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In this contribution we present an extension of the Leverrier-Faddeev algorithm for the
simultaneous computation of the determinant and the adjoint matrix B(s) of a pencil
sE — A where E is a singular matrix but det(sE — A) 0. Using a previous result by the
authors we express B(s) and det(sE — A) in terms of classical orthogonal polynomials.
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1. Introduction

Consider a linear, time-invariant, multivariable singular system described in the state
space as follows:

Ex = Ax+ Bu,

1.1
S cx (1.1)

where E € C"™" is a singular matrix, x is the n-dimensional state vector, u is the m-
dimensional input vector, y is the r-dimensional output vector, and A, B, and C are
matrices with complex entries and appropriate dimension.

We can take the Laplace transform of our system (1.1). If det(sE — A) %0, then the
following transfer function appears:

H(s) = C(sE—A)"'B, (1.2)

which, in general, is a strictly proper rational matrix (see [1, 5] and references therein).
The computation of (sE — A)~! can be carried out by using the Cramer rule, which
requires the evaluation of n? determinants of (n— 1) X (n — 1) polynomial matrices.
Clearly, this is not a practical procedure for large n. We will describe an extension of the
classical Leverrier-Faddeev algorithm using families of classical orthogonal polynomials
following our previous contribution [2] when instead of a singular matrix E we used
I,. Here we generalize a recent result [6] based on the Chebyshev polynomials, a very
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2 Matrix pencils and classical orthogonal polynomials

particular family of classical orthogonal polynomials. Notice that in [3, 5] an alternative
approach using the canonical basis (x") in the linear space of polynomials with complex
coefficients was given for linear pencils. Along the paper, we will assume that the pencil
sE — A is regular, that is, det(sE — A) #0.

The structure of the manuscript is the following. In Section 2 we summarize our algo-
rithm presented in [2] as well as we introduce the basic background about monic classical
orthogonal polynomials. In Section 3 we describe the algorithm to find the adjoint matrix
B(s) as well as the determinant of a regular pencil sE — A, where E is a singular matrix. We
also cover a gap in [6] concerning the connection between det(sE — A) and the adjoint
matrix of (sE — A). Finally, in Section 4, some numerical examples in order to test our
algorithm will be shown.

2. Leverrier-Faddeev algorithm and classical orthogonal polynomials

For a matrix A € C"" an algorithm attributed to Leverrier, Faddeev, and others allows
the simultaneous determination of the characteristic polynomial of A and the adjoint
matrix of sI,, — A. As it is shown in [1], if

n—1
pa(s) =det (sl —A) =s"+ > duysF,
k=0
(2.1)
~ n—2 N
A(S) = Ad] (SIn _A) = 5”711n + z San,k,l,
k=0

then the relation between the coefficients (ax) and the matrices (I§k) follows by identifi-
cation of the coefficients of the monomials in the following two equations:

(sTn = A)A(S) = pa()L
d ~ (2.2)
apals) _ e &),
ds
From a numerical point of view, the accuracy of this algorithm is not so good. This
is the reason why in [2] we have presented an alternative approach using in (2.1) the
representation of p4(s) and A(s) in terms of a family of monic classical orthogonal poly-
nomials.
The main reason to do it is related to the following fact.

ProrosiTioN 2.1 (see [4]). (Py)n- is a family of monic classical orthogonal polynomials
(Hermite, Laguerre, Jacobi, and Bessel) if and only if there exist sequences of real numbers
(rn) and (s,) such that

P(s) HnP;(S) +SnP;71 15)

Puls) = n+1 n n—

forn>2. (23)

The coefficients that appear in (2.3) are given in Table 2.1.

Notice that the Hermite case appears when r, = s, = 0, n > 2. The Laguerre case ap-
pears when s, = 0, n > 2. Finally, the Jacobi and the Bessel cases are related to the case
sn # 0 for every n > 2.
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TasLE 2.1. Coefficients in the relation of Proposition 2.1.

I'n Sn
Hermite 0 0
Laguerre n 0
Jacobi 2n(a— ) dn(n—-1)(n+a)(n+p)
acobi -
Cn+a+p)2n+a+f+2) Cn+ta+p-1)2n+a+p)2n+a+f+1)
Bessel 4n dn(n—1)
2n+a)2n+a+2) 2n+a—-1)2n+a)?Qun+a+1)
TasLE 2.2. Coefficients in the three-term recurrence relation (2.4).
/3” Vn
Hermite 0 w
2
Laguerre 2n+a+1 n(n+a)
Jacobi B —a? dn(n+a)(n+p)(n+a+p)
acobi
Qn+a+p)2n+a+f+2) Qn+a+pf-1)2n+a+p)22n+a+f+1)
Bessel 3 20 B dn(n+a)
n+a)2n+a+2) 2n+a-1)2n+a)?2n+a+1)

The second ingredient for our algorithm is the fact that if (P,);_, is a family of monic
classical orthogonal polynomials, then the following three-term recurrence relation holds:
sP,(s) = Ppii(s +ﬁn n( +)’n n-1(5), n>1With)}n9é0>

(2.4)
Po(S) = 1, Pl(S) 25—[;0.

