LOWER BOUNDS FOR SOME FACTORABLE MATRICES
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We determine the lower bounds for classes of Rhaly matrices, considered as bounded
linear operators on ¢?. We improve on and provide correct proofs of the results of the
first author (1990).
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The following conjecture was posed by Axler and Shields. Let {x,} be a monotone de-
creasing sequence of nonnegative numbers, C the Cesaro matrix of order one. What is
the best constant K for which [|Cx|l, = K||x]|, for all such sequences {x,}? Lyons [3] de-
termined that the best constant is 7/+/6. This result was extended to £” spaces for p>1
by Bennett [1]. In [1], Bennett established the following result, where B(¢#) denotes the
set of bounded linear operators on £?.

THEOREM 1. Let {x,} be a monotone decreasing nonnegative sequence, let A € B(€F) with
nonnegative entries, and 1 < p < co. Then

lAx[l, = Lilxllp, (1)

where

LP .= 1nf (r+1)7! Z (251];() iI}ff(r), say. (2)

For A = C, the minimum occurs at f(0), which is the sum of the pth power of the first
column of C. The proof of the result of Bennett is relatively easy, when contrasted with
the task of finding L? for a particular matrix, or class of matrices.

A factorable matrix is a lower triangular matrix whose nonzero entries a, can be
written in the form a, bk, where a, depends only on #n and by depends only on k. Rhaly
[4-6] defined three classes of matrices, all of which are factorable.
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2 Factorable matrices

In [8], Rhoades investigated the lower bounds question for the Rhaly matrices, and
obtained some partial results. In this paper, we return to the study of the Rhaly matrices,
as special cases of factorable matrices. This paper differs from [8] in three important
respects. First, one general result is proved, and the theorems of [8] then follow as special
cases. Second, the results of [8] are extended to all p > 1. Third, as an application of the
general procedure developed here, we are able to provide a new proof of [7, Theorem 1]
as well as to verify the conjecture that, for the weighted mean methods with p, = (n+1)%,

az1,L = £(0).

For any sequence {x,}, the forward difference operator A is defined by Ax,, = x,, — Xp+1,

and A" lx, = A(A™x,).

THEOREM 2. Let A be a factorable matrix with positive entries, row sums t,, and {a,} mono-

tone decreasing. Then sufficient conditions for f(0) = LP are that

Ayf<0, A2y5>0,

1
2
A (Ayf) <0,

P P
ar+1Ayr+1
r—oo Any

where y, = t./a,,

>0,

to+2Ay8 > al <0.
i1

Proof. With

1 b P p]
=— Zt-+yr Z a; |,
j j
r+l] 5 i=r+1
1 Lot yhdl Wy <
_ +1)= —— P Irel r+ +A( ) P
fn=flr+D) (r+1)(r+2)j:01 r+2  r+l r+1 j:;rzaf

Note that

p p_p p_p p p
b +y’ar+1 _ YA (are1yre1) _ P ( Jr >

r+2  r+l r+l re2  er

(3)
(4)
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Thus
r P ] »
fr)—fr+1) = D) (r+2 ; (r+1)12+1aj' 9)
Define
gr)=r+1)(r+2)[f(r)— f(r+1)]
r p [
:th+(r+1)(r+2)A<y—r> S d (10)
=0 r+1) ;5%
Then

p [
() —gr+1)=—t5, + (r+z)[(r+1)A<ry+—’1> (r+3)A(y’+“2)] S

j=r+2 (11)
yf P
+(r+1)(r+2)A<r+1)a’”'
But
P P
)/_r _ Yr1
(r+1)A<r+l> (r+3)A<—r+2>
p » » »
= dr el | Yre1 _ Yre2
_(T+1)[r+1 r+2} (r+3)[r+2 r+3]
_ P_(r+1)}’f+1_(7+3))/f+1 P a2 P
- r+2 r+2 Y2 = Ayr, )
)’f p
— 2+ (r+1)(r+2)A <r+1>ar+l
P P
—(ar+1)’r+1)P+(r+1)(r+2)<r)_/|_—rl—:}:_—“2>afﬂ
=af+1[ )/r+1+(r+2) —(r+1)yr+1] af+1(r+2)Ayrp,
Thus
g(r) —g(r+1) = (r+2)aly; (Ay) +(r+2)a%F 3 af. (13)

j=r+l
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Define

g(r) - <r+1) aadyl &,
h( )_ 5 = +2 P + z aj)
(r+2)A2yf Ayr

j=r+2

p P P
h(r) _h(r+ 1) _ ar+1A}’r r+2 <1 _ Anyrl )

