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Let o be a C*-algebra with identity 1, and let s(s4) denote the set of all states on . For
p>q>7 € [1,0), denote by F"(sd) the set of all infinite matrices A = [ajk];’kzl over & such

that the matrix (p[A?! ])[r] = [((p(a;-kkajk))r];ok:1 defines a bounded linear operator from

€7 to ¢1 for all ¢ € s(sA). Then F7(s4) is a Banach algebra with the Schur product opera-

tion and norm [|A|| = sup {|| ((p[Am Dl ) 1@ € s(sd)}. Analogs of Schatten’s theorems

on dualities among the compact operators, the trace-class operators, and all the bounded
operators on a Hilbert space are proved.
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1. Introduction

The Schur product operation has been studied by many authors since the seminal work
of Schur [1]. The idea has been used in the studies of completely positive maps, analytic
function theory, matrix analysis, operator theory, and operator algebras, and so forth.
Recently there has been work done on the Schur product of matrices over Banach alge-
bras (see [2—4]) and operators on Hilbert spaces [4]. Here we consider another direction:
matrices with entries from a fixed C"-algebra s4. The Gelfand-Naimark-Segal construc-
tion gives a representation of the elements in s as bounded linear operators on a Hilbert
space. Rather than having the whole matrix considered as an operator on the direct sum
of the underlying Hilbert space [4], we use states on the C" -algebra to convert the matrix
into a nonnegative numerical matrix and consider it as a bounded linear transformation
from €" to €' (1 < p, g < ). Using the norm of the nonnegative matrix as an operator
from € to ¢’ to define a norm on a certain set of matrices over 54, we show that the set of
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all matrices that define bounded operators is a Banach algebra. We then consider analogs
of Schatten’s theorems on these new Banach algebras, as in [3, 5].

2. Notation and preliminaries

For 1 < p, g < o, the space of all pth power absolutely summable sequences of complex
numbers is denoted by £”, and the space of all bounded linear transformations (or oper-
ators) from €’ to £’ is denoted by B(¢",¢"). Elements in %B(€’,£") will be represented as
matrices with respect to the standard bases for £” and ¢’.

For a given matrix A = [a,] (over the complex field C or a Banach algebra), and a
positive integer n € N, A,,, denotes the matrix whose (j,k)-entryis a, for 1 < j, k <n,
and is 0 otherwise. We will also use the same notation for the n X n matrix obtained by
erasing all kth rows and kth columns, for k > n, from A. We include the following lemmas
concerning the norm of operators in B(¢”,¢") for the convenience of reference.

Lemma 2.1. Let [a,] and [B,] be matrices over C such that |a,| < B, for all j and k.
Suppose that [B,] € B(€,€"). Then [, ] € B(€’,€") and ||[a, ]Il < [I[B,]II.

LemMmaA 2.2, Let A = [a,.] be a complex matrix. Then
(1) A defines a bounded operator from €’ to €' if and only if Ax exists as a sequence for
every x € €', and the sequence of norms (A, 11,3, is bounded;
(2) if (1) holds, |IA, II,, 7 [IAll,, as v — oo.

Let o be a C"-algebra with identity 1, and let s(sd) be the set of all states on s (i.e.,
the set of all positive linear functionals of norm 1 (or taking the value 1 at the identity),
see [6, 7, page 256, Theorem 4.3.2]). Then |lall = SUP () ¢(a) = maxyey(s) @(a) for all
selfadjoint (positive, in particular) a € o [6, 7, page 261, Theorem 4.3.4]. By convention
lx| = Vx"x for every x € A.

LemMma 2.3 (Minkowski’s inequality). Let a,b € o, and ¢ € s(sd). Then

1/2

[p(a+b)]" <[p(lal)]" +[p(Ibl)]". (2.1)

This is just the triangle inequality for the seminorm induced by the semi-inner product
defined by (a,b)q) = (p(b*a) forall a,b € A.

LEmMA 2.4. Letx,y € A and ¢ € s(d). Then

o(lxyl") < IxlFp(Iyl). (2.2)

The is also a well-known standard result.