The coefficients that appear in (2.4) are given in Table 2.2.
If we expand the characteristic polynomial p4(s) of A as well as the adjoint matrix A (s)
of sI,, — A in terms of the above basis of monic classical orthogonal polynomials, that is,

_ n-2
pa(s) = Pu(s) + Z kPe(s),  AG) = Paci ()Lt > Pe($)Buoko1,  (2.5)

k=0 k=0

and take into account (2.2) together with (2.3) and (2.4), then we get the following.
ProrosiTiON 2.2 (see [2]). (i) Fork=1,...,n

kak = (Bnk = Tn) trBr_1 + (Yn_ks1 — Sn_ks1) trBr_o — tr (ABi_1); (2.6)
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Data: {Bi} o, 1y iy {re}io, {sk} i)

Initial Condition: 1§_1 =0, 1§0 =1,
Fork=1,2,...,n—1

Bk = ABy_y + kL, — yn-tr1Br-2 — Bu-iBr_1.

ax = (1/K)[ (Bt — Tntc) trBe—1 + (Yn—ks1 — Su—ks1) trBr_a —tr (ABy_1)],

(2.8)
End (For)
ﬁn = (1/1’1)[(ﬁ0 — T'()) trﬁn_l + ()/1 — 51) tl’én_z —tr (Aén_l)]. (29)
Algorithm 2.1
(ii) fork=1,2,...,n—1,
By = ABy—1 +axly — yn—rs1Bk—2 — Bu-rBr-1, (2.7)

with the convention 1§_1 =0,r1p=0,5,=0.

Indeed the algorithm to find (ax) and (By) is in Algorithm 2.1.

3. Regular pencils

Now, we are interested in the computation of a(s) = det(sE — A), assuming sE — A is a
regular pencil, and B(s) = Adj (sE — A), where A,E € C"™" and E is a singular matrix. If
in the expressions of the previous section we replace A by A(s) = —sE + A, then we get

n—1
A(A,s) := det (AL, — A(5)) = Py(A) + > du-k(s)Pk(A)
k=0

as well as

n-2

B(A,s) := Adj (AL, — A(5)) = Pacy (ML, + > Pe(A) Bk (5).

k=0

Thus, from (2.6) and (2.7) we get
kak(s) = (Ba-k = ru—i) trB1 (s) = tr (A($)B-1 (5)
+ (YPn—k+1 —sn,kﬂ)trﬁk,z(s), k=1,...,n
as well as

Bi(s) = @x(s)Iy — Ynrs1Br—2(s) — BurBr_1(s) + A(s)Bi_1(s)

(3.1)

(3.2)

(3.3)

(3.4)
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fork=1,...,n—1. Thus,if A = 01in (3.1) and (3.2), then we get

a(s) := det(sE — A) = @(0,s) = P,(0) + Z (3.5)
7n 2

B(s) := Adj (SE — A) = B(0,5) = Pu_1(0)L, + > P(0)By—g—1(s). (3.6)
k=0

Taking into account deg(Px(s)) = k for all k > 0, (3.3), and (3.4), we can assure that
the degrees of the polynomial a(s), k = 1,2,...,n, and the polynomial matrix ﬁk(s), k=1,
2,..., n—1, are at most equal to k. Thus for a(s) and ﬁk(s) we get the expansions

k
ar(s) = Z a,iP;(s), arj€eC,

j=0
(3.7)
k
Z Bk], B € cmm,
Substituting (3.7) in (3.3), we get
k k-1 k-2
k> aiPi(s) =tr ((ﬁn k= Tn-k) 2. Pj($)Bk-1,j + (Yn—ks1 — Su—ks1) > Pj(s)Bk-2;
j=0 j=0 j=0
k-1
+(sE—A) > Pj(s)Bi J>
j=0
(3.8)
Applying in the right-hand side the three-term recurrence relation, we get
k
k> ax;Pj(s) = tr (EBx_1x-1) Pk(s)
j=0
+ [ (Bn—k = Tn—t) tr Bk—1 g1 + Pr—1tr (EBk—14-1)
—tr (ABg_14-1) +tr (EBk_14-2) | Pr-1(s)
k-2
+ 2" [yjertr (EBi-yjr) +Bjtr (EBi-,;) (3.9)
j=1