A2yf A2yF
y Yre1 (14)
W [af, A%yl AyF +al N2 yF (= AyP,) ]
r r+1
_ A}’fAyfﬂ |:af+1A2)/f+1 _ (1 _ Ayfﬂ >:|
)/r Az)’rﬂ A)’fﬂ r+2 Ayf '

and h(r) — h(r + 1) = 0 if and only if

AyP »
P Yr+1 }’r+1

—— =1 1-— > 0. 15
o (Ayf+z ) ”2< 3 ) 13

Since {a,} is monotone decreasing, it is sufficient to have

Aerrl —1>1- )’r+1 (16)
Ay Ayr
that is,
1 1
Ay, 1( +—5— ) > 2. (17)
: Ayp AerrZ

Using (3), Ay?,, > AyF,, and Ay’ < Ayf. Since Ayf <0, the above inequality is equiv-
alent to (4). Thus h is monotone decreasing in r. From (5), h is nonnegative, so g is
monotone decreasing in r. From (6), g(0) is negative, so that f is monotone increasing
inr. ]

LemMma 3. Define sequences {u(r)} and {v(r)} by u(r) = 1/Av(r). Then A*u(r) can be
written in the form

u(r) =

1 [Zsz(r)sz(r+1) A3v(r)] (18)

Av(r) LAvr+ DAv(r+2)  Av(r+2) 1

Proof. The equation u(r) = 1/Av(r) implies that

Au(P)Av(r) +u(r + 1)A%v(r) = 0, (19)
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or
_u(r+1)A(r)
Au(r) = S (20)
Hence

N u(r)Av(r) + 2Au(r + DA>v(r) + u(r +2)Av(r) = 0, (21)

or

1 u(r +2)A%v(r +2) A3v(r)

Mulr) = 35 [_ZAZW)(_ Av(r+1) ) - Av(r+z)]' (ZZD)

LEMMA 4. Suppose that v € C3[0,). If, forall0<t < 1, p > 1, one has
(a) v >0,
(b) v >0,
(c) 2(v'")2 =v'v'" >0,

then A%v(r) < 0.

Proof. Conditions (a) and (b) imply that Av(r) < 0 and A?v(r) > 0. Therefore, from (18),
2u(r) <0. O

The Rhaly generalized Cesdro matrices [4] are factorable matrices with nonzero entries
=t"/(n+1), by =t where 0 < t < 1. If t = 1, the matrix reduces to C.

THEOREM 5. Let p > 1. Then, for the Rhaly generalized Cesdro matrices, LP = f(0) for ty <

t < 1, where ty satisfies
o j 4
_ 1+t()) ]
1 2[( Z(]H) =0. (23)

Proof. First, we will show that conditions (a)—(c) of Lemma 4 are satisfied.
Clearly

1 _tn+l 1 _tn+l

"S- T ey .
Thus
1 l_tr+1 4
vir) = (l—t)P< tr ) ’
, trlog(1/t),
V'(r) = %(t -0, (25)

Vi) = p(1 =P (e =) (pt ¥ ) <1og G)) ,
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and (a) and (b) are satisfied.

2
V"' (r) = p(1 - t)P(log (%)) [(p—2)(tT" - t)H( —t "logt) (pt>" —t*)

+ (T =) (= 2pt ¥ logt+t " logt)]

3
=p(1—t)P(t7" - t)”3t‘3f<log (%))

x[(p=2)(p =)+ (77 =) (2pt" = )],

(26)

It then follows that

2

2
207) =V = 2[1)(1 A (s L (pt> =) (log <l)> }

t
—p(1—t)Pt"log (1) (tr—)P!

3
-0l 1) @

X [PZ _ (3p_ l)tr+1 +t2r+2]

4

= pir(1 - t)2P<log (1)) (=0 w(r,p),

where

w(r) = p> — (p+ 1)t + 72, (28)

Note that w’'(r) > 0 for p > 1. Therefore, w is monotone increasing in r. Since w(0) >

0, w is positive for 0 < t < 1, r > 0, and condition (4) is satisfied. Thus 4 is monotone
decreasing in r:

. . t1’+1 P
tim h(r) = Jim (5 )

29
[(1/(1 _ t)p){(l _ tr+2/tr+l)P_(l _ tr+3/tr+2)l’}] (29)

[(1/(1=0)P){(1 = tr+1/87)P = 2(1 — tr+2/4r+1) P 4 (1 — pr+3/4r+2) P} ]
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Since the limit of the quantity in brackets is (t# — 1)/(t? — 1)?, lim,_ h(r) = 0, and
condition (5) of Theorem 2 is satisfied; that is, g is monotone decreasing in p,

g0) =15 +2[y5 —y{1> af

a5 (RS GR) 3

)il

Since the coefficient of j is negative, the quantity in brackets is monotone decreasing
in j. For j = 1, it becomes

sl () (]

L[ (1+6\7! 1 1+\P7! Y
-5 () a-i-ose| == () <o
t t t t
and g is monotone decreasing in t.
q(1,p) =1-2[2F - 1] Z (32)

]+1)P

The function in brackets is convex in p for p > 1. So also is the series. Therefore, so is
the product. Multiplying by —1 yields a concave function. Since 1 is also concave, q(1, p)
is a concave function of p for p > 1. Since

;i_{{}lcq(l,P) =0, (33)
g(0) is negative for those values of t > t, where t, satisfies (23); that is, (6) of Theorem 2,

and L? = f(0). O

The Rhaly s-Cesaro matrices [5] are factorable matrices with nonzero entries a, =
(n+1)75,s>1,and each by = 1. Thus t, = (n+1)* ' and y, = n+1.

