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We are interested in the global existence and large-time behavior of solutions to the
initial-boundary value problem for critical convective-type dissipative equations u; +
N(u, ty) + (a, 0% + apndiu = 0, (x,t) € R* X R, u(x,0) = up(x), x € RY, afflu(O,t) =0
for j = 1,...,m/2, where the constants a,,a,, € R, n, m are integers, the nonlinear term
N(u,u,) depends on the unknown function u and its derivative u, and satisfies the esti-
mate [N(u,v)| < Clul?|v|? witho = 0, p = 1, such that (n+2)/2n)(c+p—-1)=1,p =1,
o € [0,m). Also we suppose that [z, x/?Ndx = 0. The aim of this paper is to prove the
global existence of solutions to the inital-boundary value problem above-mentioned. We
find the main term of the asymptotic representation of solutions in critical case. Also
we give some general approach to obtain global existence of solution of initial-boundary
value problem in critical convective case and elaborate general sufficient conditions to
obtain asymptotic expansion of solution.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

We consider the initial-boundary value problem on a half-line for critical nonlinear dis-
sipative equations of convective type:

us+ N, u) + K(u) =0, t>0, x>0,
o u(0,) =0, t>0,j=1,..,M, (1.1)
u(x,0) = up(x), x>0.
The linear part of (1.1) is a differential operator

K(u) = a,0% + a,,07, (1.2)

where a,,a,, € R, n, m are integers, m > n. Note that the operator K(u) has the
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2 Critical dissipative equations

symbol
K(p) = anp" +amp™. (1.3)
In this paper, we suppose that the dissipation condition is fulfilled:
ReK(p) >0 for Rep=0, p#0. (1.4)
We assume that the nonlinearity N(u,uy) satisfies the estimate
IN(,v)| = Clul?vI” (1.5)

with p,0 = 0 and is of convective type such that

+oo
J "N (u, uc)dx = 0 (1.6)
0

and for any g € C,
N(vq) = ¢""PN(v). (1.7)

The number of the boundary data M = m/2 (or M = (m + 1)/2 in the case of odd integer
mand a,, < 0) (see book [7]). Equation (1.1) is a simple universal model, which appears
as the first approximation in the description of the dispersive dissipative nonlinear waves
(see [14]).

The global existence and large-time asymptotic behavior of solutions to the Cauchy
problems for nonlinear local and nonlocal equations were studied in many works (see
[1-6, 8,9, 12, 13, 15] and literature cited therein).

In papers [10, 11],the large-time asymptotic behavior of solutions to the Korteweg-de
Vries-Burgers-type equations on a half-line in the super critical case was found. A gen-
eral theory of nonlinear nonlocal homogeneous equations on a half-line was developed in
book [7]. In the present paper, we consider (1.1) in the case of operator K with nonhomo-
geneous symbol K(p). As a typical example, we take a polynomial K(p) = a,p" + a,p™.
We are interested in the global existence and large-time behavior of solutions to the
initial-boundary value problem (1.1) in the critical convective-type case,when the nonlin-
ear term of equation has the same time decay rate as that of the linear terms and has zero
moment. Also in this paper, we give some general approach to obtain global existence
of solution of initial-boundary value problem in critical convective case. We elaborate
general sufficient conditions to obtain asymptotic expansion of solution.

We denote the usual Lebesgue space as L? on R* by the norm [|¢||1r = (Jg+ |¢(x) [P dx) VP,
and the weighted Lebesgue space as L?“, g = 0, with norm

llLra = [[<) [l (x) =1+ [x]2 (1.8)

Also we introduce the weighted Sobolev space

£
whe {(p e1re, S (|3l < oo}, (1.9)

j=0



Flena I. Kaikina 3

By C(I;B) we denote the space of continuous functions from a time interval I to the
Banach space B. We denote {x} = x/(x).
We assume that the initial data 1y € L* n L»2*! and satisfies condition

lluol [ +[[uo [z <& (1.10)

where ¢ > 0 is sufficiently small. We assume that the nonlinear term N(u, u,) is of critical
convective type from the point of view of the large-time asymptotic behavior, that is, the
orders ¢ and p of the nonlinear term satisfy the following condition:

”2—’;2(a+p—1):1, p=1,0¢€[0,m), (1.11)

J "N dx = 0. (1.12)
R+

We denote

oo

1 n/2
GI(S,q) - oz (ez(s—q) _ ZAje—(squ))dZ’

27Tl —joco j=1
(1.13)
2 1+
Aj= l—[ 1 k, anry = —1, Rerg > 0.
k=lktjt Tk

Our purpose in this paper is to prove the following result.

