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We are interested in the global existence and large-time behavior of solutions to the
initial-boundary value problem for critical convective-type dissipative equations ut +

N(u,ux) + (an∂nx + am∂mx )u = 0, (x, t) ∈ R+ ×R+, u(x,0) = u0(x), x ∈ R+, ∂
j−1
x u(0, t) = 0

for j = 1, . . . ,m/2, where the constants an,am ∈ R, n, m are integers, the nonlinear term
N(u,ux) depends on the unknown function u and its derivative ux and satisfies the esti-
mate |N(u,v)| ≤ C|u|ρ|v|σ with σ ≥ 0, ρ ≥ 1, such that ((n+ 2)/2n)(σ + ρ− 1)= 1, ρ ≥ 1,
σ ∈ [0,m). Also we suppose that

∫
R+ xn/2Ndx = 0. The aim of this paper is to prove the

global existence of solutions to the inital-boundary value problem above-mentioned. We
find the main term of the asymptotic representation of solutions in critical case. Also
we give some general approach to obtain global existence of solution of initial-boundary
value problem in critical convective case and elaborate general sufficient conditions to
obtain asymptotic expansion of solution.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

We consider the initial-boundary value problem on a half-line for critical nonlinear dis-
sipative equations of convective type:

ut +N(u,ux) +K(u)= 0, t > 0, x > 0,

∂
j−1
x u(0, t)= 0, t > 0, j = 1, . . . ,M,

u(x,0)= u0(x), x > 0.

(1.1)

The linear part of (1.1) is a differential operator

K(u)= an∂
n
x + am∂

m
x , (1.2)

where an,am ∈ R, n, m are integers, m > n. Note that the operator K(u) has the
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2 Critical dissipative equations

symbol

K(p)= anp
n + amp

m. (1.3)

In this paper, we suppose that the dissipation condition is fulfilled:

ReK(p) > 0 for Re p = 0, p �= 0. (1.4)

We assume that the nonlinearity N(u,ux) satisfies the estimate
∣
∣N(u,v)

∣
∣≤ C|u|ρ|v|σ (1.5)

with ρ,σ ≥ 0 and is of convective type such that
∫ +∞

0
xn/2N

(
u,ux

)
dx = 0 (1.6)

and for any q ∈ C,

N(vq)= qσ+ρN(v). (1.7)

The number of the boundary data M =m/2 (or M = (m+ 1)/2 in the case of odd integer
m and am < 0 ) (see book [7]). Equation (1.1) is a simple universal model, which appears
as the first approximation in the description of the dispersive dissipative nonlinear waves
(see [14]).

The global existence and large-time asymptotic behavior of solutions to the Cauchy
problems for nonlinear local and nonlocal equations were studied in many works (see
[1–6, 8, 9, 12, 13, 15] and literature cited therein).

In papers [10, 11],the large-time asymptotic behavior of solutions to the Korteweg-de
Vries-Burgers-type equations on a half-line in the super critical case was found. A gen-
eral theory of nonlinear nonlocal homogeneous equations on a half-line was developed in
book [7]. In the present paper, we consider (1.1) in the case of operatorKwith nonhomo-
geneous symbol K(p). As a typical example, we take a polynomial K(p)= anpn + ampm.
We are interested in the global existence and large-time behavior of solutions to the
initial-boundary value problem (1.1) in the critical convective-type case,when the nonlin-
ear term of equation has the same time decay rate as that of the linear terms and has zero
moment. Also in this paper, we give some general approach to obtain global existence
of solution of initial-boundary value problem in critical convective case. We elaborate
general sufficient conditions to obtain asymptotic expansion of solution.

We denote the usual Lebesgue space as Lp onR+ by the norm ‖φ‖Lp=(
∫
R+|φ(x)|pdx)1/p,

and the weighted Lebesgue space as Lp,a, a≥ 0, with norm

‖φ‖Lp,a = ∥∥〈·〉aφ∥∥Lp , 〈x〉 =
√

1 + |x|2. (1.8)

Also we introduce the weighted Sobolev space

Wk,a
p =

{
φ∈ Lp,a,

k∑

j=0

∥
∥∂

j
xφ
∥
∥

Lp,a <∞
}
. (1.9)
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By C(I;B) we denote the space of continuous functions from a time interval I to the
Banach space B. We denote {x} = x/〈x〉.

We assume that the initial data u0 ∈ L∞ ∩L1,n/2+1 and satisfies condition

∥
∥u0

∥
∥

L∞ +
∥
∥u0

∥
∥

L1,n/2+1 < ε, (1.10)

where ε > 0 is sufficiently small. We assume that the nonlinear term N(u,ux) is of critical
convective type from the point of view of the large-time asymptotic behavior, that is, the
orders σ and ρ of the nonlinear term satisfy the following condition:

n+ 2
2n

(σ + ρ− 1)= 1, ρ≥ 1, σ ∈ [0,m), (1.11)

∫

R+
xn/2N dx = 0. (1.12)

We denote

G1(s,q)= 1
2πi

∫ i∞

−i∞
e−anz

n

(

ez(s−q)−
n/2∑

j=1

Aje
−(s+r j q)

)

dz,

Aj =
n/2∏

k=1,k �= j

1 + rk
1− rk

, anr
n
k =−1, Rerk > 0.

(1.13)

Our purpose in this paper is to prove the following result.

Theorem 1.1. Assume that the conditions (1.10)-(1.11) are valid. Then there exists a unique
solution

u(t,x)∈ C
(
[0,∞);L∞ ∩L1,n/2+1)∩C

(
(0,∞);W1,0

∞ ∩W1,n/2+1
1

)
(1.14)

of the initial-boundary value problem (1.1). Furthermore, there exists a function V ∈ L∞

such that the asymptotic formula

∥
∥〈t〉γ(u(t)− t−(n+2)/2nV

(
(·)t−1/n))∥∥

L∞ ≤ Cε (1.15)

is valid for t→∞ uniformly with respect to x ∈R+, where Q = n/2, γ = ((1/2)μ,1− σ/m),
and V(ξ) is the solution of the integral equation

V(ξ)= f
(
u0
)
G0(ξ)− 1

β

∫ 1

0

dz

z((n+2)/2n)(ρ+σ)(1− z)1/n

×
∫

R+
G1

(
ξ

(1− z)1/n
,

yz1/n

(1− z)1/n

)
N
(
V(y)

)
dy,

(1.16)

where

f
(
u0
)=

∫

R+
xQu0dx. (1.17)



4 Critical dissipative equations

We organize the rest of our paper as follows. In Section 2, we give general theory of
studying initial-boundary value problem in the case of critical convective type of non-
linearity. In Sections 3 and 4, we construct the Green function of the solution of the
linear problem. We prove preliminary lemmas in Section 5. In Lemma 5.1, we obtain es-
timates of the Green operator in the Lebesgue spaces Lr , 1≤ r ≤∞, and L1,Q+1. Then in
Lemma 5.3, we estimate the Green operator in our basic norm

‖φ‖X = sup
t>0

( 1∑

k=0

(
{t}k/m〈t〉(Q+k)/n+(1/n)(1−1/r)

∥
∥∂kxφ(t)

∥
∥

Lr

+ {t}k/m〈t〉(k−1)/n
∥
∥∂kxφ(t)

∥
∥

L1,Q+1

)
)

.

