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Let n be an integer. A set of m positive integers is called a D(n)-m-tuple if the product of
any two of them increased by n is a perfect square. In this paper, we consider extensions
of some parametric families of D(16)-triples. We prove that if {k — 4,k + 4,4k,d}, for
k > 5, is a D(16)-quadruple, then d = k> — 4k. Furthermore, if {k — 4,4k,9 — 12}, for
k > 5, is a D(16)-quadruple, then d = 9k* — 48k? + 76k — 32. But for k = 5, this statement
is not valid. Namely, the D(16)-triple {1,20,33} has exactly two extensions to a D(16)-
quadruple: {1,20,33,105} and {1,20,33,273}.
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1. Introduction

Let n be an integer. A set of m positive integers {a;,as,...,dm} is called a Diophantine
m-tuple with the property D(n) or simply D(n)-m-tuple, if a;a; + n is a perfect square for
l<i<j<m.

This problem was first studied by Diophantus for the case n = 1. He found a set of
four positive rationals with the property D(1). It was the set {1/16,33/16,17/4,105/16}.
However, the first D(1)-quadruple, {1,3,8,120}, was found by Fermat. Euler was able to
add the fifth positive rational, 777480/8288641, to the Fermat set (see [1, pages 103-
104, 232]). Recently, Gibbs [2] found some examples of sets of six positive rationals
with the property D(1). The conjecture is that there does not exist a D(1)-quintuple.
In 1969, Baker and Davenport [3] proved that the Fermat set cannot be extended to a
D(1)-quintuple. More precisely, they proved that if {1,3,8,d} is a D(1)-quadruple, then
d = 120. Dujella gave one generalization to this result in [4], that only extension of D(1)-
triple {k — 1,k + 1,4k}, for an integer k > 2, to a D(1)-quadruple {k — 1,k + 1,4k,d}, is
given by d = 16k® — 4k. Fujita (see [5]) obtained a result for the case n = 4, which can be
regarded as a generalization of the result from [4]. He proved that only extension of D(4)-
triple {k — 2,k + 2,4k}, for an integer k > 3, to a D(4)-quadruple {k — 2,k +2,4k,d}, is
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given by d = 4k’ — 4k. We will prove a result for the case n = 16, which generalizes results
from [4, 5]. Those results support the strong D(1)-quadruple and D(4)-quadruple con-
jecture, which state that in the D(1)-quadruple, respectively, D(4)-quadruple {a,b,c,d},
such that a < b < ¢ < d, element d is uniquely determined with g, b, and c.

However, in the case n = 16, it is not true. We will prove that only extension of D(16)-
triple of the form {k — 4,4k,9k — 12}, for an integer k > 5, to a D(16)-quadruple {k —
4,4k,9k — 12,d}, is given by d = 9k> — 48k> + 76k — 32. But for k = 5, we will prove that
D(16)-triple {1,20,33} can be extended to exactly two D(16)-quadruples {1,20,33,105}
and {1,20,33,273}. Perhaps we could say that these results suggest that the strong D(16)-
quadruple conjecture might be valid for g, b, ¢ sufficiently large.

In the proofs, we will use the same strategy and the methods from [4, 5].

2. Extension of D(16)-triples of the form {k — 4,k + 4,4k}

2.1. System of Pellian equations. Assume that the D(16)-triple {k — 4,k + 4,4k}, for
k = 5, can be extended to a quadruple, {k — 4,k +4,4k,d}. We note that because of Fujita’s
result [5] of extension of D(4)-triples of the form {k — 2,k + 2,4k}, it is enough to con-
sider odd k. Then there exist positive integers x, y, z, such that

(k—4)d+16 = x%, (k+4)d+16=y*,  4kd+16 = 42> (2.1)
Eliminating d, we get the following system of Pellian equations:

(k —4)z> — kx* = =12k — 16, (2.2)
(k+4)z22 —ky* = —12k + 16. (2.3)

From the theory of Pellian equations, we know that if (z,x) is solution to (2.2), then
there exists an integer m = 0 such that
V=T = (N R (D) o

where {(z(()i),x(()i)) :i=1,...,ip} is a finite set of fundamental solutions of (2.2).
Indeed, let (z,x) be a solution of (2.2) in positive integers. Consider all pairs of integers
(z*,x*) of the form
m
, (2.5)