THEOREM 1.1. Assume that the conditions (1.10)-(1.11) are valid. Then there exists a unique
solution

u(t,x) € C([0,00); L N LM2+1) 0 C((0, 00); WL n W™2H) (1.14)

of the initial-boundary value problem (1.1). Furthermore, there exists a function V € L%
such that the asymptotic formula

[[(8)7 (u(t) — 220y (V) || < Ce (1.15)

is valid for t — co uniformly with respect to x € R*, where Q = n/2, y = ((1/2)u,1 — o/m),
and V (&) is the solution of the integral equation

1 (! d
V(&) = f(u0) Go(§) - EL Z((n+2)/2ﬂ)(P+lZY)(1 — )i/

(1.16)

f yzl/n
% Jng+ Gl((l —z)Vn’ (1 —z)l/”>N(V(y))dy’

where

f(uo) = IWxQuodx. (1.17)



4 Critical dissipative equations

We organize the rest of our paper as follows. In Section 2, we give general theory of
studying initial-boundary value problem in the case of critical convective type of non-
linearity. In Sections 3 and 4, we construct the Green function of the solution of the
linear problem. We prove preliminary lemmas in Section 5. In Lemma 5.1, we obtain es-
timates of the Green operator in the Lebesgue spaces L', 1 < r < o0, and L"2*!, Then in
Lemma 5.3, we estimate the Green operator in our basic norm

1
||¢||X = sup ( Z ({t}k/m(t>(Q+k)/n+(1/n)(1—1/r)||a§
t>0 k=0
(1.18)

+ (e () D195 b (1) | Lgen ))

2. General approach

Suppose we can rewrite the initial-boundary value problem (1.1) as the following integral
equation:

u(t) = () —I Gt — N (u(r))dr, @2.1)

where 4 is the Green operator of the corresponding linear problem. Here N'(u) is some
nonlinear operator such that for any g € C,

N(vq) = g" N (). (2.2)

In this section, we prove global-in-time existence of solutions to the problem (1.1). By
the global solution of the problem (1.1), we always understand the solution u(t) of the
corresponding integral equation (2.1), belonging to some complete metric space X of
functions defined on [0,00) X R" (the so-called mild solution).

We fix a metric space Z of functions defined on R .

We suppose that there exists the asymptotic kernel Go(x,1) = t=%Go(xt"V") € X in
spaces X, Z, such that

()Y (G(t) — Go f () Ix = Cligllz, (2.3)

with some & > 0, n >0, where f(¢) is the linear functional: Z — R and

FE () = f(¢) (2.4)

forallt>0,¢ € Z.
We also fix a metric space W of functions defined on R, such that the norm of W is
induced by the norm of X by the relation

Igllw = [l o ()™l (2.5)
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THEOREM 2.1. Assume that the initial data ug € Z, and it is such that ||ug||lz < &. Let there
exist function G(x, y) (G1(x,0) = 0) such that for operator

GOp=1F | Gl ye gy, 26)
the following estimates with y > 0 exist:
[[6o(0)glx + [K) (G(1) — Go (1)) $|Ix = Cligllz, (2.7)
and if f(¢) =0,

HJ Gt = 1)9(r)dr]|

< Cllg(®)|lx» (2.8)

Hwﬂ (G(t — 1)~ Go(t — 1)) P(r)d

< Cllp®)|lx- (2.9)
X

Also, suppose that the nonlinearity N in (1.1) is a critical convective such that f(N(u)) =0
foranyueX,

(N (1) = N (w2))[Ix =< Cll (1 = ) [ ([ ][5+ [fas2] %) (2.10)
01a+[3:1+%. (2.11)

Then there exists a unique global solution u € C([0,);X) of the initial- boundary value
problem (1.1). Furthermore, there exists a function V.€ W such that the asymptotic formula

[ (u(t) — 7V ((-)t")) ]| < Ce (2.12)

is valid for t — co uniformly with respect to x € R*, where V (§) is the solution of the integral
equation

V(&) = f(u0)Go(& J Go(1-2)N(z7*V((-)z7V"))dz. (2.13)

Proof. We prove the existence of the solution u(x, t) for the initial-boundary value prob-
lem (1.1) by the successive approximations u,(x,t), m = 1,2,..., defined as follows:

