = 3 (grad ) g - L (grade) 22 g )
Ui j
(v) For 17,]76 {1,....my}anda € {1,...,nm},
(VA5 = (Vden)F (2.10)

Let (D)), 7(¢1), and 7(¢,) be the tension fields of the warped product map @, , and
of its components ¢; and ¢,. From Lemma 2.4 we have the following proposition.

ProrosITION 2.5.

(Do) = 7(¢1) +A7(¢2) +/1*2[%d¢1(gradM1 1) —e(¢2) (grady, ¢°) o ¢1],
(2.11)

with d¢(grad,, A%) = [d¢{(grad,, A*)](0/0y*), where e(¢,) is the energy density of ¢,
and grad,,; and grady, denote the gradient operators on My and N, respectively.



Leonard Todjihounde 5

Proof. We have

i 0 a 0 ij a o
7(Dy,) = (VchAQ)UaYA (VD) = 3yt GI (VD)5 -
V)" Vdd,,)-2
( Ag),,ay ( /\,g){j?
2.12)
IS WL (
_gl ( Vd¢1)1]a + A (gradMlA ) ax 21]8)/
¢ g5, 9 kN

hpe=— +A7g) (¢ Vd¢>2)

_ = 2 Gt @ 1
A ? (grady, ) du; " u; 3y,

By evaluating each term of the second hand member of the last equality, we obtain

ij a d
gﬂ(lwgbl),,-a—h = 7(¢1),

1., i k ¢ d DY)

EA Zgzj(gfadA/I1 A?) axlgzl] E =1 27[d¢1(gradM1/\2)]>
: B 260 208 3 (2.13)
Ly-2 jj 2\a 992 2 9 -2 2\
) (arad )" 508 - S =1 2 () (grady ) 1)

a d -
/\ ( Vd¢2)l]a =1 ZT((pz).
Thus we get the result. O

The following result is a consequence of the previous proposition.

COROLLARY 2.6. Let ¢y : (My,g1) — (N1, h1) and ¢, : (Ma,g,) — (N2, hy) be two harmonic
maps. The warped product @), of ¢1 and ¢, with warping functions A € C*(M;) and
o € C®(N1), is harmonic if and only if

%d(pl (grady A*) = e(¢,) (grady 0°) o ¢1. (2.14)

2.3. Harmonic metrics on warped product spaces. Let us first recall the definition of
harmonic metrics.

Defintion 2.7. Let (M,g) be a Riemannian manifold. A metric G on M is said to be
harmonic with respect to g if the identity id : (M,g) — (M, G) is a harmonic map (see
[6] for more information about harmonic metrics).

Let (M X N,Gy) be the warped product of two Riemannian manifolds (M,g) and
(N, h) with warping function A € C*(M), A > 0.

Let G, be the metric defined on M X N by G, = n*g + (0 o m)*c*h, with o € C* (M),
0 >0, where 7 and ¢ are as usual the projections of M x N on M and N, respectively. The
following holds.
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THEOREM 2.8. Assume M is connected.
The metric G, is harmonic with respect to Gy if and only if

A? — 0% is a constant function on M. (2.15)

Proof. Let $),: (M xN,G)) — (M X N,G,) be the warped product of the identity maps
idy : (M,g) = (M,g) and id  : (N, h) — (N, h), with warping functions A and p.
The metric G, is harmonic with respect to G, if and only if $), is a harmonic map.
Since idy and idy are harmonic, it follows from Corollary 2.6 that §) , is a harmonic
map if and only if

gd(idM)[gradM)uz] = e(idy) (grad,,0®) o idy. (2.16)
But

e(idy) = g, d(idwm)[grad, A?] = grad, A%, (grad, ?) o idy = grad,,o*.

(2.17)
Thus $,,, is harmonic if and only if
ggraldM)t2 - ggradMQ2 =0. (2.18)
That is,
grad,; (A* —¢?) = 0. (2.19)
Since M is assumed to be connected, we get the result. O

Example 2.9. (1) Consider S\ {(+1,0,0,0)} with the metric G defined in local coordi-
nates (£,0,¢) by

dst = dt* + sin®td6? + sin® tsin® Ode>. (2.20)
For any real ¢ < 0, the metric G’ defined by
dst, = dt* + (sin’t — ¢)d6* + (sin’t — c) sin” 0 d¢? (2.21)

is harmonic with respect to G.
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Indeed, S3\ {('_FI,O,O,O)} can be viewed as the warped product of the open interval

10,7[ and of §? with warping function A defined on ]0,7[ by A(t) = sint.
(2) On the space H? \ {(0)} with the metric G defined in local coordinates (t,6,) by

dst = dt* +sinh® t d6? + sinh® tsin” 0 d¢?, (2.22)
the metric G’ defined by
dst, = dt* + (sinh®t — ¢)d6? + (sinh®t — ¢) sin’ 0d¢?  with c<0 (2.23)

is harmonic with respect to G.
Indeed, H? \ {(0)} can be viewed as the warped product of the open interval ]0, oo [
and of $? with warping function A defined on ]0, %[ by A(¢) = sinht.

2.4. Nonharmonic biharmonic metrics on product spaces. In this paragraph, we study
the biharmonicity of the warped product of two identity maps with warping functions of
which one is constant.

We obtain then necessary and sufficient conditions for warped metrics to be nonhar-
monic biharmonic on product spaces.