3. The Schur algebras

For a matrix A = [a,, | with entries from o (a C" -algebra with identity 1) and r € [1,0),
the absolute Schur rth power of A is the matrix

1=1a,a,)"]. (3.1)

A[

r]
= [|ajk
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(It is the matrix with (j,k)-entry (a; a, )”?) In particular, if A = [A,, ] is a complex or real
matrix, then A" = [|) " |']. Note that since 5¢ contains an identity, each matrix A = (A,]
over R or C can be treated as one over o via the identification A, < (A, - 1). Let F(A)
be the set of all matrices A = [a, ] with a, € s such that

[r] [r]

o[A”"1" = To(la, )] = [(e(la,|))]
=[(p(a,a,)) 1€ B(,6") Voess).

jk ik

(3.2)

That is, for all ¢ € s(s4), the matrix p[A”']"', with ((p(ajk a,)) asits (j,k)-entry, defines a
bounded linear operator from ¢’ to €. This is also equivalent to saying that p[A"] is in
" (the Schur algebra of matrices over C with Schur rth power defining bounded linear

operator from €’ to £, see [2]) for all ¢ € s(s4). For each A = la,] € Y (A), define

[r]  1/(2r) r 1/(2r)

1Al := sup [[(p[A™]) = sup [[[(p(a,a)) Il (3.3)

ges(sd) bl pes(d) P
where || - ||M denotes the norm on MB(¢£’,£€"). We will prove in Theorem 3.2 that this in-
deed defines a norm on ¥’ (). In the sequel, we will suppress the subscripts P 12 | PO
and use || - || to denote both the norm on ¥ () and the norm on %B(¢’,£"), letting the

context determine which one is intended.

LemMA 3.1. Let A = [a,] € ¥ (sA).
(1) 1Al < oo.
(2) Foreach (u,v) € N xN, Hamll < ||All.
(3) For each subset S of N X N, denote by A(S) the matrix obtained from A by replacing
by 0 for all (j,k)-entries with (j,k) ¢ S. Then [|A(S)|| < |All.
(4) 1A, Il 7 [All as v — oo.

Proof. (1) Let A" be the dual space of s4. By [6, 7, Corollary 4.3.7, page 260], each f € o
is a linear combination of at most four states, that is, for some «, = ,(f) € C, ¢, =
0, (f) €s(A), v=1,2,3,4, f =51 & ¢, Foreach A = [a,] € F (), [9,(la, " ed,
for v =1,2,3,4. Since ¥ is a Banach algebra under the Schur multiplication and usual
addition [2],

4
fIA"]=Y a9 A" ed". (3.4)
v=1

Thus T, : f— f [A"] = Zizl a, (o, [A™]) defines a linear transformation from <’ to
&". Since both the domain A" and the codomain ¥* of J, are Banach spaces, and T,
is linear, it suffices to show that the graph ¢, of J, is closed in A @, S to conclude
that 7, is bounded. To that end, let {f,}" be a sequence in A" such that f, — f in
A and T.(f)—A=[1]in ", Then, for each (j,k) € Nx N, fn(lajklz) - f(la].klz).
From the convergence of J,(f,) to A in &', we also have f, (Iajklz) - Ajk. Therefore,
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A, = f(la,|’) for all (j,k) € N x N. It then follows that 7, (f) = f[A"] = [f(la,|)] =
[ .1 = A. Therefore I, has a closed graph, and hence bounded. This implies that
2] [r]  1/(2r)
1Al = su(};)ll((p[A D= Su&)lld (@l
[ (35)
< sup ([T, llgl™ < ||T, | <eo.
pes(sl)
(2) By [6, 7, Theorem 4.3.4, page 261],
|aw |a‘m,ayv = Sllp (p( uy w/)
pes(d
” , (3.6)
< sup [|[(g(a)a,)) ]Il = lIAIl".
pes(sd)

(3) follows directly from Lemma 2.1.
(4) Let v e N and ¢ € s(s1). By Lemmas 2.1 and 2.2, and since (p[A"'])" € B(¢’, "),
we have

[r]

(gl (a

»H[(«»{A'”D ]

|

(3.7)

H

Taking suprema, as ¢ runs over the set s(s4), on both sides of this inequality, we have,
after taking the (2r)th roots, 1A, I ~ 1Al O

THEOREM 3.2. Let ¥ () be as defined above. Then || - || as defined in (3.3) is a norm on
S (A). Equipped with this norm, " () is a Banach algebra under the Schur product and
usual addition and scalar multiplication.