Ot + K(th) = N (tm-1), Vi (0,%) = vo(x), (2.14)
for all m > 2, where
= Cg()(t)lzlo. (215)

The integral equation associated with (1.1) is written as

um(t) = 4(Hug —J G(t—1)N(up_1)dr. (2.16)
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We now prove by induction the following estimates for all m > 1:
llum|lx < Ce,  ||um(t) —G(t)uol|x < Ce. (2.17)
From (2.7), we have
1|0 (£)uo||x < Ce, |1 —G(t)uol|x < Ce. (2.18)

Therefore estimates (2.17) are valid for m = 1. We assume that estimates (2.17) are true
with m replaced by m — 1. Due to (2.10), we have

[N w)]|x < Cllulg™. (2.19)

Since x2N (4—1(7)) have the zero-mean value via (2.8) and (2.9), we get

j;%—rw(um,l(r))dr jotfgo(t—rw(um,l(r))dr

S '
X X

t
[ (6= 1) ot = )N (-1 (1))

d
0 X
<IN (1)l = Ce.
(2.20)
It follows that
|tm||x < Ce, ||um(t) —G(H)uo||x < Ce. (2.21)

Thus by induction, we see that estimates (2.17) are valid for all m > 1. In the same way by
induction, we can prove that

1
||”m_”mfl||x = EH”mfl _”m72||x’ (2.22)

for all m > 2. Therefore taking the limit m — oo, we obtain a unique solution lim, . 1, (¢,
x) = u(t,x) € X, satisfying the equation

u(t) = (g — J;‘g(t _ ONw)dr, (2.23)

and estimates for t > 1,
[|u(t) —G(H)uollx < Ce, ||u(t)||x < Ce. (2.24)

We now compute the asymptotics of the solution. First, we show the existence of solutions
to the integral equation

1
V(E) = Vo() - jo Go(1— 2N (- V (()z~V") ) dz, (2.25)
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where V(&) = 0Gy(€), where
0 = f(uo)- (2.26)

We prove the existence of the solution V for integral equation (2.25) by the contraction
mapping principle. We define the transformation % (V') by the formula

R(V) = 6Gy - Ll Go(1 = DN (zV ()2 ")) dz, (2.27)

for any V € W, where
={VeW:|Vlw=<p} (2.28)
and C|0| < p and p > 0 sufficiently small. First we check that the mapping % transforms

the set W, into itself. By the property (2.34) using relation of the norms W and X, we
have for v(t,x) =t~V (xt~/"),

9Vl = 0G0l + ||| 9001 - 208 (v (e )|

t
<Clo] + t"‘J Go (- 7, EFVMVN (v(1)) dr (2.29)
0 w
t
|1+ cho(t—T)N(v(T))dT
0
Then due to (2.8), we get
HJ Gt =N (vn)dr|_ = CIVIE™ = CIVIG = oo (2.30)

Hence |R(V)llw < Cl0] + Cp**! < Cp if p > 0 is small. In the same manner, we estimate
the difference, denoting that w(t,x) = t~*W (xt~"") and using the relation of the norms
W and X,

1
197 - RWlhe = | | 6001 =2 (0V ()2 = 8 (W ()z77)))d

w

Hja%(t— (v(r) = N (w(r)))dr

X

1 1
< EIIV— Wiw (I VIIw + IWIIw) < Cp? IV — Wilw < EIIV— Wllw.
(2.31)

Therefore, R is a contraction mapping in the closed set W, of a complete metric space
X. Hence, there exists a unique solution V€ W, to the integral equation (2.25). We now
prove that self-similar solutions V(&) give us the asymptotics of solutions to the problem



8  Critical dissipative equations

(1.1). Denote v(t) = t*0V ((-)t~/"), where V satisfies integral equation (2.25), then we

have
W(£) = BE=Go ()t~ — ﬂ%(t — DN (v(2))dr.
Since u(f) satisfies the integral equation (2.1),
u(t) = G(t)ug — J(:(Q(t — DN (u(1))dr,

we write for the difference

146 (u(®) = v(0)) [Ix < 1<) (G(O)uo — 0t~ Go ((-)r™")) Ix

t
" H<t>yj0<@<t—r>(N(u<r)) — N (v(0))dr

X

+H<t>yj0t (Gt = 1) = Gt = )N (v())dr

X
=hL+DL+1.
Note that in view of the relation of the norms X and W, we have
Iviix =16011IVilw < Cl6] < Ce.
Then by the definition of the asymptotic kernel (see (2.3)), we obtain
I = H(ﬂy((g(l‘)uo - 9t7“Go((')l‘71/n))Hx < Cl|uoll, < Ce.