2*Vk —4+x*Vk = (zvk - 4+x\/E) (%)
for m € Z. It is easy to see that (z*,x™) is a solution to (2.2) in integers. From z*/k — 4 +
x*k >0 and |x*Vk| > |z*Vk — 4], we conclude that x* is a positive integer. Among all

the pairs (z*,x™), we chose the one for which x* is minimal, and we denote it by (2o, o).
Define integers z" and x’ by

ZVk—4+x'Vk = (zovk—4+x0\/ﬁ> (k_2_£2 k(k_4)>, (2.6)
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where ¢ = 1,if zp = 0, and € = —1, if zp < 0. Then from minimality of x, we get

’

x' == (xo(k —2) —ezo(k — 4)) = xo, (2.7)

| —

which implies, after some calculation, x§ < 3k + 4.
Moreover from x§ = 16(mod(k — 4)), we get the following possibilities for x3 : x§ = 16,
k +12, 2k + 8, 3k + 4. Inserting that in (2.2) we get the value for z§. Then we conclude
that only two possibilities are xo = 4, zy = +2, or xj = z§ = 3k + 4, because in other cases
fundamental solutions are not integers. At the end it is easy to see that m = 0.
In the exactly same way we conclude that the solutions (z, y) of (2.3) are given by
zvk+4+y\/E= (zgj)\/k+4+y§])\/§) (k+2+2k(k+4)> , (2.8)

for some integer n > 0, and {(zgj),ygj)) :j=1,...,jo} is finite set of fundamental solutions
of (2.3). In this case (omitting the index j), we get only one possibility y, =4, z; = +2,
except in the case k = 5.

In the case k = 5, we get Pellian equation 9x* — y? = 128. It is easy to see that its all
solutions are given by x = 4,6,11. From that we conclude that the only extensions of
the D(16)-pair {1,9} to a triple are {1,9,20} and {1,9,105}, which implies that only
extension of D(16)-triple {1,9,20} to D(16)-quadruple is {1,9,20,105}. So from now
on, we can assume that kK > 7 and k is odd.

We have proved the following lemma.

LemMa 2.1. All solutions (z,x) of (2.2) are given by

ok —4+xvk = (2vk — 4+ x0Vk) (k_“ Vzk(k_4)> : (2.9)
where m is a nonnegative integer and (z9,xo) € {(£2,4),(£V3k+4,+/3k+4)}.
All solutions (z, y) of (2.3) are given by
sz+4+NE=(¢2Vk—4+4¢E)<k+2+— zk(km) , (2.10)

where n is a nonnegative integer.

2.2. Congruences. From (2.4) we conclude that z = v,,, for some m > 0, where the se-
quence (Vi) m=o is defined by

Vo = 20, V= %(Zo(k —2) +xok), Vmiz = (K = 2)Vins1 — Vi (2.11)
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From (2.8) we conclude that z = w,,, for some n > 0, where (w,,),~0 is defined by
1
Wy = 21, wi=3 (z1(k+2) + k), Waia = (K +2)Wpi1 — W (2.12)

We have now transformed the system of (2.2) and (2.3) to finitely many Diophan-
tine equations of the form v,, = w,. By induction, from (2.11) and (2.12), we get v,, =
(—1)"zy(modk) and w,, = z;(modk). Then we get z§ = 3k + 4 is possible only in the case
k = 7. And that case will be considered at the end of this section. From now we will as-
sume zp = +2, z; = +2. We will consider the equation z = v,, = w,, for m,n > 6, since for
the remaining values of m and # it is easy to check if for some k the equality can hold.

From (2.11) and (2.12) we get the following lemma by induction.

LEMMA 2.2. If m,n = 6, then

(k+2)(k=3)""<v, < (3k—2)(k-2)""",

(k=2)(k+1)" ' <w,<(Bk+2)(k+2)" L. (2.13)
LEMMA 2.3. If vy = wy, and myn = 6, then n < m < 1.73n.
Proof. From Lemma 2.2, v, = w,, implies
(k+2)(k=3)""1 < (Bk+2)(k+1)""}, (2.14)
and (k —3)™ < 3(k+2)". Then
% < nlogii 3) 1125((: t i)) ’ (2.15)
which implies m < 0.8 + 1.591 < 1.73n. Lemma 2.2 also implies
(k=2)(k+1)"' < (3k-2)(k—2)""1, (2.16)
and (k+1)""2 <3(k—2)""2. Then
:a_—zz < (m—zl)oliz(ku) ﬁiiilfi 2.17)
which implies n — 2 < 0.53 + m — 2, and n < m + 1, which proves the statement. O

The following lemma can also be proved by induction.