Proof. By Lemma 3.1(1), the function || - || as defined in (3.3) satisfies ||A]l < oo for all

A € J'(dA). To see that || - || is indeed a norm, we first note that for each ¢ € s(s4) and
eacha € C,
4 [ 12r) . ro @)
1(e[@)" ) I =I[{o((@a),) (aa, ))} ] |
(3.8)
= lall|[(¢(a,a,) )11
Taking suprema on both end expressions in the above equality, we have [|aA|l = |af[|A]l.

For the triangle inequality, let A = [a,], B=[b,] € S (). For each ¢ € s(A), since
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A" 11" = [(p(a’,a,))""] and [p[B]]"" = [(p(b’,b,))""] are in ", we have

[172] [1/2]

[[A” 1] +1p[B"1] = [p(a,a,)} +{o(bb,)} 1€ 97,
Ielea+B)" D1 = (@, +5,) (@, +b NV

< Il{({pta,a,)} + b))} )} T
(by Lemmas 2.1 and 2.3)

« 1/2 12 2r . 1/2r) (39)
=[[[({p(a,a,)} +{ (bjkbjk)} ) 1l
1/(2r)
<|Il{o(a,a, W + 1o b.b)}
(by the triangle inequality for the norm on &)
< Al +1BIl.
Since this is true for all ¢ € s(s4), we have
2 r o 1/(2r)
IA+BI|l = sup ||((p[(A+B)H]) | <A+ BIl. (3.10)
pes(A)
Thus || - || is a norm on &' ().
To see submultiplicativity of || - ||, let A = [a,],B = [b,] € S (A):
lA«BI" = sup ||[(p(ba,a.b,)) ]|
pes(A)
= Sup || {(P ||ajk|| ( jk ]k))}y]H
ges(dA)
(by Lemmas 2.1 and 2.4)
< sup [|[{o(1Al’ (b6, 1| (3.11)
pes(dA)
= HAHZr( Sup || b)kbjk)) ] )
pes(sl)
(by Lemmas 2.1 and 3.1)
<Al IBI".

This submultiplicativity of the norm also shows that ¥ () is closed under the Schur
multiplication. We next show that &' (s{) is complete in this norm. To that end, let {A” =
[a;’:]} be a Cauchy sequence in ¥ (). Then by Lemma 3.1, for each (j,k) € N x N,
{aj,z) }" isa Cauchy sequence in s{. Thus the completeness of s provides an a,, € sd such
that “i:) — a,,in 9, as n — co. For each ¢ € s(sd), since the sequence {(pl A" =
[((p((a;:))*a;?))’]}:zl of matrices is a Cauchy sequence in %B(£",£"), there is a matrix

"= [A}] € B, ") such that (p[(A")"])" = A" in B(£’, ). Thus, for each (j,k) €

(n) 12\\7 (¢) (n)
N x N, ((p(lajk ) — Ajk as n — oo. But we also have, by the convergence a, — a,
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o(la; ") = ¢(la,|") as n — co. Thus (¢(la,|"))" = A7’ for each (j,k) € N x N and each
¢ € s(al). With A = [a,,], we see that (p[A"'])" = A" € B(€’,€"), for each ¢ € s(A).
Therefore A € &' ().

To see that A" — A in ¥ (), let € > 0. Choose N € N such that

14" - A™)| <§ Vr,m= N. (3.12)

Let v € N be arbitrarily fixed. Since for each (j,k) € N XN, IIaE_Z) —a,ll —0asn— oo, we
have, by Lemma 2.1,

- Y(2r)

A7 A, [ =11A" - ), = ~a, 11, —0 313
as n — 0. Thus there is an n, > N such that
1(A”), -4, |<§ Vnz=n, (3.14)

For n = N, we have

1A™ - 4),_ || =11(4"), -4

ol

<[[(a"), =A™ [|+][a™), -4, (3.15)
_€,€_5¢€
23 6

That is, for each n > N, ||(A(") - A)u Il < 5€/6 for all v € N. Thus after taking limit as
y — oo, we have, by Lemma 3.1(4),

||A“”—A||s%€<e Vn=N. (3.16)

This completes the proof. O

4. The dual of a Schur algebra

In this section, we will prove a Schur algebra version of Schatten’s theorem about the
decomposition of the dual of the algebra of bounded operators on a Hilbert space as the
direct sum of “singular functionals” and functionals given by the trace-class operators.
Denote by (%) the space of all matrices [« ] with entries from the complex field C such
that

oIl = Mo dlle= >0 Jo | <. (4.1)

(j,k)eNxN
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(This is just the Banach space ¢' (N x N).) Let M be the space of all matrices ® = [¢,, ]
over A, the dual space of s, such that

|“DH::|“D”M::|H¢ﬁ]HM

i 42
= sup{ > lp.(a,)|:A=a,] €S (A), |A||s1}<oo. (4.2)
(j,k)eNxN
That is, ® regarded as a map from &' () to (4¥) given by
®:fa,]— [g,(a,)] = @[A] (43)

is a bounded linear transformation from ¥ (&) to (AY). We also think of this as the
Schur product of the two matrices, one over & and one over o, resulting in a matrix
with entries from C.