By virtue of condition (2.8), we get

b= 07 | 6= ) (5 () - N (vte) s

X
< CI[{t)Y (u(t) —v()||x (Null% + VIR )
< Ce?[[(t)7 (u(t) —v(1) |Ix

and via condition (2.9), we find

1= [} o)~ Gt N )

X
<CIvIg™ < CIVIET < Clolo+! < ceo*.
Now (2.34) implies that

(B (u(e) = v(0)) |lx = Ce+ Ce?[[() (ut) = v(D)) lIx>

hence estimate (2.12) follows since ¢ > 0 is small enough. Theorem 2.1 is proved.

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)
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3. Linear problem
We consider the linear initial-boundary value problem corresponding to (1.1):
u+Ku=f(x,t), t>0,x>0,
u(x,0) = ug(x), x>0, (3.1)
o u(0,t) = hj(t), >0, for j=0,...,M.
We define symbol of operator K as
K(p) = anp" +amp™, (3.2)

where n, m are even integers, n < m/2+1, a, # 0, a,, # 0. We denote by ¢;(&) = K~1(=¢),
j=1,...,N = m/2, different roots of equation for equation K(p) = —¢, such that

Re¢;(£) >0 (3.3)

for all £ € D, Re& > 0. Here D is domain of analyticity of functions ¢;(£) with boundary
{( ico, —i0) U —i0,K(px)e™ | U [K(p),i0]) U (iO,iOO)}, (3.4)

where K’ (px) = 0. Also we define the matrix
R N

S | 69

N-1  4N-2 4N-3 . 4
N N N

and the vector
e~ $1(0)

_ e*(ﬁz(f)y
B = . (3.6)

e~ Ny

In this section, we follow the method of the book [7] to obtain the explicit formula for
the solution of the linear problem (3.1) under the condition

uo € L'(R*), feLi(0,T;L'(RY)) (3.7)

with g > 2. We have that solution of problem (3.1) has the following form:

u(x,t) = - uo(y)G(x, y,t)dy + td‘r - [, y,7)G(x, y,t — T)dy, (3.8)
0 0 0
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where
1 (™
- px
Gyt =5 | e H(p.ydp,
—py-K(p)t S N-j 1 e A"'B
Hipyn=e ‘;P i b kpre B
Denote

N
H(ps¢ro92,.n,y) = 2 PV (AT B),

We write function H in the form

z

pNk Z e PV (ATE}) s
1 i1

M=

H=
k

where E; is vector with component e, [ = 1,..., N,

1, I=j,
e =
0, I+

Using the results of book [7], we have

(Ailg‘;)k=(_l)kilak—l((/)l’gbb-'-3¢k—1a¢k+l)--':¢N) 1_[ (¢k_¢l)7l>

where 0y are symmetrical polynomials, such that

00(¢p2,...,¢n) = 1,
01(¢2,.. 5 ¢ Zﬁbp

2 (25 $N) = Z¢j¢k,

j#k

N
N (¢, 8 U

Therefore from the Viett theorem, we obtain

N e %Py (p)
;P (¢;)(p—¢;)°

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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where by Py (p), we denote

N
Pn(p)=]](p-¢0). (3.16)
I=1

We easily see that function H( D>P1,¢25-.., PN, ¥) is symmetrical with respect to variables
¢; (&), such that, for example,

H(pyp1, 02,5, ) = H(p, b2, b1y b, ¥).- (3.17)

Since RK(p) >0 for all Rp = 0, p # 0 and the function H(p,¢15...,¢n, ) is analytic
in the domain D and has the estimate

|H(prdie.rr,y) | < Cem& VI (3.18)
for [§] — oo, RE > 0 (see asymptotic formulas (4.2)), therefore by the Cauchy theorem

and symmetrical properties of function H, we can change the contour of integration I to
the imaginary axis (—ico,ic0) to get

J K df J K(p) +EE (3.19)

(since Rp;(&) >0 for all RE = 0, and taking into account inequality (3.18), we see that
the last integral in the above formula converges absolutely). Applying the identities

K'(¢1) = - (3.20)

1G]

and using the theory of residues, we obtain

J"‘” H(p,p1s-.,¢n,y)
i K(p)+¢&

M

eP*dp =27i > H(prin>@1s... x> ) e O%g o (8),  (3.21)
I=1

where ¢,y are “negative” roots of equation for equation K(p) = —¢&, such that

Re¢;(§) <0,  Re&>0. (3.22)