(1.18)

2. General approach

Suppose we can rewrite the initial-boundary value problem (1.1) as the following integral
equation:

u(t)=�(t)u0−
∫ t

0
�(t− τ)�(u(τ))dτ, (2.1)

where � is the Green operator of the corresponding linear problem. Here �(u) is some
nonlinear operator such that for any q ∈ C,

�(vq)= qσ1+1�(v). (2.2)

In this section, we prove global-in-time existence of solutions to the problem (1.1). By
the global solution of the problem (1.1), we always understand the solution u(t) of the
corresponding integral equation (2.1), belonging to some complete metric space X of
functions defined on [0,∞)×R+ (the so-called mild solution).

We fix a metric space Z of functions defined on R+ .
We suppose that there exists the asymptotic kernel G̃0(x, t) = t−αG0(xt−1/n) ∈ X in

spaces X, Z, such that

∥
∥〈t〉γ(�(t)φ−G0 f (φ)

)∥∥
X ≤ C‖φ‖Z, (2.3)

with some α > 0, n > 0, where f (φ) is the linear functional: Z→R and

f
(
t−αφ

(
(·)t−1/n))= f (φ) (2.4)

for all t > 0, φ∈ Z.
We also fix a metric space W of functions defined on R+, such that the norm of W is

induced by the norm of X by the relation

‖φ‖W =
∥
∥t−αφ

(
(·)t−1/n)∥∥

X. (2.5)
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Theorem 2.1. Assume that the initial data u0 ∈ Z, and it is such that ‖u0‖Z < ε. Let there
exist function G1(x, y) (G1(x,0)= 0) such that for operator

�0(t)φ = t−β
∫

R+
G1
(
xt−1/n, yt−1/n)φ(y)dy, (2.6)

the following estimates with γ > 0 exist:

∥
∥�0(t)φ

∥
∥

X +
∥
∥〈t〉γ(�(t)−�0(t)

)
φ
∥
∥

X ≤ C‖φ‖Z, (2.7)

and if f (φ)= 0,

∥
∥
∥
∥

∫ t

0
�0(t− τ)φ(τ)dτ

∥
∥
∥
∥

X
≤ C

∥
∥φ(t)

∥
∥

X, (2.8)

∥
∥
∥
∥〈t〉γ

∫ t

0

(
�(t− τ)−�0(t− τ)

)
φ(τ)dτ

∥
∥
∥
∥

X
≤ C

∥
∥φ(t)

∥
∥

X. (2.9)

Also, suppose that the nonlinearity � in (1.1) is a critical convective such that f (�(u))= 0
for any u∈X,

∥
∥(�

(
u1
)−�

(
u2
))∥∥

X ≤ C
∥
∥(u1−u2

)∥∥
X

(∥∥u1
∥
∥σ1

X +
∥
∥u2

∥
∥σ1

X

)
, (2.10)

σ1α+β = 1 +
1
n
. (2.11)

Then there exists a unique global solution u ∈ C([0,∞);X) of the initial- boundary value
problem (1.1). Furthermore, there exists a function V ∈W such that the asymptotic formula

∥
∥〈t〉γ(u(t)− t−αV

(
(·)t−1/n))∥∥

X ≤ Cε (2.12)

is valid for t→∞ uniformly with respect to x ∈R+, where V(ξ) is the solution of the integral
equation

V(ξ)= f
(
u0
)
G0(ξ)−

∫ 1

0
�0(1− z)�

(
z−αV

(
(·)z−1/n))dz. (2.13)

Proof. We prove the existence of the solution u(x, t) for the initial-boundary value prob-
lem (1.1) by the successive approximations um(x, t), m= 1,2, . . . , defined as follows:

∂tum +K
(
um
)=�

(
um−1

)
, vm(0,x)= v0(x), (2.14)

for all m≥ 2, where

u1 =�0(t)u0. (2.15)

The integral equation associated with (1.1) is written as

um(t)=�(t)u0−
∫ t

0
�(t− τ)�

(
um−1

)
dτ. (2.16)
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We now prove by induction the following estimates for all m≥ 1:

∥
∥um

∥
∥

X ≤ Cε,
∥
∥um(t)−�(t)u0

∥
∥

X ≤ Cε. (2.17)

From (2.7), we have

∥
∥�0(t)u0

∥
∥

X ≤ Cε,
∥
∥u1−�(t)u0

∥
∥

X ≤ Cε. (2.18)

Therefore estimates (2.17) are valid for m = 1. We assume that estimates (2.17) are true
with m replaced by m− 1. Due to (2.10), we have

∥
∥�(u)

∥
∥

X ≤ C‖u‖σ1+1
X . (2.19)

Since xQ�(um−1(τ)) have the zero-mean value via (2.8) and (2.9), we get

∥
∥
∥
∥

∫ t

0
�(t− τ)�

(
um−1(τ)

)
dτ
∥
∥
∥
∥

X
≤
∥
∥
∥
∥

∫ t

0
�0(t− τ)�

(
um−1(τ)

)
dτ
∥
∥
∥
∥

X

+
∥
∥
∥
∥

∫ t

0

(
�(t− τ)−�0(t− τ)

)
�
(
um−1(τ)

)
dτ
∥
∥
∥
∥

X

≤ ∥∥�
(
um−1

)∥∥
X ≤ Cε.