LEMMA 2.4.
(i) If zg = 2, then vy, = (—1)™ (m? + 2m)k + (—1)" - 2(mod k?).
(ii) Ifzo = =2, then v, = (—1)™(m? — 2m)k + (—1)"*! - 2(mod k?).
(i) If z; = 2, then wy, = (n?> +2n)k + 2(mod k?).
(iv) If z; = =2, then w,, = —(n* — 2n)k — 2(mod k?).

Lemma 2.5 gives us the lower bound of m, depending on k.

LEMMA 2.5. If vy = wy, and m,n > 6, then m > /k/3.
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Proof. Assume v, = wy, for m,n = 6 and m < \/k/3. Then using Lemma 2.4, when we
consider the congruence relations, absolute values of both hand sides are less than k2, so
we actually have the equalities. In the case zyp = z; = 2, we have

(m?+2m)k = k* — (n* +2n)k, (2.18)

and m? + 2m + n* + 2n = k, which is obviously impossible because the left-hand side is
less than k (we also use Lemma 2.3). On the same way, we get the contradiction in the
remaining three cases. O

2.3. Large parameters. In this section we prove that, for k > 2.67 - 107, the equation
Vi = Wy, for n,m = 6, has no solution. First we have to estimate logz, where z = v,,, = w,,.

LEMMA 2.6. Let z = v,, = Wy, n,m = 6. Then

logz>\/§10g(k—3) —log3. (2.19)

Proof. Let z = v,,. We can now consider both cases at the same time, if we define z = |v},|,
where (v,,)mez is a sequence defined by

vy =2, vy =3k-2, Vi = (k=20 —Vv,,, meL (2.20)

If p = (k—2++/k(k—4))/2, it is not hard to see that for m > 0 we have v;, > ¢, and
lv,,| = (1/3)p!™!.
Then if z = v,,,, and m > 6, we have

2> ;q)’”=;<k—2+ Vzk(k_@) >%(k—3)f">%(k—3)m. (2.21)

The last inequality follows from Lemma 2.5. O

We will now apply Bennett’s theorem [6, Theorem 3.2], to obtain the upper bound for

logz. Let us first define 6, = \/(k —4)/k, 0, = /(k+4)/k.

LEmMA 2.7. Let x, y, z be positive solutions of the system of (2.2) and (2.3). Then

max {

Proof. Using (2.2) and (2.3) we get

X
91__ >
z

6, - % ’ } <11z (2.22)

-1

x| _ k-4 £ k=4 x L _ _4 -

61—2'—‘ i o ‘ k 12k 16|(2 1 k) <11z 7,
-1

Y| |kta /k+4 y S [1,4 .

0, z’_‘ k = ’ kz2| 12k+16|(2 1+k> <11z~
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TaEOREM 2.8 [6, Theorem 3.2]. Let a;, pi, g, and N be integers for 0 < i < 2 such that
ap<ay<aya;=0forsome0<j<2qg #0, and N > M°, where M = max{|a;| :0<i <

2} = 3. Then
[1.% _Pi| o_. ~1,-1
maxﬂ 1+N q'.0<1<2}>(130Ny) q’ (2.24)

where
log(32.04Ny)
log (1.681\72 [To<icj<2 (ai —aj) 72) ’

2 2
(a2 —ao)” (a2 — ao)
2612 —ap—a]

A=1+

, ifay—a; = a; — ao, (2.25)

y: 2 2
(az - ao) (111 - ao)
a1 +a; — 2ag

> lfaz —a) <a;—dap.