For any ¢x(§), k = 1,..., N, there exists the function ¢;(£), j = 1,...,N, such that

$e(=8) = ¢;(§), Re&=0. (3.23)
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Therefore taking into account symmetrical properties of function H after the change of
variable p = ¢in(£), we get

1 i i . eff —
= px N-j| ———(A7! ;
A2 ,iwe L-oo.zp JF K(P)"'E(A B)]

j=1

- ZmZJ S H ($rens @15 G2 o by ) N O3] (E)dE

(3.24)
- Zme KT (p, 1 (K(p)), b v y)dp
1 100
=5 e*"x KO (p, g1 (K(P))>$2r-..» x> ¥)dp,
where
I ={p=dun(&), Re& =0}. (3.25)

Therefore taking into account (3.15), (3.24), we obtain the following integral repre-
sentation for Green function G(x, y,t) of problem (3.1):

G(x,)’, t) = Fl (x - t) + FZ(x;)/; t))
1 ico
Fixt) = —— J P K@l
! 211 ) —jeo P (3.26)

te ¢/(K(P))}’PN(p)

Fa(oy,0) = lij T
P i P (p=9) P

where the function Py is defined in (3.16).

4. Asymptotics of the Green function

If K(p) = anp" + anp™, m > n, then there exist M; = m/2 different inverse functions
¢j(&) = K~1(=&), such that for £ € D (see book [7]),

Regb](f) > 0. (4.1)

Moreover, the asymptotics
$i(§) = e mr 2 W/m (g 1g) 1 O (g (1=rm) (4.2)

is true as & — co, with y > 0. Now we consider case £ — 0.
We represent

1 ¢ ,_a_< ¢

—1+—p+O(p)) for [p| < 1. (4.3)

pmn

P ivop an
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Hence we get the asymptotic representations for [ = 1,...,Q = n/2,

¢i(&) = BiEV" +O(IE1¥), & —0, (4.4)

where f; are the roots of the equation a,z" + 1 = 0, such that Re ;" > 0 for all Re& > 0.
Forl=Q+1,...,N, we have

¢ (&) =r;+O(IE]¥™), &—0, (4.5)

where r; are the roots of the equation a, + a,,z"~" = 0, such that Rer; > 0.
We have (see (3.26))

ico

Gloyt) = —— [ P KPHH(p, y)dp, (4.6)

2mi —jco

e~ 4 EKPDY Py (p)

= ZPN(sb])(p 4 -
Since for [ =0,...,N — 1, Rep = 0,
v ;
25 e W e R
we have
Hpy) = et - 3 ¢ Cp i P/(f)“%, (4.9)
=1 - i) (P —¢))
where
Bzy=e? - Nf(—l)l(z—y)l. (4.10)

Therefore using (4.4)-(4.5) and symmetrical properties of function H(p, y), we obtain
for [p| < 1,

=
<
()

E(@(K(p)))#&’[m _ 0(p2+y2), (4.11)

j=1
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Also by definition, we have

—l)N

(
g5 =

Therefore using (4.4)-(4.5), we get with Q = n/2 that

(@np" +amp™),  amPn(p)Py(—p) = (=1)N2K(p).

% (¢x (K(p)) P/(qf:;(%
) éﬂg(‘b"(’“” e ey
_ k%ﬁ(@(z«p))) . (zﬂvfbﬁmﬁ:(“’) y ?) =
k% (o) 1 +¢Nrfi;f;nn+am:£ oL Cer
0(p2 (1+27))
=g [ D S e 0 (1452,

a, 2(m—n) =

where r, was defined in (4.4), (4.5).
Substituting (4.11)—(4.13) into (4.7), we easily get

H(p,y) = Dip"*B(y) +O(p"* 1 (1+ y"*1)),

where constant D is defined by

and function

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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Note that for [p| > 1,

|H(p,y)l <C. (4.17)
Making the change of variable p"t = z", we obtain for Green function with x; = xt~ "
that

oo

1
G(x,y,t): E B eprK(P)tH(P,y)dp

1 i .,
= z_ni(Jl‘epx—anP t(DpoB(y)+O(pQ+1(1+yQ+1)))dP

+[ et et 1)0(p0 1+ ) dp (4.18)