Lemma 4.1. Let @ = [¢,] € .
(1) For each (u,v) € NN, [lg,, Il < [|All.
(2) 1D, Il 7 [I1D]l as v — co.

Proof. (1) For each a € ¢, denote by E,,(a) the matrix whose (u,7)-entry is a and all
other entries are 0. Then E,(a) € S () and IE,, (@)l = llall:

=sup{|¢,(@)]|:aedd, lal <1}
<sup{||®[E,(a)][|:a € st [[E, (@] <1} < [P

llg,, (44)

(2) For each A=[a,] c¥ (A) and vEN, O[A, ]=0, [A] = (D[A]), . Since D[A] €
(AS),

v v+1
1, ANl = 2 lou(a) = X lou(a) | =@, [Alll . 45
jok=1 jok=1

Taking supremum over all A € o{ with [|A|| < 1, we have II(I)M <P,
monotonicity of { IIQJVJ |-

To see the convergence, let € > 0. There is an A = [ajk] € A with ||A]] <1 such that
Z;szl lo (ajk)l > ||| — €/2. By the convergence of the series on the left-hand side of the
preceding inequality, there is an N such that

I, showing the

v+1)

N )
€
2 19ula) > 2 lo(a)| =3 >lol-e. (4.6)
k=1 k=1
Since @, [l > Z?{kzl Igojk(ajk)l > || @] — €, we see that [©, I ~ |®] as v — oo, O
Next we show that || - ||, is indeed a norm on Jil and that (M, || - || ) is a Banach space.

Then an analog of a theorem of Schatten will also be proved.

ProrosritioN 4.2. The function || - ||, on MM as defined in (4.2) is a norm on the space Jil
and (M, || - 11,,) (with entry-wise addition and scalar multiplication) is a Banach space.
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Proof. Treat JL as a subspace of the space B(S" (A),(4F)) of all bounded linear maps
from ¥ (s4) to (AY) as follows. For each A = [a,] € F'(s1) and ® = [, ] € ., define

D:A— D[A]=DeA=[g,(a,)] (4.7)
Then ®[A] € (A4Y) and

DI, =sup {[|®[A]]| , :AeF(A), Al <1} (4.8)

(AS)

is just the norm on the space B(F" (A), (AF)) restricted to ALl. Thus || - ||, is a norm.
It remains to prove that the space Ji is closed in B(F" (), (AF)). To that end, suppose
that {® = [goi,z)]}:czl c J is sequence such that ® — T for some T € B(F (A), (AF)).
By Lemma 4.1(1), for each fixed (j,k), the sequence {goj:) }:’: , is a Cauchy sequence in A
and thus by the completeness of 54, there is a ¢y € A" such that goj_z) - ¢, in A", Let
® = [¢,]. We show that ® € M and ®[A] = T(A) for all A € ¥ (). Let € >0, v € N,
and A=[a,] € I () with ||All < 1. Since {®,} is a Cauchy sequence, there is an N
such that

|©, -, <e Vnm=N. (4.9)
Thus

lo,[4, ]-@,[4, ]Il ,, <ll®,[A]-,[Al],

O, -0 ||llAl<e Vnm>=N, VveN.

n (4.10)
<|

It then follows that

(n) (m)
j,kZ:1 |¢jk (ajk) - (ij (afk) | (411)

=[lo,[A, ]-@,[A, ||, <€ Vam=N,VveN.

| (AF)

Since the left-hand side is a finite sum, we may take the limits in the preceding inequality,
as m — oo, to obtain

19" (a,) — 9, (a,) ]
j,kz:l e T (4.12)

=®,[A, ]1-[A, ]ll., <€ VnzN,VreN.

Therefore, ®,[A, ] — ®[A, ] as n — o for all v € N. Since we also have @ [A, ] —
T(A, )asn— oo, ®[A, ]=T(A, ).Furthermore, for each v €N,

1014, ], =[IP[A, ]=®y[A, ]
<e+|lo,[Alll

Oy [A,)]
<e+|D,l.