(2.20)

It follows that

∥
∥um

∥
∥

X ≤ Cε,
∥
∥um(t)−�(t)u0

∥
∥

X ≤ Cε. (2.21)

Thus by induction, we see that estimates (2.17) are valid for all m≥ 1. In the same way by
induction, we can prove that

∥
∥um−um−1

∥
∥

X ≤
1
4

∥
∥um−1−um−2

∥
∥

X, (2.22)

for all m> 2. Therefore taking the limit m→∞, we obtain a unique solution limm→∞um(t,
x)= u(t,x)∈X, satisfying the equation

u(t)=�(t)u0−
∫ t

0
�(t− τ)�(u)dτ, (2.23)

and estimates for t > 1,

∥
∥u(t)−�(t)u0

∥
∥

X ≤ Cε,
∥
∥u(t)

∥
∥

X ≤ Cε. (2.24)

We now compute the asymptotics of the solution. First, we show the existence of solutions
to the integral equation

V(ξ)=V0(ξ)−
∫ 1

0
�0(1− z)�

(
z−αV

(
(·)z−1/n))dz, (2.25)
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where V0(ξ)= θG0(ξ), where

θ = f
(
u0
)
. (2.26)

We prove the existence of the solution V for integral equation (2.25) by the contraction
mapping principle. We define the transformation �(V) by the formula

�(V)= θG0−
∫ 1

0
�0(1− z)�

(
z−αV

(
(·)z−1/n))dz, (2.27)

for any V ∈Wρ, where

Wρ =
{
V ∈W : ‖V‖W ≤ ρ

}
(2.28)

and C|θ| ≤ ρ and ρ > 0 sufficiently small. First we check that the mapping � transforms
the set Wρ into itself. By the property (2.34) using relation of the norms W and X, we
have for v(t,x)= t−αV(xt−1/n),

∥
∥�(V)

∥
∥

W ≤
∥
∥θG0

∥
∥

W +
∥
∥
∥
∥

∫ 1

0
�0(1− z,ξ)�

(
z−αV

(
(·)z−1/n))dz

∥
∥
∥
∥

W

≤ C|θ|+
∥
∥
∥
∥t

α
∫ t

0
�0
(
t− τ,ξt1/n)�

(
v(τ)

)
dτ
∥
∥
∥
∥

W

= C|θ|+
∥
∥
∥
∥

∫ t

0
�0(t− τ)�

(
v(τ)

)
dτ
∥
∥
∥
∥

X
.

(2.29)

Then due to (2.8), we get

∥
∥
∥
∥

∫ t

0
�0(t− τ)�

(
v(τ)

)
dτ
∥
∥
∥
∥

X
≤ C‖v‖σ1+1

X = C‖V‖σ1+1
Q ≤ Cρσ1+1. (2.30)

Hence ‖�(V)‖W ≤ C|θ|+Cρσ1+1 ≤ Cρ if ρ > 0 is small. In the same manner, we estimate
the difference, denoting that w(t,x)= t−αW(xt−1/n) and using the relation of the norms
W and X,

∥
∥�(V)−�(W)

∥
∥

W≤
∥
∥
∥
∥

∫ 1

0
�0(1− z,ξ)

(
�
(
z−αV

(
(·)z−1/n))−�

(
z−αW

(
(·)z−1/n)))dz

∥
∥
∥
∥

W

=
∥
∥
∥
∥

∫ t

0
�0(t− τ)

(
�
(
v(τ)

)−�
(
w(τ)

))
dτ
∥
∥
∥
∥

X

≤ 1
2
‖V −W‖W

(‖V‖σ1
W +‖W‖σ1

W

)≤ Cρσ1‖V −W‖W≤ 1
2
‖V −W‖W.

(2.31)

Therefore, � is a contraction mapping in the closed set Wρ of a complete metric space
X. Hence, there exists a unique solution V ∈Wρ to the integral equation (2.25). We now
prove that self-similar solutions V(ξ) give us the asymptotics of solutions to the problem
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(1.1). Denote v(t)= t−αθV((·)t−1/n), where V satisfies integral equation (2.25), then we
have

v(t)= θt−αG0
(
(·)t−1/n)−

∫ t

0
�0(t− τ)�

(
v(τ)

)
dτ. (2.32)

Since u(t) satisfies the integral equation (2.1),

u(t)=�(t)u0−
∫ t

0
�(t− τ)�

(
u(τ)

)
dτ, (2.33)

we write for the difference
∥
∥〈t〉γ(u(t)− v(t)

)∥∥
X ≤

∥
∥〈t〉γ(�(t)u0− θt−αG0

(
(·)t−1/n))∥∥

X

+
∥
∥
∥
∥〈t〉γ

∫ t

0
�(t− τ)

(
�
(
u(τ)

)−�
(
v(τ)

))
dτ
∥
∥
∥
∥

X

+
∥
∥
∥
∥〈t〉γ

∫ t

0

(
�(t− τ)−�0(t− τ)

)
�
(
v(τ)

)
dτ
∥
∥
∥
∥

X

≡ I1 + I2 + I3.

(2.34)

Note that in view of the relation of the norms X and W, we have

‖v‖X = |θ|‖V‖W ≤ C|θ| ≤ Cε. (2.35)

Then by the definition of the asymptotic kernel (see (2.3)), we obtain

I1 =
∥
∥
∥〈t〉γ(�(t)u0− θt−αG0

(
(·)t−1/n))

∥
∥
∥

X
≤ C

∥
∥u0

∥
∥

Z ≤ Cε. (2.36)

By virtue of condition (2.8), we get

I2 =
∥
∥
∥
∥〈t〉γ

∫ t

0
�(t− τ)

(
�
(
u(τ)

)−�
(
v(τ)

))
dτ
∥
∥
∥
∥

X

≤ C
∥
∥〈t〉γ(u(t)− v(t)

)∥∥
X

(‖u‖σ1
X +‖v‖σ1

X

)

≤ Cεσ
∥
∥〈t〉γ(u(t)− v(t)

)∥∥
X

(2.37)

and via condition (2.9), we find

I3 =
∥
∥
∥
∥〈t〉γ

∫ t

0

(
�(t− τ)−�0(t− τ)

)
�
(
v(τ)

)
dτ
∥
∥
∥
∥

X

≤ C‖v‖σ1+1
X ≤ C‖V‖σ1+1

W ≤ C‖θ‖σ+1 ≤ Cεσ+1.

(2.38)

Now (2.34) implies that
∥
∥〈t〉γ(u(t)− v(t)

)∥∥
X ≤ Cε+Cεσ

∥
∥〈t〉γ(u(t)− v(t)

)∥∥
X, (2.39)

hence estimate (2.12) follows since ε > 0 is small enough. Theorem 2.1 is proved. �
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3. Linear problem

We consider the linear initial-boundary value problem corresponding to (1.1):

ut +Ku= f (x, t), t > 0, x > 0,

u(x,0)= u0(x), x > 0,

∂
j−1
x u(0, t)= hj(t), t > 0, for j = 0, . . . ,M.

(3.1)

We define symbol of operator K as

K(p)= anp
n + amp

m, (3.2)

where n,m are even integers, n≤m/2 + 1, an �= 0, am �= 0. We denote by φj(ξ)= K−1(−ξ),
j = 1, . . . ,N =m/2, different roots of equation for equation K(p)=−ξ, such that

Reφj(ξ) > 0 (3.3)

for all ξ ∈D, Reξ > 0. Here D is domain of analyticity of functions φj(ξ) with boundary

Γ=
{

(−i∞,−i0)
⋃

k

([− i0,K(pk)ei2π
]∪ [K(pk), i0

])∪ (i0, i∞)
}

, (3.4)

where K ′(pk)= 0. Also we define the matrix

A=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

φN−1
1 φN−2

1 φN−3
1 ··· 1

φN−1
2 φN−2

2 φN−3
2 ··· 1

...
...