+ (Brk = rnk) trBr1j + (Ynkt1 — Snk+1) trBr2,j
—tr (ABy-1,j) +tr (EB-1,j-1) | Pj(s)
+[y1tr (EBx_1,1) +Botr (EBx-1,0) + (Bu—k — n—k) tr Bx_1,0

+ (Yn—k+1 — Sn—k+1) tr B0 — tr (AB_1,0) | Po(s).
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Thus, fork =1,2,...,n,

kaxo = y1tr (EBx_1,1) +Botr (EBx-1,0) + (Bn—k — n—k) tr Bx_1,

—tr (ABi-1,0) + (Yn—k+1 — Sn—k+1) tr Be_2,

kak,j =Yj+1 tr (EBk—l,jH) +/3j tr (EBk—l,j) +tr (EBk—l,j—l)
+ (Yn-k+1 = Sn—k+1) tr B2 j + (Buk — rn—i) trBe_1

(3.10)
—'[I‘(ABk_Lj), j=1,...,k—2,

kagi—1 = (Bu-k — rn—k) tr Bx—1 k-1 + tr (EBk_1k—2)
+ Bre-1tr (EBr-1 1) — tr (ABk—1-1),
kak,k = tr (EBk—l,k—l)-

In an analogous way, substituting (3.7) in (3.4),

k-2

k k

D Pi(s)Bkj = > ak;Pj(s)Iy — Yu-ks1 >, Pj(s)Bk-a;

j=0 j=0 j=0
11

k-1 k-1 (3 )

— ﬂnfk Z Pj(S)kal,j +(—sE+A) z Pj(S)kal,j-
j=0 j=0

Using again the three-term recurrence relation, we get

k
> P;i(s)Bx,j = Pi(s)[akln — EBx_1x-1]
j=0

+Pe1(s)[akk-1In — EBx—1k-2+ (A = Bx—1E = Bu—kln) Bx-1,k-1]

k-2
+ 2. Pi(9)lakjln = EBir,j1+ (A = BiE = Builn) Bic 1 (3.12)
j=1
= ¥j+1EBi-1,j+1 — )/n—k+1Bk—2,j]
+ PO(S) [ak,OIn + (A — ﬂOE - ﬂnkaW)Bk*I,O

= y1EBk_1,1 — Yu—k+1Bk—20]-
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Data: {Bi}{ o> {yitio {ridios {skdpy-
Initial Condition: B; j = 0,if i < j or j <0, app = 1, Boo = I
For k=1,...,n—1
Wk = Puk — Tk
Op—kt1 = Yn—k+1 — Sn—k+1-
A=A - il
For j=0,1,....,k
ai,j = (1/k)[yjs1 tr(EBg—1,j41) + Bjtr(EBi 1) + &k tr By
+tr(EBk-1,j-1) + Op—k+1tr Be—2,j — tr(ABk-1,5)].
By j:= akjl, — EBx_1j-1 + (Ax — BjE)Bk-1,j — yj+1EBk-1,j+1
—Yn-k+1Bk-2,j.
End (For j).
End (For k).
For j=0,1,...,n
anj:= (1/n)[pjs1tr(EBy—1j+1) + Bjtr(EB,1) + Botr By 1,
+tr(EB,—1,j-1) +y1trBy2j — tr(AB, 1 ;)].
End.

Algorithm 3.1

Thus, fork=1,2,...,.n—1,

Bio = akoln+ (A — BoE = Pukln)Bk-10 — Y1EBk-1,1 — Yn-k+1Bk—2,0,

B,j = ax,jln — EBx-1,j-1 + (A = BjE — Bu—kln) Bk-1,

= ¥Yj+1EBr-1,j41 — Yn-k+1Bk-2j» j=1...,k—=2, (3.13)

Bik—1 = arj—11n — EBi—1 k-2 + (A — Bi—1E — Bu—icIn) Bk—1k-15

Bix = akly — EBg_1k-1.

As a conclusion, the algorithm for the computation of the coefficients g; ; in (3.5) and
B;jin (3.6) is as in Algorithm 3.1.

Notice that formula (3.10) in [6] is not right as a simple computation shows. Indeed
for a regular pencil it is enough to consider the expression of a(s) and B(s) in the example
provided in [6, Section 4].