We will now apply Theorem 2.8 to the following numbers:

a0:_4) a1=0, a2:4) N:k) Po =X, P2=)’) q=2,

(2.26)
for k >2.67 - 107 > 4°, because then the condition of the theorem is satisfied. Then
max{ 6, - g 16, - % H» > (130ky) 'z 4, (2.27)
where
log(2734.08k) _ @ (2.28)

= Tlog(0.0001025k2)” Y7 3

From Lemma 2.7, we get (11094k) ™'z} < 11272, and logz < log(122034k)/(2 — 1). More-
over,

1 1 - 2log(0.01k)
2-1  1-log(2734.08k)/log (0.0001025k2) ~ log(3.75- 10-8k)"

(2.29)

Lemma 2.6 now implies

k N 21log(112034k)1og(0.01k)
\/;log(k 3) —log3 < l0g(3.75 - 10-5k) . (2.30)

Function on the left-hand side is increasing faster, and for k > 2.67 - 107, the inequality
is not satisfied, so we proved the following proposition.

PropoSITION 2.9. Ifk >2.67 - 107, then v, = w,, has no solution for m,n > 6.
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2.4. Linear form in logarithms. In this section we will prepare everything for Baker-
Davenport reduction. We want to prove that the statement of Proposition 2.9 holds for
k<2.67-107.

LemMa 2.10. If vy, = wy, m,n > 6, then

0 < mloga; — nloga, +logas < 20a;*", (2.31)
where
. k—2+k(k—14) . _ k+2+Vk(k+4) .  Vk+4(2Vk=Vk-4)
b 2 ’ 2 2 ’ T Vk—4(2Vk+Vk+4)
(2.32)

Proof. From relations (2.4) and (2.8) we get

; _zx/Et\/k—4<k—2+«/7k(k—4)>m_2\/E1\/—k—4<k—2—«/7k(k—4)>m
" k—4 2 Vk—4 2 ’
_zfi\/k+4<k+2+\/7k(k+4))"_2%1\/k+4<k+2—\/7k(k+4))n
Y T k44 2 Vk+4 2
(2.33)
Then if we define
p_ 2VR=VE—4(k-2+kKE-2)\" o 2RxVETE (k+2+ R+
- k—4 2 ’ Vk+4 2
(2.34)

then v, = wy,, m,n > 6, implies P — ((3k +4)/(k — 4))P~' = Q — (3k — 4)/(k+4))Q"!
Obviously P, Q > 1. Furthermore,

3k+4
k—4

3k+4 , 3k-4
k—4 k+4

P-Q= Q!> (Q-P)P'Q}, (2.35)

implies P > Q. We also have

6
NFJ%I;H(HHW) >0.59(k +1)°. (2:36)

From P > Q — (3k —4)/(k+4), we conclude P! < ((1 — 3k — 4)/(k+4))Q~1H)'Q~'.
Hence

Q=

o 3k+4 ., 3k-—4 3k+4(  3k—4 707144_3k—4 B
R ke “ra U s @) @@
3k+4( 3k—4 1 U skeg }
< k—4<  k+4 '0,59(k+1)6) Q-7 Q' <68Q

(2.37)
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We have 0 < (P — Q)/P < 6.8P~'Q ! < 6.8Q 2. It implies

0< logg = —log (1 - %) <6.8Q72+(6.8Q7%)°
(2.38)
) . 1 ) )
<6.8Q (1 +6.8 70.592(k+ iz <7Q7".
The statement of the lemma follows from
N/ TY
7Q7?% < 7(7_) 72" < 200, 2", 2.39

2.5. Reduction. To complete reduction, we will use Baker-Wiistholz theorem from [7].

TueEOREM 2.11 [7]. Let A = byloga; + - - - + blogag # 0 be a linear form of | logarithms of
algebraic numbers ay, ..., with integer coefficients by,...,b;. Then

log A > —18(1+ D1 (32d)* 2K (&) - - - W () log(21d) log B, (2.40)

where B = max{|b;| : 1< j <13}, d is a degree of the extension of algebraic number field
generated by ay,... a1, and h'(«) = (1/d) max{h(«), log|al|,1}. h(a) denotes standard log-
arithmic Weil height of a.

In the notation of the last theorem, we have d = 4, | = 3, B = m, and minimal polyno-
mials of a1, a2, a3 are given by

o — (k—2)a; +1=0, o —(k+2)ay +1=0,
(3k —4)*(k —4)%a3 = 4(k+4)(3k — 4)(k — 4)*a3 — 6(k* — 16) (7Tk* +16) a3 (2.41)
+4(k —4)(3k+4)(k+4)%az + (k+4)*(3k +4)* = 0.