... ··· ...

φN−1
N φN−2

N φN−3
N ··· 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(3.5)

and the vector

−→
B =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

e−φ1(ξ)y

e−φ2(ξ)y

···
e−φN (ξ)y

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (3.6)

In this section, we follow the method of the book [7] to obtain the explicit formula for
the solution of the linear problem (3.1) under the condition

u0 ∈ L1(R+), f ∈ Lq
(
0,T ;L1(R+)

)
(3.7)

with q > 2. We have that solution of problem (3.1) has the following form:

u(x, t)=
∫ +∞

0
u0(y)G(x, y, t)dy +

∫ t

0
dτ
∫ +∞

0
f (x, y,τ)G(x, y, t− τ)dy, (3.8)
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where

G(x, y, t)= 1
2πi

∫ i∞

−i∞
epxH(p, y, t)dp,

H(p, y, t)= e−py−K(p)t −
N∑

j=1

pN− j 1
2πi

∫

Γ

eξt

K(p) + ξ

(
A−1−→B) j .

(3.9)

Denote

H̃
(
p,φ1,φ2, . . . ,φN , y

)=
N∑

k=1

pN−k
(
A−1−→B )k. (3.10)

We write function H̃ in the form

H̃ =
N∑

k=1

pN−k
N∑

j=1

e−φj y
(
A−1−→Ej

)
k, (3.11)

where
−→
Ej is vector with component el, l = 1, . . . ,N ,

el =
⎧
⎨

⎩

1, l = j,

0, l �= j.
(3.12)

Using the results of book [7], we have

(
A−1−→Ej

)

k
= (−1)k−1σk−1(φ1,φ2, . . . ,φk−1,φk+1, . . . ,φN )

∏

l=1, l �=k

(
φk −φl

)−1
, (3.13)

where σk are symmetrical polynomials, such that

σ0
(
φ2, . . . ,φN

)= 1,

σ1
(
φ2, . . . ,φN

)=
N∑

j=2

φj ,

σ2
(
φ2, . . . ,φN

)=
∑

j �=k
φjφk,

...

σN
(
φ2, . . . ,φN

)=
N∏

j=2

φj.

(3.14)

Therefore from the Viett theorem, we obtain

H̃ =
N∑

j=1

e−φj yPN (p)
P′N
(
φj
)(
p−φj

) , (3.15)
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where by PN (p), we denote

PN (p)=
N∏

l=1

(
p−φl

)
. (3.16)

We easily see that function H̃(p,φ1,φ2, . . . ,φN , y) is symmetrical with respect to variables
φj(ξ), such that, for example,

H̃(p,φ1,φ2, . . . ,φN , y)= H̃
(
p,φ2,φ1, . . . ,φN , y

)
. (3.17)

Since �K(p) > 0 for all �p = 0, p �= 0 and the function H̃(p,φ1, . . . ,φN , y) is analytic
in the domain D and has the estimate

∣
∣H̃
(
p,φ1, . . . ,φN , y

)∣∣≤ Ce−Cy
m
√
|ξ| (3.18)

for |ξ| → ∞, �ξ > 0 (see asymptotic formulas (4.2)), therefore by the Cauchy theorem
and symmetrical properties of function H̃ , we can change the contour of integration Γ to
the imaginary axis (−i∞, i∞) to get

∫

Γ
H̃

eξt

K(p) + ξ
dξ =

∫ i∞

−i∞
H̃

eξt

K(p) + ξ
dξ, (3.19)

(since �φj(ξ) > 0 for all �ξ = 0, and taking into account inequality (3.18), we see that
the last integral in the above formula converges absolutely). Applying the identities

K ′
(
φl
)=− 1

φ′l (ξ)
(3.20)

and using the theory of residues, we obtain

∫ i∞

−i∞
H̃
(
p,φ1, . . . ,φN , y

)

K(p) + ξ
epxdp = 2πi

M∑

l=1

H̃
(
φl+N ,φ1, . . . ,φN , y

)
eφl+N (ξ)xφ′l+N (ξ), (3.21)

where φl+N are “negative” roots of equation for equation K(p)=−ξ, such that

Reφj(ξ) < 0, Reξ > 0. (3.22)

For any φk(ξ), k = 1, . . . ,N , there exists the function φj(ξ), j = 1, . . . ,N , such that

φk(−ξ)= φj(ξ), Reξ = 0. (3.23)
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Therefore taking into account symmetrical properties of function H̃ after the change of
variable p = φl+N (ξ), we get

1
4π2

∫ i∞

−i∞
epx
∫ i∞

−i∞

N∑

j=1

pN− j
∫

Γ

eξt

K(p) + ξ

(
A−1−→B) j

=− 1
2πi

M∑

l=1

∫ i∞

−i∞
eξtH̃

(
φl+N ,φ1,φ2, . . . ,φN , y

)
eφl+N (ξ)xφ′l+N (ξ)dξ

=− 1
2πi

M∑

l=1

∫

Γl
epx−K(p)tH̃

(
p,φ1

(
K(p)

)
,φ2, . . . ,φN , y

)
dp

= 1
2πi

∫ i∞

−i∞
epx−K(p)tH̃

(
p,φ1

(
K(p)

)
,φ2, . . . ,φN , y

)
dp,

(3.24)

where

Γl =
{
p = φl+N (ξ), Reξ = 0

}
. (3.25)

Therefore taking into account (3.15), (3.24), we obtain the following integral repre-
sentation for Green function G(x, y, t) of problem (3.1):

G(x, y, t)= F1(x− y, t) +F2(x, y, t),

F1(x, t)= 1
2πi

∫ i∞

−i∞
epx−K(p)tdp,

F2(x, y, t)= 1
2πi

N∑

j=1

∫ i∞

−i∞
epx−K(p)t e

−φj (K(p))yPN (p)
P′N
(
φj
)(
p−φj

) dp,

(3.26)

where the function PN is defined in (3.16).