(S | ()

(4.13)

AFL)
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Taking supremum over all v € N, we have

l|lo(A]ll

<e+||D,] (4.14)

a

(AF) = i:g | | (q) [A] )” (AF)

and hence ®[A] € (AF). Taking suprema on both sides of inequality (4.12) over all v €
N, we also have

n | (lF)

vl

®,[A] - ®[A]]] ,, = sugll(cb,, [A] - ®[A])

=sup||l®,[A, |- ®[A, ]|, <€ Vn=N. (4.15)

4 AY
veN N “h

Thus @, [A] — ®[A]. But, since we also have by our assumption on {®,} that ® [A] —
T(A), therefore T(A) = ®[A] for all A € ¥ (). Thus, M is closed in B(SF" (A), (AF)),
and hence complete. O

5. L as the dual of I (s4)

Let 3’ (1) be the set of all A = [a, ] € &' (o) such that [|[A — A, || — 0asv — co. We first
identify the dual of # := I (s4) with J.

TaeoreM 5.1. The dual space of X is isometrically isomorphic to M.

Proof. Let ¢ € ()" For each j,k € N, define ¢, on i by
¢,.(a)=9(E,(a) Vaedd, (5.1)

where E,, (a) is the matrix whose (j, k) entry is a and all others are 0. Then it is readily seen
that ¢, € A for all (jk). We show that [¢, ] € M and that [|¢ll(= ”(P”@o“) = eIl -
Let A = [a,] € ¥ (sd). Let A = [(sgn(¢,,(a,))a,)]. Then A € (). For each v € N,
since A, €, ¢((A), ) is defined and

Y3

> leua)] =e(A),) < lplllA), |
1<j,k<v (5.2)

= llplllA, || < llpllIAlL

Since this is true for all v € N, we have kazl lp,(a;)l < oo, and hence [¢,] € M by the
arbitrariness of A € &' (). By the inequalities in (5.2), we also see that || [(pjk] <1l
To see the opposite inequality, let € >0, and choose A = [a, ] € K such that [|A]| = 1 and
[p(A)] = lloll — €. It suffices to show that I(p(AVJ ) —@(A)| — 0, as v — co. We first note
that (A, ) =[g,]eA, = Z;)kdgojk(ajk) for all v € N. Since A € X, [|A, —All - 0in
H,asv — o0, and hence ¢(A, ) — ¢(A) as required. Though not required for the proof of
this theorem, we also note that by the absolute convergence of the series >.7;_; ¢, (a,),
which follows from (5.2), p(A) = 375 ¢,.(a;). O

A bounded linear functional v € (¥ (s4))" on ¥ () is said to be singular if y €
(H'(s4))". Denote by (Ef’(&@))j the space of all bounded singular linear functionals on
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Y (o). Elements @ = [¢,.] € M will also be regarded as elements in (¥ ()" by the con-
vention ®(A) = Zj,k ¢yla,) forallA=[a,] e " (), where the convergence of the se-
ries is guaranteed by the absolute convergence of the series from the membership @ < Jl.
The following is an analog of a theorem by Schatten.

THEOREM 5.2. The dual space (" () of &' () has the Banach space direct sum decom-
position

#

(& (1) = Mo (S (1)) (5.3)
Proof. Let We (¥ (s)). Set ¥,:=¥| , , € (K (s0) =L, and ¥, =¥ — ¥, € (W (s4))* =

(SrA)j. Then we clearly have the decomposition ¥ = ¥, +¥,. O

Schatten’s theorem also states that ||V, || + [P ]| = V|| for each ¥ in the dual of the
algebra of bounded linear operators on a Hilbert space, where ¥, is given by a trace-class
operator and VW, is singular such that ¥ = ¥, + ¥.. We do not know, however, whether
this is true in this setting. In [3, 5] it has been proved to hold in their respective settings.

6. The Schur algebra as a dual space

It is not hard to see that if ¥ () is to be the dual space of some normed space, then so
must be o itself. Therefore, for the discussions in this section to make sense, we make the
standing assumption that the C"-algebra s is the dual space of some normed space (and
hence the dual of the Banach space completion of the normed space). That is, we make
the standing assumption in this section that & is a von Neumann algebra.