Then we have the estimates
h(ap) = %log(xl < %log(k -1), W (ay) = %logocz < %log(k+2),

Bk+4)(k+4)Vk+4(2Vk+Vk - 4) }
8 Gk—a)(k—4)V/k—4(2/k— Jk+4)

W (as) = i{log@k —42(k-4)+1o

(2.42)
< Hlog(ak —4)(k— 4)% +log 5'3(_’;1;3 _ki)‘(*]i(f 4+)4) }
= 10g5.54(3k — 4)(k — )(3k+ ) (k+4) < | log49.86K".
If we apply this to Lemma 2.10, and use m < 2n, we get
<2.4-10"log(k — 1)1log49.86k*. (2.43)

logm

Using k < 2.67 - 107, we conclude m < 2 - 10",
Now we need one version of Baker-Davenport lemma (see [3, 8]).
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LEmMA 2.12. Let M be a positive integer and let p/q be a convergent of the continued fraction
expansion of the number k such that g > 6M. Furthermore, let € = ||uqll — M|l xqll, where
I - || denotes the distance to the nearest integer. If € > 0, then the inequality

O<mxk—n+u<AB™" (2.44)

in integers m and n has no solution for

M <m=<M. (2.45)
logB

In the notation of the Lemma 2.12, we have

. loga _loga; Ao 20

= , = , = , B=a, M=2-10" (2.46)
loga, loga, loga,

We have implemented this method in Mathematica 5.0, and we got m < 6 for all k <
2.67 - 107. Now we have to see what is happening for m < 6. But it is easy to check, because
we get polynomial equations, that it gives us two extensions d = 0, and d = k* — 4k. Before
we formulate our main result, we have to check what is happening in the case k = 7 for
the other fundamental solution. But using the same methods, only it is easier this time,
we do not get anything new, actually we get one “extension” d = 3, which will not give us
the D(16)-quadruple because in this case k —4 =7 —4 = 3.

THEOREM 2.13. The only extension of the D(16)-triple {k — 4,k + 4,4k}, for integer k = 5,
to a D(16)-quadruple {k — 4,k + 4,4k, d}, is given by d = k> — 4k.
3. Extension of D(16)-triples of the form {k — 4,4k,9k — 12}

3.1. System of Pellian equations. In this section we will not give all the details, because
we will use the same method as in the case of previous parametric family. Actually one
Pellian equation will be exactly the same.

Assume that D(16)-triple {k — 4,4k,9k — 12}, for k > 5, can be extended to a quadru-
ple {k —4,4k,9k — 12,d}. Then there exist positive integers x, y, z, such that

(k—4)d+16 = x2, 4kd +16 = 4y?, (9k —12)d +16 = 2. (3.1)
Eliminating d, we get the following system of simultaneous Pellian equations:

(k —4)y* — kx* = —12k — 16, (3.2)
kz* — (9k — 12)y* = —20k + 48. (3.3)
LemMma 3.1. All solutions (z,x) of (3.2) are given by

yVk=4+xvk = (yovk —4+xVk) (k_“— Vzk(k_‘”) (3.4)

where m is nonnegative integer, and (y9,xo) € {(£2,4),(x~/3k +4,~/3k+4)}.
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All solutions (z, y) of (3.3) are given by

Z\/E-Fy\/%T:(Z1\/E+)/1\/9k—12><3k_2+ 2k(9k_12)) > (3.5)

where n is nonnegative integer, and (z1, y1) € {(£4,2),(=vV9% +4,vVk +4)}.

It is easy to see that it is enough to consider solutions of (3.3) such that y{ = 4(modk).
Otherwise we will not get the extension with integer. Then we get the following possibil-
ities for yi: yi = 4, k+4. We have two cases y; = 2, z; = +4, or y; = k+4, z7 = 9%k + 4.
Obviously the second one is possible only if k = 5 and we will consider that case at the
end of the section.