4. Asymptotics of the Green function

If K(p) = anpn + ampm, m > n, then there exist M1 = m/2 different inverse functions
φj(ξ)= K−1(−ξ), such that for ξ ∈D (see book [7]),

Reφj(ξ) > 0. (4.1)

Moreover, the asymptotics

φl(ξ)= ei(π+2πl)(1/m)(a−1
m ξ

)1/m
+O

(
ξ−(1−γ)/m) (4.2)

is true as ξ →∞, with γ > 0. Now we consider case ξ → 0.
We represent

pn = 1
an

−ξ
1 +O(p)

or pm−n = an
am

(
− 1 +

−ξ
anpn

+O(p)
)

for |p| ≤ 1. (4.3)
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Hence we get the asymptotic representations for l = 1, . . . ,Q = n/2,

φl(ξ)= βlξ
1/n +O

(|ξ|2/n), ξ −→ 0, (4.4)

where βl are the roots of the equation anzn + 1= 0, such that Reβlξ1/n > 0 for all Reξ > 0.
For l =Q+ 1, . . . ,N , we have

φl+ j(ξ)= r j +O
(|ξ|2/n), ξ −→ 0, (4.5)

where r j are the roots of the equation an + amzm−n = 0, such that Rer j > 0.
We have (see (3.26))

G(x, y, t)= 1
2πi

∫ i∞

−i∞
epx−K(p)tH(p, y)dp, (4.6)

H(p, y)= e−py +
N∑

j=1

e−φj (K(p))yPN (p)
P′N
(
φj
)(
p−φj

) . (4.7)

Since for l = 0, . . . ,N − 1, Re p = 0,

N∑

j=1

φl
jPN (p)

P′N
(
φj
)(
p−φj

) = PN (p)
2πi

∫ i∞

−i∞,u�=p
ul

PN (u)(p−u)
du=−pl, (4.8)

we have

H(p, y)= e−py −
N−1∑

l=1

(−py)l

l!
+

N∑

j=1

B̃
(
φj
(
K(p)

)) PN (p)

P/
N

(
φj
)(
p−φj

) , (4.9)

where

B̃(z)= e−zy −
N−1∑

l=0

(−1)l
(zy)l

l!
. (4.10)

Therefore using (4.4)-(4.5) and symmetrical properties of function H(p, y), we obtain
for |p|� 1,

n/2∑

j=1

B̃
(
φj
(
K(p)

)) PN (p)

P/
N

(
φj
)(
p−φj

) =O
(
pQ+1yQ+1). (4.11)
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Also by definition, we have

ΠN
j=1φ

2
j =

(−1)N

am

(
anp

n + amp
m
)
, amPN (p)PN (−p)= (−1)N2K(p). (4.12)

Therefore using (4.4)-(4.5), we get with Q = n/2 that

N∑

k=Q+1

B̃
(
φk
(
K(p)

)) PN (p)

P/
N

(
φk
)(
p−φk

)

=
N∑

k=Q+1

B̃
(
φk
(
K(p)

)) PN (p)PN
(−φk

)

P/
N

(
φk
)
PN
(−φk

)(
p−φk

)

=
N∑

k=Q+1

B̃
(
φk
(
K(p)

)) amΠ
N
j=1

(
φj +φk

)(
φj − p

)

2
(
annφ

n−1
k + ammφm−1

k

)(
p−φk

)

= am
2

N∑

k=Q+1

B̃
(
φk
(
K(p)

))ΠN
j=1φ

2
j +φN

k Π
N
j=1φj + (−p)NΠN

j=1φj +φN
k (−p)N

−rnk
(
ann+ ammrm−nk

)

+O
(
pQ+1(1 + yQ+1))

= pQ
√

am
an

(−1)N/2

2(m−n)

N−Q∑

k=1

B̃
(
rk
)
rN−nk +O

(
pQ+1(1 + yQ+1)),

(4.13)

where rk was defined in (4.4), (4.5).
Substituting (4.11)–(4.13) into (4.7), we easily get

H(p, y)=D1p
n/2B(y) +O

(
pn/2+1(1 + yn/2+1)), (4.14)

where constant D1 is defined by

D1 =
√

imam
inan

in/2

2(m−n)
, (4.15)

and function

B(y)=
N−n/2∑

j=1

rN−nj

(

e−r j y −
n/2∑

l=0

(−1)l
(
r j y
)l

l!

)

. (4.16)
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Note that for |p| > 1,

|H(p, y)| < C. (4.17)

Making the change of variable pnt = zn, we obtain for Green function with x1 = xt−1/n

that

G(x, y, t)= 1
2πi

∫ i∞

−i∞
epx−K(p)tH(p, y)dp

= 1
2πi

(∫ i

−i
epx−an p

nt
(
D1p

QB(y) +O
(
pQ+1(1 + yQ+1)))dp

+
∫ i

−i
epx−an p

nt
(
e−Cp

mt − 1
)
O
(
pQ
(
1 + yQ+1))dp

+
∫ i∞

−i∞,|p|>1
epx−K(p)tH(p, y)dp

)

=�(x, y, t) +R(x, y, t),

(4.18)

where

�(x, y, t)= 1
2πi

D1t
−(Q+1)/nB(y)

∫ i∞

−i∞
ezx1−anznzQdz

= B(y)t−(Q+1)/nΛ
(
x1
)
,

R(x, y, t)= 1
2πi

(∫ i

−i
epx−an p

ntO
(
pQ+1(1 + yQ+1))dp

+
∫ i

−i
epx−an p

nt
(
e−Cp

mt − 1
)
O
(
pQ
(
1 + yQ+1))dp

+
∫ i∞

−i∞,|p|>1
epx−K(p)tH(p, y)dp

)
=O

(
〈y〉Q+1t−(Q+2)/n

)
.

(4.19)

We also note that for t > 0, w ≥ 0, k = 0, 1, r ≥ 1, Q = n/2,

∥
∥(·)t−(Q+1)/n∂kxΛ

(
(·)t−1/n)∥∥

Lr ≤ Ct−(Q+k−w)/n+(1/n)(1/r−1). (4.20)

In the same way, we can obtain asymptotic formula for the function G1, which was de-
fined in the introduction,

G1(s,q)= t−(Q+1)/n yQΛ
(
x1
)
O
(〈y〉Q+1t−(Q+2)/n),

Aj =
n/2∏

k=1,k �= j

1 + rk
1− rk

, anr
n
k =−1, Rerk > 0.