Before giving the definition of biharmonic metrics, let us point out that, due to the fact
that we are interested in nonharmonic biharmonic metrics, we conserve the same places of
the domain and the codomain of the identity maps as in the definition of harmonic met-
rics (see [6]), contrary to the authors in [1] where the places of the domain and codomain
are reversed.

Defintion 2.10. Let (M,g) be a Riemannian manifold. A metric G on M is said to be
biharmonic with respect to g if the identity id : (M,g) — (M, G) is a biharmonic map.
Let (M,g) and (N, h) be two Riemannian manifolds of dimensions m and n, respectively,
and (M X N, G) the Riemannian product of (M,g) and (N, h), respectively; that is, (M x
N,G) = (M,g) X (N, h).

Let p € C*(M) be a strictly positive function on M and let G, = n*g + (0 o m)*c*h be
the warped product metric of g and h with warping function p.

We have the following result.

THEOREM 2.11. The warped product metric G, is nonharmonic biharmonic with respect to
G if and only if

gradp # 0, Agw+gd(llw\|2) — 2(Ricq (w?))" =0, (2.24)

with w = do? and (Ricg(w?))"(X) = Ricy(w*,X), for all X € TM, where grad Ay = dd* +
d*d, and Ricy are, respectively, the gradient, the Laplacian, and the Ricci tensor on (M, g).

Proof. By Theorem 2.8 applied to A = 1 and the function g, the metric G, is nonharmonic
with respect to G if and only if gradp* = 2pgradp # 0.

Since g is a strictly positive function, G, is then nonharmonic with respect to G if and
only if (i) gradg # 0.
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Let 7 be the tension field of the identity map id : (M X N,G) — (M X N, G,), and let
be the Jacobi field along id. We have

T= _g gradg’,  J(7) = A7 +traceg Ry (-, 7), (2.25)

with Ald7 = —traceg(VV 1 — Vy1) is the Laplacian on the sections of T(M x N) and
where R, is the Riemannian curvature operator on (M X N, G,).
Let (E1,...,Em+n) be a geodesic orthonormal basis on T(M X N),

. m+n m m+n
At = = Y (Vg VET=Vy, 1) == | X VEVET+ Y VEVeT|.  (226)

I=1 I=1 T=m+1

By Lemma 2.1 we have

m
Vg Vgt = Z V‘%f V‘%IAT, where V¢ is the Levi-Civita connection on (M,g). (2.27)
I=1

M=z

T)
—

Otherwise for I € {m+1,...,m+n},

TQQEf (see [10]), (2.28)

VEiTZ

and then

- (T ' 9)inEf+ (Ef- ﬂ)Ef
0
T

- ?Q [ - o{E.Ey) grado + Vi Er], (2.29)

T-Q

since E; - = 0 and by Lemma 2.1

=nl| gradgllzghﬁgradg, since V,}ngf =04 (VEfEf) =0,

where V" is the Levi-Civita connection on (N, ).

Thus

m+n 2
n
z Vi VET= 7|Igradg|lzgrad92. (2.30)

T=m+1

We obtain then

Al = - viiviir -5 | gradpl|? grad o*. (2.31)
i=1
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On the other hand,
m+n m m+n
D Ro(Ej;7)E; = > Ro(EjT)Ep+ Y. Ry(E;T)E;
I=1 I=1 T=m+1
m m+n
= ZRg (Ef;T)EIA-i- Z o< EIA, Ef > VT(gradQ)’
I=1 T=m+1
by [10, Proposition 40, page 210]
m
= > Ro(E;,7)E; +npV . (gradp)
I=1
m np? )
=- ZRg(T;Ej)Ef— Tgrad (Ilgradoll®),
I=1
since

V.(gradp) = —gvgmdez(gradg) = —n9Vgrado(grado),

1
Vgrado(gradp) = 3 grad (|| gradol|?).

It follows
n - “
](T) = _E{ - Z v%fv%fgradgz - ZRg(gradQZ’Ef)Ef
I=1 =1
+nl gradol|* grado* + no* grad (||gradg||2)}
n & “
- _E{ - >V Vi gradg® — > Ry(grado®, E;)E;
i=1 I=1
n 2
T grad (H grado?|| ) },
since

1
| gradol|? grad o* + o grad (|| gradpl?) = 1 grad <||grad92||2>.

Thus G, is biharmonic with respect to G if and only if

m m n
~ > VE, Vi grade® — X' Ry(grad . Ep) E; +  grad (|| gradg’[|") =0

i=1 I=1

(2.32)

(2.33)

(2.34)

(2.35)
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By the Weitzenbock formula,
Agw = —trace Vzw + (Ric, (0%))", (2.36)

where # and b are the usual musical isomorphisms.
Hence the relation (*) is equivalent to

(ii)
Bgw+ d(lwl?) ~2(Ricg (%)) = 0. (2.37)

From (i) and (ii) we get the result. O

When (M,g) is Einstein, the one-form (Ricg(w“))*’ is proportional to w. Thus as an
immediate consequence of the previous theorem, we have the following.

COROLLARY 2.12. Letp € C*(M), p >0, with gradp # 0. Assume that (M, g) is an Einstein
manifold and that grad(|| gradpl|) is parallel to grado. If G, is harmonic with respect to G,
then g is an isoparametric function on M.

Recall that a function f on M is said to be isoparametric if there exist real functions « and
B such that ||df||> = ao f and Af = Bo f or equivalently if grad(|| grad f ||) and grad(A f)
are parallel to grad f, with grad f # 0 (see [1, 2] for more information about isoparametric
functions).
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