3.2. Congruences. From Lemma 3.1, we get ¥ = vy, for some m > 0, where (v,,)m=0 is
defined by

1
Vo = Yo, vi = = (yo(k —2) +x0k), Vmi2 = (k= 2)Vint1 — V. (3.6)
2

On the other hand, y = w,, for some n = 0, where (w,),= is defined by
1
Wo = Y1, wi =3 (71 Bk —2) +z1k), Wnio = (3k = 2)Wyi1 — Wi (3.7)

We again transform our system of (3.2) and (3.3) to finitely many equations of the
form v,,, = w,. From (3.6) and (3.7), we get by induction v,,, = (—1)" yp(modk) and w,, =
(=1)"y1(modk), that is, it is enough to consider only such solutions because otherwise
we will not get the extension of our D(16)-triple. Then we have that only possibility for
y¢ = 3k +4 is in the case k = 7, and we will consider that case separately, but again it will
give us the “extension” d = 3.

The following two lemmas can be proven as similar as the lemmas in the previous
section.

LemMMA 3.2. If m,n > 6, then

(k+2)(k—3)"" < v, < (3k —2)(k—2)""1,

(k—2)(3k—3)"'<w, < (5k—2)(3k —2)""L. (38)

LEMMA 3.3. If vy, = wy, myn = 6, thenn<m < 3.71n.

We get the following lemma by induction. Remember we only have to consider se-
quences such that v,, = (=1)"yp(modk) and w, = (—1)"y;(modk).

LEmmAa 3.4.
(i) If yo = 2, then vy, = (=1)™" (m? +2m)k + (=1)™ - 2(mod k?).
(i) If yo = =2, then vy, = (=1)™(m? = 2m)k+ (—=1)"*1 - 2(mod k?).
(iil) If z; = 4, then w, = (= 1)1 (3n® + 2n)k + (—1)" - 2(mod k?).
(iv) If z; = —4, then w, = (—1)""1(3n? — 2n)k + (—1)" - 2(mod k?).

From Lemma 3.4, we obtain the lower bound for m, depending on k.
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LemMa 3.5. If vy = wy, myn > 6, then m > \/k/5.

3.3. Large parameters. We now prove that for k > 4%, equation v,, = w,, for n,m > 6, has
no solution. First, we will get the lower bound for log y, where y = v, = w,.

LEMMA 3.6. Let y = v, = Wy, n,m = 6. Then

logy > \/Elog(k —3) —log3. (3.9)

Proof. The statement follows from Lemmas 2.6 and 3.5. O

[k—4 |9k — 12
0, = T 0, = P (3.10)

LemMa 3.7. Let x, y, z be positive solutions of the system of (3.2) and (3.3). Then

max {

Now we will again apply the same Bennett’s theorem. First we see that
NN TR NS N ol
ko oyl 3k 3yl k yl 3k 3yl

(

3.12)

We apply Bennett’s theorem (Theorem 2.8), actually we can make slight modification

in special case similar to [5, Theorem 4.1.] to get better constants to the following num-
bers:

Let us define

>

6 -
y

92—5’}< 17y72. (3.11)

ap=-12, ay=-4, a,=0, N=3k, py=3x, p1r=z q=3y, (3.13)

for k >4.34 - 103, and like for the parametric family from Section 2, we get the following
proposition.

ProposITION 3.8. Ifk >4.34 - 108, then equation vy, = w, has no solution for m,n > 6.
3.4. Linear form in logarithms and reduction.
LEmMMA 3.9. If vy, = wy, m,n = 6, then

0 < mloga; — nloga, +logas < 244a;°", (3.14)

where

k=2 KR=D 3k-2+ (kOK-12)
_f) 2 = 2 >

1
CVOk-1202Vk = Vk—4) (3.15)
“ T kA(Vok-12£2Vk)
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Using Baker-Wiistholz theorem (Theorem 2.11), we get m < 3 - 10!°. Then by Baker-
Davenport reduction (Lemma 2.12), we obtain m < 10. So we have to check what is hap-
pening for m < 10. But again we have polynomial equalities that are easy to solve in in-
tegers. We get two extensions with d = 0, and d = 9k® — 48% + 76k — 32. In the case k = 5,
we get one more extension with the element d = 105.

THEOREM 3.10. The only extension of the D(16)-triple {k — 4,4k,9% — 12}, for an inte-
ger k > 5, to a D(16)-quadruple {k — 4,4k,9% — 12,d}, is given by d = 9k> — 48k? + 76k —
32. Furthermore, all extensions of the D(16)-triple {1,20,33} to a D(16)-quadruple are
{1,20,33,105} and {1,20,33,273}.
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