(4.21)
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5. Preliminaries

We introduce the operators

G(t) f =
∫ +∞

0
G(x, y, t) f (y)dy, (5.1)

G(x, y, t)= F1(x− y, t) +F2(x, y, t), (5.2)

F1(x, t)= 1
2πi

∫ i∞

−i∞
epx−K(p)tdp, (5.3)

F2(x, y, t)= 1
2πi

N∑

j=1

∫ i∞

−i∞
epx−K(p)t e

−φj (K(p))yPN (p)
P′N
(
φj
)(
p−φj

) dp, (5.4)

PN (p)=
N∏

l=1

(
p−φl

)
. (5.5)

Also we denote

G0(s)= 1
2πi

in/2
∫ i∞

−i∞
ezs−anz

n
zn/2dz, D =

√
imam
inan

1
2(m−n)

> 0,

�0(t)φ= t−1/n
∫

Rn
G1
(
xt−1/n, yt−1/n)φ(y)dy,

G1(s,q)= 1
2πi

∫ i∞

−i∞
e−anz

n
(
ez(s−q)−

n/2∑

j=1

Aje
−(s+r j q)

)
dz,

Aj =
n/2∏

k=1, k �= j

1 + rk
1− rk

, anr
n
k =−1, Rerk > 0,

B(x)=
N−(n/2)∑

j=1

rN−nj

(

e−r jx −
n/2∑

l=0

(−1)l
(
r jx
)l

l!

)

.

(5.6)

We first collect some preliminary estimates of the Green operatorG(t) in the norms ‖φ‖Lr

and ‖φ‖L1,a , where a∈ (0,Q+ 1], r = 1,∞. Everywhere below, the constants C > 0 depend
only on the characteristics of the symbol K(p), that is, on the numbers n, m, an, and am.

Lemma 5.1. Suppose that the function φ ∈ L∞ ∩L1,Q+1. Then the estimates

∥
∥∂kxG(t)φ

∥
∥

Lr ≤ C{t}−k/m〈t〉−k/n−1/n(1−1/r)
(
‖φ‖L∞ +‖φ‖L1 + 〈t〉−1/n‖φ‖L1,1

)
,

∥
∥(·)ω∂kx

(
G(t)φ− θt−(Q+1)/nG0

(
t−1/n(·)))∥∥Lr

≤ C〈t〉−(Q+1+k−w)/n+(1/n)(1/r−1){t}−(k−w)/m+(1/m)(1/r−1)‖φ‖L1,Q+1

(5.7)
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are valid for all t > 0, where

1≤ r ≤∞, 0≤ ω ≤Q+ 1, θ =
∫ +∞

0
xQφ(x)dx, k = 0,1, Q = n

2
. (5.8)

Proof. By symbol �p→x, we denote inverse Fourier transformation. Note that the kernel
F1(x, t) =�p→x(e−K(p)t) in representation (5.3) is a smooth function F1(x, t) ∈ C∞(R1)
and decays at infinity so that

sup
x∈R1

〈x〈t〉−1/n{t}−1/m〉2+k
∣
∣∂kxF1(x, t)

∣
∣≤ C〈t〉−(1+k)/n{t}−(1+k)/m, (5.9)

for all k = 0,1,2 . Indeed, we have

∣
∣∂kxF1(x, t)

∣
∣= ∣∣�p→x

(
pke−K(p)t)∣∣≤ C

∥
∥pke−K(p)t

∥
∥

L1
p
≤ 〈t〉−(1+k)/n{t}−(1+k)/m,

∣
∣x2+k∂kxF1(x, t)

∣
∣= ∣∣�p→x(∂2+k

p

(
pke−K(p)t))∣∣≤ C

∥
∥∂2+k

p

(
pke−K(p)t)∥∥

L1
p

(5.10)

for k = 0,1,2. Since

∣
∣∂2+k

p

(
pke−K(p)t)∣∣≤ Ct{p}n−2〈p〉m−2e−ReK(p)t (5.11)

for all p ∈R, k = 0,1,2, we obtain

∣
∣x2+k∂kxF1(x, t)

∣
∣≤ C〈t〉1/n{t}1/m. (5.12)

Therefore estimate (5.9) is true. By virtue of (5.9), we find

∥
∥∂kxF1(·, t)∥∥L1 ≤ C〈t〉−(1+k)/n{t}−(1+k)/m

∥
∥
∥
∥
〈
x〈t〉−1/n{t}−1/m

〉2+k
∥
∥
∥
∥

L1
x

≤ C〈t〉−k/n{t}−k/m.
(5.13)

Therefore using the Young inequality from (5.9) and (5.13), we find

∥
∥
∥
∥

∫ +∞

0
∂kxF1(·− y, t)φ(y)dy

∥
∥
∥
∥

Lr
≤ C{t}−k/m〈t〉−k/n−1/n(1−1/r)(‖φ‖L∞ +‖φ‖L1

)
. (5.14)

From (4.2), (4.4), and (4.5), we have

∣
∣
∣
∣
∣

N∑

j=1

e−φj

(
K(p)

)
yPN (p)

P′N
(
φj
(
K(p)

))(
p−φj

)

∣
∣
∣
∣
∣ < C, |p| ≤ 1,

∣
∣
∣
∣
∣

N∑

j=1

e−φj

(
K(p)

)
yPN (p)

P′N
(
φj
(
K(p)

))(
p−φj

)

∣
∣
∣
∣
∣ < Ce−Cpy , |p| > 1.

(5.15)
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Therefore, we obtain
∥
∥
∥
∥

∫ +∞

0
∂kxF2(·, y, t)φ(y)dy

∥
∥
∥
∥

L∞

≤ C‖φ‖L1

∫ i

−i
e−ReK(p)t|p|k|dp|

+
∫

|p|>1, p∈�1

e−ReK(p)t|p|k|dp|
∫ Cy

0
dyeRe p(x−Cy)−ReK(p)t

∣
∣φ(y)

∣
∣

+
∫

|p|>1, p∈�2

e−ReK(p)t|p|k|dp|
∫ +∞

Cy
dyeRe p(x−Cy)−ReK(p)t

∣
∣φ(y)

∣
∣,

(5.16)

where

�1 =
{
p = ρe±iλ1 | ρ≥ 0, λ1 = π

2
+ ε, ReK(p) > 0, ε > 0

}
,

�2 =
{
p = ρe±iλ1 | ρ ≥ 0, λ1 = π

2
− ε, ReK(p) > 0, ε > 0

}
.

(5.17)

We make the change of variable |p|nt = z to get

∫ i

−i
e−ReK(p)t|p|k|dp| ≤ Ct−(k+1)/n. (5.18)

Also taking |p|mt = z, we find

∫

|p|>1,p∈�1

e−�K(p)t|p|k|dp|
∫ Cy

0
dyeRe p(x−Cy)

∣
∣φ(y)

∣
∣

+
∫

|p|>1,p∈�2

e−ReK(p)t|p|k|dp|
∫ +∞

Cy
dyeRe p(x−Cy)−ReK(p)t

∣
∣φ(y)

∣
∣

≤ Ct−(k+1)/m
∫ +∞

0
e−C1t−1/m|x−Cy|∣∣φ(y)

∣
∣|dy| ≤ Ct−k/m‖φ‖L1 .