1

. Jioc epx—K(P)’H(P’y)dp>

—ico,|p|>1

=F(x,y,t) +R(x, y,1),

where

ico

]. n
@(x)y’t) — Ele(QH)/nB(y)J e—anz" ;Q 4,

—joo

= B(y)t FA(x),

1/ "
Reuyat) = 5 ( | e arto(p@ (14 y24))dp (419)

+ J Pl (=P — 1) O(pQ(1+ y2H) )dp

1

+ Jiw eP"*K(P)tH(p,y)dp> - O((y>Q+1t*(Q+2)/n>'

—ico,| p[>1
We also note that fort >0, w>0,k=0,1,r>1, Q = n/2,
||(_)tf(Q+1)/na}l§A((_)t71/n)||Lr < th(Q+k7w)/n+(1/n)(1/r71)' (4‘20)

In the same way, we can obtain asymptotic formula for the function G;, which was de-
fined in the introduction,

Gi(s,q) =t QV/mQA (x1) O(( )1 (@2/m),

w2 (4.21)
1+
Aj= 1_[ rk, ayry = —1, Rery > 0.

k1kij LT
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5. Preliminaries

We introduce the operators

G(r)f = JO Gl y,8) F(5)dy, (5.1)
G(x,y,t) = F1(x — y,t) + F2(x, y, 1), (5.2)
Fi(x,t) = ﬁ sz ePKPtgp, (5.3)

1 N rico 3 e*‘l’j(K(P)))’PN(p)
)= — pr=Kpit = — 2 dp, 5.4
Bloyt =5 ;J T R r-gn 54

N
Py(p)=[](p—¢1). (5.5)
1=1

Also we denote

Ui (™ secast an ing,, 1
Go(S) — z_niln J , 5z’ dZ, D= g m >0,
—ico n

cgo(t)¢ — t—l/n JRH G1 (xt_l/n,yt_l/n)(p(y)dy,

i n/2
Gl(s,q) _ ﬁ 1. o~ nZ" (ez(sfq) _ ZAjef(squ))dZ’ 56
i ia .

Aj= . anry = —1, Rery >0,

We first collect some preliminary estimates of the Green operator G(#) in the norms || ¢||1-
and ||¢|lL1e, where a € (0,Q+ 1], r = 1, co. Everywhere below, the constants C > 0 depend
only on the characteristics of the symbol K(p), that is, on the numbers n, m, a,, and a,,,.

LemMMA 5.1. Suppose that the function ¢ € L® n LY. Then the estimates

llokG ()¢
[I(-)°%(G(1)g — Ot~ V"Gy (£7177(1)))

L < CLEyMm i)y RV (Y e+ ([ $ll + (8 Il )

; (5.7)

< C<t>—(Q+1+k—w)/n+(1/n)(1/r—1) {t}—(k—w)/m+(1/m)(l/r—l) ||¢||LLQ+1
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are valid for all t > 0, where
+ oo n
1<r<o, Osst+1,9=J x9(x)dx, kZO’l’Q:E' (5.8)
0

Proof. By symbol F —x, we denote inverse Fourier transformation. Note that the kernel
Fi(x,t) = Fp_x(e7KP)) in representation (5.3) is a smooth function F(x,t) € C*(R!)
and decays at infinity so that

sup (x(t)’l/”{t}’l/m)2+k | a§F1 (.X', t) | < C<t)7(l+k)/n{t}—(l+k)/m, (59)

xeR!

forall k =0,1,2 . Indeed, we have
|51 ()| = [ Fp(peKPY) | < Cl pFe KDy < (1) (180/n gy -0k

| xR O5F) (x,0) | = |F x93 (pFe X P1)) | < Cllaj (pre X P1)||L,

P

(5.10)
for k =0,1,2. Since
|05 (pre KW | < Cr{p}™*(p)™2e *K(p)t (5.11)
forall p € R, k =0,1,2, we obtain
| x2tROEF) (x,1) | < C(eYVr{e}/m, (5.12)

Therefore estimate (5.9) is true. By virtue of (5.9), we find

||akF1 ||L1 < C<t>—(1+k)/n{t}—(l+k)/m

<x<t>—1/n{t}—l/m>2+kH < C(t)_k/n{t}_k/m.
L
(5.13)

Therefore using the Young inequality from (5.9) and (5.13), we find
+oo
|], R = ynpmndy|| = ctamn o min gl g, (s.14)

From (4.2), (4.4), and (4.5), we have

N ~¢; (K(p))y
> 5 B0\ e, jpr<,

= Py (¢ (K(p))(p—9¢))

-

(5.15)