Next we will give the right result.
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THEOREM 3.1. Let A,E € C"™", a(s) = det(sE — A), and B(s) = Adj (sE — A). Then

%a(s) = tr (EB(s)). (3.14)

Proof. First, assume that E is a nonsingular matrix. Then sE — A = (s, — AE"!)E and

%a(s) = det(E)% (det(sI, — AE™'))

= det(E)tr (Adj (sI, — AE™"))
= det(E) det(E) "' det(sE — A) tr (EGE — A)™!) (3.15)
=det(sE — A)tr (E(sE—A)™!)
= tr (EB(s)).
Next, if E is a singular matrix, then consider € > 0, such that € < min{|A;| : A; is an

eigenvalue of E,A; # 0}.
Then E, := E + €I, is a nonsingular matrix. Using the first part of the proof,

d

%QE(S) =tr (EsBs(S)): (3.16)

where a.(s) = det(sE; — A) and B,(s) := Adj (sE. — A).
Taking into account E; — E, a.(s) — a(s), and B(s) — B(s), when ¢ — 0, we deduce
our statement. O

4. Examples
Let A,E € C**3 given by

1 1 1 1 0 0
A=|1 1 1|, E=|0 1 0 (4.1)
1 1 1 0 0 0
Notice that rank E = 2. It is straightforward to prove that
a(s) = det(sE — A) = —s%,
-S 0 N (42)
B(s)=Adj(sE-A)=| 0 —s s
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Applying the algorithm of the previous section for Hermite polynomials {H(s)};_,
we get

ajp = —trA =-3, a)) =trkE=2;

-2 1 1
Big=aip+A=]1 -2 1/, Biy=a15-E=

S O
S = O
N O O

171
axo = 5 |:Et1' (EBl,l) —tr (AB])()) +3:| =2,
1
a1 = E[tf (EB1o) —tr (AB11)] = —4,

1
ayp = Etl’ (EBl’l) =1;

1
By =axols + ABy — EEBI’I I3 =

S O N
O~ O

(4.3)

1
—1 0 1
Bz)] = 02)113 +ABL1 — EBL() = 0 -1 1 >
1

—_
|
S}

0
Byy =axIs —EB1; = |0
0

— O O O
= o O

171
aso = g [Etr (EBZJ) —tr (ABz)()) + EtI'BL()] =-2,

1
as) = I:tl‘(EBz,z) — tr(ABzyl) +tr(EBz’0) + E trB1,1:| =1,

W | =

1
as, = g[tr (EBz,l) —tr (ABz,z)] = -1,

1
as3 = g tr (EBz)z) =0.

Thus

ai(s) = aroHo(s) + a1, 1 H(s) = =3Ho(s) + 2H (s),
ay(s) = az,0Ho(s) + az, 1 Hi(s) + az,aHa(s) = 2Ho(s) — 4H(s) + Ha(s),
a3(s) = asoHo(s) + as, 1 Hi (s) + asp Ho(s) + as3Hs(s) = =2Ho(s) + Hi(s) — Ha(s);  (4.4)
Bi(s) = Ho(s)By,o + Hy(s)Bu,1,
By(s) = Ho(s)Ba,o +Hi(5)Ba,1 + Ha(s)Ba.
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Now, the determinant a(s) and the adjoint B(s) of sE — A are given by

a(s) = H3(0) +a:(s)H,(0) + a»(s)H, (0) + as(s)Ho (0)
= =209 +a(5) = ~Hls) ~ 3 H(s),
~ ~ ~ ~ 4.5
B(s) = H2(0)By(s) + Hy(0)B (s) + Hy(0)Bz(s) = —%13 +B,(s) (3

1
= Hy(s) [ - 513 +Bz,0] +Hi(s)By1 + Hy(5)B,s.

Next, applying the algorithm for the family {L{(s)}}_, (Laguerre polynomials with
parameter «), we get

ao=1+a)trE+3(3+a) —trA =8+5a, ay, =trE=2;

3+3a 1 1
Big=(a10-5-a)b+A-(1+a)E= 1 3+3a 1 ,
1 1 4+ 4«
1 00
B1,1:a1,113—E: 0 1 O 5
0 0 2

az = %[(1+oc)(tr(EBl1)+tr(EBlo)) +(2+a)(trBio+6) —tr (ABio)]

=4(1+a)(3+2a),
a) = %((2+(X)U'B1 1+Htr (EB]()) (3+(X) tr (EBl,l) —1tr (ABL])) =8+ 6q,
o = tr(EBy,) =
2,2 = P 1,1