(5.19)

Via (5.16), the estimates (5.18) and (5.19) imply that

∥
∥
∥
∥

∫ +∞

0
∂kxF2(·, y, t)φ(y)dy

∥
∥
∥
∥

L∞
≤ C{t}−k/m〈t〉−(k+1)/n‖φ‖L1 . (5.20)

Since

1
2πi

N∑

j=1

∫ i∞

−i∞
epx−K(p)t PN (p)

P′N
(
φj
)(
p−φj

)dp = 1
2πi

∫ −i∞

−i∞
epx−K(p)tdp = F1(x,0, t),

(5.21)

we rewrite function F2(x, y, t) in following form:

F2 = F1(x,0, t) +F3(x, y, t). (5.22)
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By virtue of (4.2)–(4.5), we have

∣
∣
∣
∣
∣

N∑

j=1

(
e−φj

(
K(p)

)
y − 1

)
PN (p)

P′N
(
φj
(
K(p)

))(
p−φj

)

∣
∣
∣
∣
∣ < C{p}y +C. (5.23)

So changing the contour of integration, we get

∥
∥
∥∂kxF3(·, y, t)

∥
∥
∥

L1
x

≤ C
(
y
∫

|p|<1,p∈�1

|p|ke−ReK(p)tdp+
∫

|p|>1,p∈�1

|p|k−1e−ReK(p)t|dp|
)

≤ {t}−k/m〈t〉−(k+1)/n y,
(5.24)

where

�1 =
{
p = ρe±iλ1 | ρ ≥ 0, λ1 = π

2
+ ε, ReK(p) > 0, ε > 0

}
. (5.25)

Therefore from (5.13) and (5.24), we get

∥
∥∂kxF2(·, y, t)

∥
∥

L1
x
< C{t}−k/m〈t〉−(k+1)/n y + {t}−k/m〈t〉−k/n. (5.26)

Hence, it follows that

∥
∥
∥
∥

∫ +∞

0
∂kxF2(·, y, t)φ(y)dy

∥
∥
∥
∥

L1
≤ C{t}−k/m〈t〉−k/n

(
‖φ‖L1 + 〈t〉−k/n‖φ‖L1,1

)
. (5.27)

From (5.14), (5.20), (5.27), we obtain the first estimate of the lemma:

∥
∥∂kxG(t)φ

∥
∥

Lr ≤ C{t}−k/m〈t〉−k/n−(1/n)(1−1/r)
(
‖φ‖L∞ +‖φ‖L1 + 〈t〉−1/n‖φ‖L1,1

)
(5.28)

for all t > 0, where 1≤ r ≤∞. Since by virtue of the estimate (4.18),

G(x, y, t)− t−(Q+1)/nG0
(
t−1/n(·))B(y)

= 1
2πi

(∫

p∈�,|p|<1
epx−an p

ntO
(
pQ+1(1 + yQ+1))dp

+
∫

p∈�,|p|<1
epx−an p

nt
(
e−Cp

mt − 1
)
O
(
pQ
(
1 + yQ+1))dp

+
∫

p∈�,|p|≥1
epx−K(p)tH(p, y)dp

)
,

H(p, y) < C, |p| > 1, p ∈�,

(5.29)
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we easily obtain

∥
∥(·)ω∂kx

(
G(t)φ− ϑt−(Q+1)/nG0

(
t−1/n(·)))∥∥Lr

≤ 〈yQ+1〉
∥
∥
∥
∥(·)ω

∫

p∈�,|p|<1
eRe px−Rean pnt|p|Q+1+k|dp|

∥
∥
∥
∥

Lr

+
∥
∥
∥
∥(·)ω

∫

p∈�,|p|≥1
eRe px−K(p)t|p|k|dp|

∥
∥
∥
∥

Lr

≤ 〈yQ+1〉
∫

p∈�,|p|<1
e−Rean pnt|p|Q+1+k−w−1/r|dp|

+
∫

p∈�,|p|≥1
e−K(p)t|p|k−w−1/r|dp|

≤ C〈t〉−(Q+1+k−w)/n+1/n(1/r−1){t}−(k−w)/m+1/m(1/r−1)‖φ‖L1,Q+1

(5.30)

for any ω ∈ [0,Q + 1]. Thus the second estimate of the lemma follows. Lemma 5.1 is
proved. �

In the same way, we can prove the following.

Lemma 5.2. Suppose that the function φ∈ L∞ ∩L1,Q+1. Then the estimates

∥
∥∂kx�0(t)φ

∥
∥

Lr ≤ C{t}−k/m〈t〉−k/n−(1/n)(1−1/r)
(
‖φ‖L∞ +‖φ‖L1 + 〈t〉−1/n‖φ‖L1,1

)
,

∥
∥(·)ω∂kx

(
�0(t)φ− θt−(Q+1)/nG0

(
t−1/n(·)))∥∥Lr

≤ C〈t〉−(Q+1+k−w)/n+(1/n)(1/r−1){t}−(k−w/m)+(1/m)((1/r)−1)‖φ‖L1,Q+1

(5.31)

are valid for all t > 0, where

1≤ r ≤∞, 0≤ ω ≤Q+ 1, θ =
∫ +∞

0
xQφ(x)dx, k = 0,1. (5.32)

We introduce the function space for k = 0,1,

‖φ‖X=sup
t>0

( 1∑

k=0

({t}k/m〈t〉(Q+k)/n+(1/n)(1−1/r)
∥
∥∂kxφ(t)

∥
∥

Lr + {t}k/m〈t〉(k−1)/n
∥
∥∂kxφ(t)

∥
∥

L1,Q+1

)
)

,

‖φ‖Y=sup
t>0

(
{t}σ/m〈t〉Q/n+1+(1/n)(1−1/r)

∥
∥φ(t)

∥
∥

Lr + {t}σ/m〈t〉1−1/n
∥
∥φ(t)

∥
∥

L1,Q+1

)
,

(5.33)

where σ ≤m.
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Lemma 5.3. Let the function f (x, t) satisfy
∫ +∞

0 xQ f (x, t)dx = 0. Then the inequality

∥
∥
∥
∥

∫ t

0
�0(t− τ) f (τ)dτ

∥
∥
∥
∥

X
≤ C‖ f ‖Y,

∥
∥
∥
∥〈t〉γ2

∫ t

0

(
�(t− τ)−�0(t− τ)) f (τ)dτ

∥
∥
∥
∥

X
≤ C

∥
∥ f (t)

∥
∥

Y, γ2 ∈
[

0,1− σ

m

)
,

(5.34)

is valid for l = 0,1, provided that the right-hand side is finite.