N o k®)ypy(p)
2 ¢]< PN (p-9)

<Ce “Pr, |p|>1.
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Therefore, we obtain

[, e

<Cliglu | e <P |p|*lap]
o (5.16)
e, S R g | etk i)
|pl>1,pe6, 0
e g [ dyeseremon v gy,
[pl>1,peb, Cy
where
@, = {p:peiml lp=0,A = %Jrs, ReK(p) >0, £>0},
(5.17)
@, = {p:pem. lp=0,1 = % —¢, ReK(p) >0, s>0}.
We make the change of variable | p|"t = z to get
J e RKDI | plK|dp| < Cp kDI (5.18)
Also taking |p|™t = z, we find
Cy
J e‘mp’t\pl"ldplj dye* P =1 g(y)|
[pl>1,pe€, 0
+o0co
+ J e KK | pl¥dp j dyeleremOREKDI [ g(p)| - (5.19)
Ipl>1,pc6, Cy
+oo
< C~(ktym L e OO g(y) [yl < CEM .
Via (5.16), the estimates (5.18) and (5.19) imply that
+0oo
|| dr, y,t)gb(y)dyHL < CLt}Fmiy g, (5.20)
Since
19 f ek PP dp = 1 rw e KWt gy — Fy(x,0,1)
2mi &) P8 (p—9) " " 2mi )i e
(5.21)

we rewrite function F,(x, y,t) in following form:

F, = Fi(x,0,t) + F3(x, y,1). (5.22)
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By virtue of (4.2)—(4.5), we have

ie 1 (K@) 1) Py (p)
izl Py ( ¢ (K(p))(p—- ‘/’1)

<Ci{pty+C

So changing the contour of integration, we get

(')y’t)

< {l’} —k/m<t>—(k+l)/ny,

where
(Glz{p pe*“' lp=0,A = +s, ReK(p )>0,s>0}.

Therefore from (5.13) and (5.24), we get
Fo(+ 9,0y < C{t}™ t)~ + 1ty )y M.
a)Iz ( y ) L { } k/m( ) (k+1)/ny { } k/m( ) k/n

Hence, it follows that

+00
|, #EConngiy|| = ctarmo (1o + 0 migh.).
From (5.14), (5.20), (5.27), we obtain the first estimate of the lemma:

105G (0)@lly, < CLey oy =m0 (Yl + || $llp + ()|l )
for all t > 0, where 1 < r < 0. Since by virtue of the estimate (4.18),
G(x,y,1) =t~ Q@MGy (77 (-)) B(y)

1

- pranp”to Q+1 1+ Q+1 d
2ﬂi<Jpe<€,\p|<le (P ( 4 ) P

| e 1) 0(p(1 4 y2))dp
pEG,|pl<l

+J ef”"K(P”H(p,y)dp),
PEG,Ipl=1

H(p,y)<C, |pl>1,peE,

(5.23)

) < C(yj |p|kefReK(p)tdp+J1 |p|kflefReK(p)t|dp|)
L Ipl<1,pee, Ipl>1,pE€;

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)
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we easily obtain

[1()905(G(1)p — 0~ VMGy (£71/7(1)) )

L

< (yQJrl)

’()wJ eRepx—Rea,,p”t|p|Q+1+k|dp|H
pE®,Ipl<l L

PECGJP‘Zl 1

< <yQ+1>J e*Reanp"t|p|Q+l+k7w71/r|dp|
pEG,Ipl<l

+J efK(p)tlplkfwfl/r|dp|
pe@,ipl=1

< C<t>—(Q+1+k—w)/n+1/n(1/r—1) {t}—(kfw)/mﬂ/m(l/r—l) ||(/)||L1,Q+I

for any w € [0,Q + 1]. Thus the second estimate of the lemma follows. Lemma 5.1 is
proved. O

In the same way, we can prove the following.