THEOREM 6. For the Rhaly s-Cesdro matrices, LP = f (o) for p, s> 1.
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Proof. First, we will show that conditions (a)—(c) of Lemma 4 are satisfied,

v(r)=(r+1)?, Vi(r)=p(r+1)P!

(34)
v'(r) = p(p—D(r+1)772
and conditions (a) and (b) are satisfied,
V'(r)=p(p—1)(p-2)(r+1)P72. (35)

Therefore

20" = vy = 2(p(p = D(r+1)P72) = p(r+1)P'q(p— D)(p - 2)(r + 1)~
=p (p-Dr+D)**2(p-1) - (p-2)] (36)
=p(p-1)(r+1)*P~*>0,

and condition (¢) is satisfied,

(<]

0o<htn= S

j=r+l (j+1)F 7

Therefore lim, .., h(r) = 0 and condition (5) of Theorem 2 is satisfied. Thus g is mono-
tone decreasing in r,

[eY]

S 1
s—1 s—1
g(]ﬂ)sw D+ )+ 1) = (r+2) ]]zm (38)
It then follows that
< 1
lim g(r) EO (j+1)@-Ds >0, (39)
and so LP = f(c0). O

The Rhaly terraced matrices [6] are factorable matrices with each by = 1 and a, = a,,
where {a,} is a monotone decreasing positive sequence such that lim(n + 1)a, exists.
Clearly t, = (n+1)a, and y,, = n+ 1.

THEOREM 7. For the Rhaly terraced matrices, LP = f(0) for p > 1.

Proof. Since y, = n+ 1, the first part of the proof of Theorem 6 applies and /1 is monotone
decreasing in 7,

(]

p 00
_a[(r+2)P — (r+3)F] » P
h(r) = (r+1)P—2(r+2)P+(r+3)P+erlaf < > a, (40)

j=r+l
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and limh(r) = 0, so that g is monotone decreasing in r,

g(0) =ab +2[1-2°71] Z
! (41)
—ab -2 —1)al —2(2r 7' - Za <0,

since {a,} is monotone decreasing. Therefore L? = f(0). O

A weighted mean matrix is a factorable matrix with a,, = 1/P,, by = px, where {pi} is
a nonnegative sequence with po >0 and P, := >'}_ pk-

TueorEM 8. Let (N, p,) be a weighted mean method with the {p,} nondecreasing. Then

Pr+1 P Pr+2 P
1+(r+1)<P ) —(r+2)(P—) >0 foreachr =0, p>1, (42)

r r+1

is a sufficient condition for LP = f(0).

Proof. Since a weighted mean matrix has row sums one, from (9),

1 PPy < 1
f(r)—f(”+1):H—2+A<r+l)j§rlP_f' )
Thus
- fr+1) 1 > L
g(r) = APPE/(r+1))  (r+2)A(PE/(r+1)) ]Z P (44)
1 1 1

gr)—gr+1) = (r+2)A(Pf(r+1)) (r+3)A(P,+1/(T+2)) Pr+1
1 (45)

_ m(r),

Pl (r+2)(r+3)A(PE/(r+ 1) A(PL1/(r +2))
where

P
Pr+1

Pt p! P’
m(r) = pm(r+3)A<r+2) P,H(r+2)A(H_1)+(r+2)(r+3)A<r+1>A<r+12)
Pr+ Pr+ f P"+
r*‘[(r+3)(r+;_r+§> (r+2)<r+1 r+;)}

P
+(r+2)(r+3)< il Pm)(Pm B PH2>

r+1 r+2 r+2 r+3
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r+3 r+2
=Pl (5 )Pl -l = (E22 ) el

r+3 r+3 r+2
() prpl - (552) (ph) — PERL (52 ) PR L

+1 r+2
r+3 r+2 r+3 r+3
:]‘Dﬁ”[<r+2>P’+1 Pﬂ2_<r+1)Pp+P”l (;IT)P5_< +2)PH1+P£{
r+2
‘(m) P
— PLy| PP+ P (T2 prpr
— L+l r r+l r+1 rir+2
—HI[P"PM Hr+ 1) (PLa)’ — (r+2)PIP] |
PPPM[ (Pm)f’ ( m)P]
1+(r+1 +2 >0,
r+1 (r+1) P, (r+2) Priy