Proof. By Lemma 5.2, we get

∥
∥
∥
∥

∫ t

0
∂kx�0(t− τ) f (τ)dτ

∥
∥
∥
∥

L∞
+
∥
∥
∥
∥

∫ t

0
∂kx�0(t− τ) f (τ)dτ

∥
∥
∥
∥

L1,Q+1

≤ C
∥
∥ f (t)

∥
∥

Y

∫ 1

0
(1 + τ)−1{τ}−σ/m{t− τ}−1/mdτ ≤ C

∥
∥ f (t)

∥
∥

Y

(5.35)

for all 0≤ t ≤ 1. We now consider t > 1. By virtue of Lemma 5.2 with ω = 0, we obtain

∥
∥
∥
∥

∫ t

0
∂kx�0(t− τ) f (τ)dτ

∥
∥
∥
∥

Lr

≤ C
∫ t/2

0
(t− τ)−(Q+1+k)/n+(1/n)(1/r−1)〈τ〉−1+1/n{τ}−σ/mdτ∥∥ f (τ)

∥
∥

L1,Q+1

+C
∫ t

t/2
(t− τ)−k/n−(1/n)(1−1/r)〈t〉−Q/n−1dτ sup

τ>0

(∥
∥ f (τ)

∥
∥

L∞ +
∥
∥ f (τ)

∥
∥

L1

)

+C
∫ t

t/2
(t− τ)−(k+1)/n−(1/n)(1−1/r)〈t〉−Q/n−1+1/n(Q+1)dτ sup

τ>0

∥
∥ f (τ)

∥
∥

L1,1

≤ C{t}−k/m〈t〉−(Q+k)/n+(1/n)(1/r−1)‖ f ‖Y

(5.36)

for 1≤ r ≤∞, and using the second estimate of Lemma 5.2 with ω =Q+ 1, we get

∥
∥
∥
∥

∫ t

0
∂kx�0(t− τ) f (τ)dτ

∥
∥
∥
∥

L1,Q+1

≤ C
∫ t/2

0
{τ}−σ/m〈τ〉−1+1/n(t− τ)(1/n)(1/r−1−k)dτ

∥
∥ f (τ)

∥
∥

L1,Q+1

+C
∫ t

t/2
〈τ〉−1+1/n(t− τ)(1/n)(1/r−1−k)dτ

∥
∥ f (τ)

∥
∥

L1,Q+1

≤ C{t}−k/m〈t〉(1−k)/n‖ f ‖Y

(5.37)

for all t > 1. Hence the result of the lemma follows. In the same way, we can prove second
estimate of this lemma. Lemma 5.3 is proved. �
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6. Proof of Theorem 1.1

The local existence of solutions for the initial-boundary value problem (1.1) can be ob-
tained by the standard contraction mapping principle (for the proof see [7]).

Theorem 6.1. Let the initial data u0 ∈ L∞ ∩ L1,n/2+1. Then for some T > 0, there exists a
unique solution u(t,x) ∈ C([0,T);L∞ ∩ L1,n/2+1)∩C((0,T);W1,0∞ ∩W1,n/2+1

1 ) of the prob-
lem (1.1).

By the local existence theorem (Theorem 6.1), it follows that the global solution (if it
exists) is unique. So our main purpose in the proof of Theorem 1.1 is to show the global-
in-time existence of solutions.

We use Theorem 2.1 to prove Theorem 1.1. Denote

‖g‖Z =
(∥
∥g(t)

∥
∥

L∞ +
∥
∥g(t)

∥
∥

L1,1+n/2

)
, (6.1)

and

‖φ‖X = sup
t>0

( 1∑

k=0

(
{t}k/m〈t〉(Q+k)/n+(1/n)(1−1/r)

∥
∥∂kxφ(t)

∥
∥

Lr

+ {t}k/m〈t〉(k−1)/n
∥
∥∂kxφ(t)

∥
∥

L1,Q+1

)
)

,

(6.2)

and

‖φ‖Y = sup
t>0

(
{t}σ/m〈t〉Q/n+1+(1/n)(1−1/r)

∥
∥φ(t)

∥
∥

Lr + {t}σ/m〈t〉1−1/n
∥
∥φ(t)

∥
∥

L1,Q+1

)
. (6.3)

From Lemmas 5.1 and 5.2, we easily get the following estimates:

∥
∥
∥〈t〉γ(�(t)−�0(t)

)
φ
∥
∥
∥

X
≤ C‖φ‖Z, (6.4)

where γ =min((1/2)μ,1− σ/m). From Lemma 5.3, we have that if
∫
R+ xQ f dx = 0,

∥
∥
∥
∥

∫ t

0
�0(t− τ) f (τ)dτ

∥
∥
∥
∥

X
≤ C

∥
∥ f (t)

∥
∥

Y, ν∈
[

0,1− σ

m

]
,

∥
∥
∥
∥〈t〉γ

∫ t

0

(
�(t− τ)−�0(t− τ)

)
f (τ)dτ

∥
∥
∥
∥

X
≤ C

∥
∥ f (t)

∥
∥

Y.

(6.5)

Also by direct calculation, we have

∥
∥(�

(
u1
)−�

(
u2
))∥∥

Y ≤ C
∥
∥(u1−u2

)∥∥
X

(∥
∥u1

∥
∥σ+ρ−1

X +
∥
∥u2

∥
∥σ+ρ−1

X

)
,

∥
∥t−Q+1/nV

(
(·)t−1/n)∥∥

X ≤ C
∥
∥V(·)∥∥W,

(6.6)
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where

‖φ‖W = sup
t>0

(∥∥φ(t)
∥
∥

Lr +‖φ(t)
∥
∥

L1,Q+1

)
. (6.7)

Therefore from Theorem 2.1 with β = 1/n, α= (n+ 2)/2n, and

G0(s)= 1
2πi

iQ
∫ i∞

−i∞
ezs−anz

n
zQdz, D =

√
imam
inan

1
2(m−n)

> 0, (6.8)

we get the result of Theorem 1.1. This completes the proof of Theorem 1.1.
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[6] A. Gmira and L. Véron, Large time behaviour of the solutions of a semilinear parabolic equation in
RN , Journal of Differential Equations 53 (1984), no. 2, 258–276.

[7] N. Hayashi and E. I. Kaikina, Nonlinear Theory of Pseudodifferential Equations on a Half-Line,
North-Holland Mathematics Studies, vol. 194, Elsevier Science B.V., Amsterdam, 2004.

[8] N. Hayashi, E. I. Kaikina, and P. I. Naumkin, Large-time behaviour of solutions to the dissipa-
tive nonlinear Schrödinger equation, Proceedings of the Royal Society of Edinburgh. Section A.
Mathematics 130 (2000), no. 5, 1029–1043.

[9] , Global existence and time decay of small solutions to the Landau-Ginzburg type equations,
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