LemMa 5.2. Suppose that the function ¢ € L® N L2+ Then the estimates

10560 ()@l < CLt3 = m (1) =M=V (i1 + @l + (8 Bl ),

[[(-)0% (Go(t)p — Ot~ (A V/Gy (71/7())) ||, (5.31)
< C<t>—(Q+1+k—w)/n+(1/n)(1/r—1) {t}—(k—w/m)+(1/m)((1/r)—1) ”(P”LLQ”
are valid for all t > 0, where
+o0
l<r<oo, 0sst+1,6=J xp(x)dx, k=0,1. (5.32)
0

We introduce the function space for k = 0,1,

1
||¢||X =sup < Z ({t}k/m<t>(Q+k)/n+(1/n)(1—l/r)||a§¢(t)||v + {t}k/'"(t)(k_l)/"||a§¢(t)||Ll,Q+1 )) ,
>0 \ =g

I $lly =sup (Lyerm(y@metrm=un) o)l + {37 ()@ (D)l pan )
t>
(5.33)

where 0 < m.
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LEMMA 5.3. Let the function f(x,t) satisfy [, ~ x2f (x,t)dx = 0. Then the inequality

t
|[ ot -nf@ar| =cifiv,
, (5.34)
H(t)yz L (6t =) = $olt =) f(dr|| <ClfWlly, y2€ [o,l - %)
is valid for | = 0, 1, provided that the right-hand side is finite.
Proof. By Lemma 5.2, we get
t t
HJ 3Gt — 1) f (r)dr +‘ J 3Gt — 1) f (1)dr
0 L 0 LLQ+!
(5.35)

1
< CIIf(t)IIYjO (1+7) Mo}t — 1} Vmdr < Cl| f(1)]ly

for all 0 < t < 1. We now consider ¢ > 1. By virtue of Lemma 5.2 with w = 0, we obtain

H Lt ¥ (¢ — 1) f(2)dr

L

t/2
< CJO (t _ T)f(Q+1+k)/n+(l/n)(l/r71)<T)71+1/W{T}7U/md‘l'||f(T)||L1,Q+1

t
+C | (t=m) MmO =@t grsup (|| £ ()l + @) 530)
/2 >0

t
+C (t _ T)f(k+1)/n7(1/n)(171/r) <t>7Q/n71+1/n(Q+1)deup Hf(T)HL' .
t/2 >0

< C{t}fk/m(t>—(Q+k)/n+(1/n)(l/r71) ”f”Y
for 1 < r < o0, and using the second estimate of Lemma 5.2 with w = Q + 1, we get

Ma,’gcgo(t—r)f(r)dr

t/2
<C {T}fo/m«[)fl-f—l/n(t _ _l.)(l/n)(l/rflfk)d.[.||f(.r)||LLQ+1
0 (5.37)

LLQ+!

t
. CJ (7)) U1 4] | £(2)] g
t/2
< C{t} Mm)-Rm £y

for all £ > 1. Hence the result of the lemma follows. In the same way, we can prove second
estimate of this lemma. Lemma 5.3 is proved. O
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6. Proof of Theorem 1.1

The local existence of solutions for the initial-boundary value problem (1.1) can be ob-
tained by the standard contraction mapping principle (for the proof see [7]).

THEOREM 6.1. Let the initial data uy € L N LY"?*1. Then for some T > 0, there exists a
unique solution u(t,x) € C([0,T);L® N LYy 0 C((0, T); WL n W™ of the prob-
lem (1.1).

By the local existence theorem (Theorem 6.1), it follows that the global solution (if it
exists) is unique. So our main purpose in the proof of Theorem 1.1 is to show the global-
in-time existence of solutions.

We use Theorem 2.1 to prove Theorem 1.1. Denote

lglz = (Ilg®lle +llg(®)llgn ), (6.1)
and
1
||¢||X = sup ( Z ({t}k/m(t>(Q+k)/n+(1/n)(l—1/r)||a§¢(t)||U
t>0 _
k=0 (6.2)
+ {epm ey KD/ 9R ()] |1 ))
and

Il = sup (Leorm (@t Uma=vn g (||, + {7V g() |pan ). (63)
t>

From Lemmas 5.1 and 5.2, we easily get the following estimates:

|87 (G0 - Go(£) || = Cligllz, (6.4)

where y = min((1/2)y,1 — 6/m). From Lemma 5.3, we have that if [z. x2fdx =0,

J:‘go(t—r)f(‘r)d‘r

XsCIIf(t)Hw ”E[O’l_%]’

, (6.5)
| [ (=)ot - | =gl
Also by direct calculation, we have
[N (1) =N @2))y = Cll (a1 = ) [l ([l |[R7 "+ a2l [K77), 66

QY () [y = TVl
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where

I llw = stug(||¢(t)| v 1O |pien). (6.7)

Therefore from Theorem 2.1 with = 1/n, a = (n+2)/2n, and

L . " 1
Go(s) = ﬁiQJ e 9 Rz, D= |om

—ico i"a, 2(m—n) >0, (6.8)

we get the result of Theorem 1.1. This completes the proof of Theorem 1.1.
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