(46)

which is [7, Theorem 1, condition (1)] without any monotonicity condition on the {p,}.
Thus g is monotone decreasing in .
Since {p,} is nondecreasing, P, < (r +1)p,; that is, p,/P, > (r+1)L. Thus

Py _ o, Pro prr+2
b =1+ a >1 tp Z (47)
and P,/P,(r+2) = P,(r+1).
Using (44), since p > 1,
P
lim |g(r)| = lim (r+ 1)Pr
Pr+1[("+2)Pr —(r+1) r+1]
r+1
=1 (48)
o PPLl(r+2) = (r+1)(Pri1/P)F] ’
=lim (r+1)
Pll(r+D)(Pri/P,)" = (r+2)]
Using the fact that (1+x)? = 1+ pxfor p>1,x> -1,
. . (r+1)
lim | g(x)| <lim
|g | r+1[(7’+1)(1+PPr+1/Pr)—(T'+2)]
~lim rtl (49)

Pr[P(”"’ 1)pr+1/Pr - 1]
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Therefore limg(r) = 0 and g is positive for all r. From (44), since A( P/(r+1)) <0,
LP = £(0). a

COROLLARY 9. Suppose (N, p) is a weighted mean method with p, = (n+1)% a > 1. Then
LP = £(0).

Proof. To show that (42) is satisfied, it is sufficient to show that

(r—k1)<£2i1>P (50)

is convex. The function r = 1 is trivially convex. Since p > 1, it will be enough to show
that P,,1/P, is convex.

Define
_ Pre1 (T+2)‘x
nr)y=1+ P, - 1+722:0(k+1)a. (51)
Then
) _ (2 2(r+3)° (r+4)~
A S e e T S e e Sk e
(52)
_ n(r)
(Shcolk+1)2) (Xilo(ke+1)2) (S35 (k+1)%)”
where

r+1 r+ r r+2
n(r):(r+2)“<Z(k+1 )(Z k+1)“> 2(r+3)% (Z (k+1) ><z(k+1)"‘)
k=0 k=0

k=0 k=0

r+4)“(i k+1)“><rZ(k+l)“>

k=0 k=0

r+2)“[i k+1)%+(r+2) ] [i k+1)* r+2)“+(r+3)"‘]
k=0 k=0

r

—2(r+3)* ik+1 )(Z(k+1)“ r+2)“+(r+3)“>
k=0

k=0

r+4)“(i(k+1)“> <i k+1)"‘+(r+2)"‘)

k=0 k=0

(i k+1) ) [(r+2)%=2(r+3)*+ (r +4)%]
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+[(r+2)2+ (r+2)%+ ((r+2)(r+3))°
—2((r+2)(r+3) = 2(r+3)*+ ((r+4)(r+2))"]
X (i(k+ 1)“) +(r+2)°%+ (r+2)*(r +3)“.

k=0
(53)

Since a > 1, (r +2)* is convex, so the first quantity in brackets is positive. The second
quantity in brackets can be written in the form

(r+2)"{(r+2)*=2(r+3)*+(r+4)“} + (r+2)*+ (r +3)*((r +2)* - 2), (54)

which is positive. Therefore n(r) is convex and (42) is satisfied. O

CoRrOLLARY 10. Let 1< p < o, H the Hausdorff matrix generated by y, = a/(n+a), a = 1.
Then LP = £(0).

Proof. H is also a weighted mean matrix with p, = poI'(n+a)/T'(a+1)I'(n+1) and P, =
pol'(n+a+1)/T(a+1)I'(n+1). Substituting in (42), one obtains

r+a+1\? r+a+2\?
1+(r+1)( rat ) —(r+2)( tat ) (55)
and it is sufficient to prove that (r +a+1)/(r + 1) is convex, which it is. O

The Ceséro matrix of order one, written (C, 1), is a Hausdorff matrix with generating
sequence y, = (n+1)"1.

CoroLLARy 11. For (C,1), LP = f(0).
Proof. Use Corollary 10 with a = 1. O

Remarks 12. (1) The condition that the {p,} be nondecreasing is not a necessary con-
dition for L? = f(0). For example, take p, = 2/(n+1)(n+2). Then {p,} is monotone
decreasing and satisfies (42) and

A(i) <0. (56)

r+1

(2) Bennett [1] proved that L? = f(0) for the Hilbert matrix.

(3) In [2], Bennett has shown that L? = f(0) for each Hausdorff matrix H € B(¢?)
with nonnegative entries.

(4) No results have been established for Norlund matrices.

An interesting open question is the following. If {p,} is nondecreasing, must {p,}
satisfy (42)?
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