Bzo = (a20 —4 - 206)[3 + (A — (1 +0()E— (3+(X)13)BLQ — (1 +(X)EBL1

20 1 2
=(1+a)| 1 2« 2 ,
2 2 244«

a 0 1
Byy=ay s +EBig+ (A~ (B3+a)(E+))Bii={0 a 1 |,
1 1 4+4«a
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By, =ay,Is —EBy; =

oS O O
o O O
— O O

aso = % [(1 +a) ( tr (EBz,l) +tr (EBQ’()) + tI'Bz,() + tI'Bl,o) —1tr (ABZ,())]

=2a(l+a)(3+2a),

as) = % (2(2 +a)tr (EBz,z) +(B+a)tr (EBQ)]) +tr (EBZ,()) ++(1+a) tI'Bz,l

11

asp =

ass =

+(1+a)trBy; —tr (ABy1)) = 2a(3 +2a),

((1 + 06) tI‘Bz,z +1tr (EBz,l) + (5 + (X) tr (EBz,z) —1tr (ABQQ)) =a,

W= W=

tr (EBz,z) =0.
(4.6)

ai(s) = a1 oLy(s) + a1 L (s) = (8 +5a)L§(s) +2LS(s),
a>(s) = aroL§(s) + a2, 1 LY (s) + a2, L5 (s)
=4(14+a)(3+2a)L§(s) + (8 +6a)L{(s) + L5(s),
a3(s) = azoL§(s) +as 1 LY (s) + aspL5(s) +as3L5(s)
=2a(1+a)(3+2a)L(s) +2a(3+2a) L5 (s) + aL5(s);
Bi(s) = L§(s)B1o + L§ (s)By1,

Ba(s) = L§(s)Byyo + L¥(s) By, + LE(5)Bsy.
(4.7)

The determinant a(s) and the adjoint B(s) of sE — A are given by

a(s) = L§(0) + a1 (s)L5(0) + ax(s)L$(0) + as(s)L§(0)
=—(1+a)2+a)L§(s) —2(2+a)LF(s) — L5(s),

B(s) = L$(0)By(s) + L¥(0)B; (s) + L§(0) B, (s) (4.8)
= Lg‘(s)[(l + oc)(2 + 0()13 — (1 + OC)BI’() +Bz’0]

+L‘1x(5)[ — (1 + OC)BLI +Bz)1] +Lg(S)BZ’2.
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Finally, if we consider the family { Tk (s) }}_, of the Chebyshev polynomials of first kind,
applying the algorithm we get

aip = —trA = -3, ay) =trE=2;

-2 1 1 1 0
Big=aip+A=]1 -2 1], Biy=ai 2 z-E=10 1
1 1 -2 0 0

1/1 3 5
axo = E (Ztr (EBl,l) —tr (ABL()) + 5) = -

1 1
a) = E(tr (EBL()) —tr (ABM)) = —4, az, = E(tr (EBL])) =1;
1
- 0 0
Byo = asols+ ABro— “EBy, — 11, = 2
2,0 = d20l3 10~ EBLi— 5= 10 5 ol
0 0 1
-1 0 1 (4.9)
B,y =a)1Is —EB1gy+AB;; =0 -1 1|,
1 1 -2
0 0 O
Byp=axpls—EBii=10 0 0f;
0 0 1
asp = l<ltr(EB )+ltrB —tr(AB )) =-2
0 =312 21) +5trBio 20) | =2,
1/1 1
as = g Z tr (EBZ,Q) +tr (EBZ,()) + EtrBl,l —tr (ABZJ) =1,
1
asp = g(tl‘ (EBZ,I) —tr (ABZ,2)) = -1,
1
a3z = gtr (EBz’z) = 0.
Thus
a1(s) = a0 To(s) + a1 Ti(s) = =3To(s) +2T1(s),
~ 5
ax(s) = axoTo(s) + a1 Ti(s) + axTa(s) = ZTO(S) —4T(s) + Ta(s),
(4.10)

as(s) = asoTo(s) + as 1 T1(s) + as  To(s) + as3T5(s) = —=2To(s) + Ti(s) — Ta(s);

Bi(s) = To(s)Bio + T1(5)31,1,1§2(5) = To(s)Bao + T1(s)Ba,1 + T2(s)Bayo.
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The determinant a(s) and the adjoint B(s) of sE — A are given by
a(s) = T5(0) +a1(s) T2(0) + ax(s) T1 (0) +a3(s) To (0)

=~ 2To(9) - T2,

. R R (4.11)
B(s) = T2(0)Bo(s) + T1(0)B; (s) + To(0)B(s)

1
= To(s)(Bao — 513) + T1(s)Ba,1 + T2(s)Ba,».
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