Let oA, be the predual of o{. From the results in [6, 7, pages 454—485], instead of using
the whole dual space & and the set s(s4) of all states on 54 to define " (s4), here we will
use the predual of f (the space of all normal, or ultraweakly continuous, linear function-
als on o) and s(s) will be the set of all normal states on ${. Then by polarization each
element in &4, is a linear combination of at most four normal states. Since s, is also com-
plete (as a space of bounded linear functionals on ), and each selfadjoint a € o also has
llall = SUPpes(s) ¢(a), what holds true for ¥ () defined previously holds for this new
setting. We will show that the Schur algebra &' (s4) is also the dual space of some Banach
space, another analog of a theorem of Schatten.

Since each & € o, is an ultraweakly continuous linear functional on ; that is, there
are sequences {x,}nen and {y,},en in the underlying Hilbert space on which o acts,
such that 377 (llx, I” + Iy, [I") < o0 and &(a) = S, (ax,, y,) for each a € o, thus rather
than writing each element in 5 as a function on 4, we will use this fact to express each
element in o4, as a function on 4. For each infinite matrix & = [, ] with entries from
d,, and for each A = [a, ] with entries from s, denote by A e E the matrix whose (j,k)
entryis &, (a,) forall (j,k) € NxN,

AeE= [Ejk(ajk)]' (6.1)

Note that A e E is just an infinite matrix, and it may not be “bounded” in any sense.
Let AL(s4,) be the space of all matrices & = [§,] over &, such that A ¢ E € (AF)
for all A € &' (), that is, ij 1§, (a,)l <ocoforall A=la,]e Y (). Define, for each
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8= [§,] e (),
IEll, = lIE]l := sup {|A e Ell ,y, : A € F' (), ||All < 1}

=sup{ > &) A=[a,] €S (), 1Al < 1}.
J

k=1

(6.2)

We will prove that || - ||, is indeed a norm on Jl(s4,), and that M (4,) is a Banach space.

ProposiTION 6.1. (1) The function as defined in (6.2) is a norm on the space M(A.,).
(2) Foreach B = [§, ] € M(s4,) and for each (u,7) € N X N,

< ||Ell. (6.3)
(3) Foreach B = [§,] € M(s4,), and each v € N,

g, Il < lIEl. (6.4)

(4) The space M(A,) is a Banach space with this norm (and the usual entry-wise addition
and scalar multiplication).

Proof. (1) LetE = [E,k] € (4, ). By the definition of MM (s, ),

T.(A)=AeE=[E,(a,)] VA=[a,]eT () (6.5)
defines a linear map 7. : &' () — (4Y). We show that T is a bounded linear trans-
formation by the closed-graph theorem. Let {A,,7.(A,)}  be a sequence in ¥ () ®
(dF) such that A, — A for some A = [a,] in ¥ () and T_(A,) — B for some B =
[b,] € (AF). Let A, = [aj’:]. Since A€ S (A), AeE € (AF). From A, — A, we see that
IIa(") —a,ll — 0, and hence a(") — a,, ultraweakly, as n — oo, for all (j,k) € N x N. Thus
f}k(a - &, (a,),asn— oo, for all (j,k) € NxN. Since T, (A,) — B in (4Y), for each
(j, k) e N XN,

1§ (a,) b, | < Z |&.(a,) b, | =[1T.(A,) =Bl ,,, — 0 (6.6)

st=1

asn — oo. Hence b, = E]k(a].k) for all j,k € N. Therefore B = J,(A). Thus J, has a closed
graph, and hence 7, is bounded.

We will identify each 2 € JM(4,) with T, € B(SF (A),(AF)). We then have M (A,) <
B(S (A), (AF)). We also note that the norm ||E| of E € M(,) as defined in (6.2) is
exactly the norm of 7, € B(F" (), (AF)). Therefore, the function E — ||Z|| is a norm
on J(sA,).

(2) Let a € 9 be such that [la|| < 1. For a fixed (j,k) € N X N, denote by E, (a) the
matrix whose (j,k)-entry is a and all others are 0. Then E , (a) € ¥ () and IE, (a)ll =
[lall < 1. We also have, for each B = [Ejk] e M, and y,v € N, Ew(a) o & = EW(E[W(a)), the
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matrix whose (g, v) entry is the number fw(a) and all others are 0. Then

8. @ =E, (€, @)l ,, =IE. (@) &l ,

<IE, @I, IEl, s, = 11 (€7
Since this is true for all a € s with [|all < 1, we have ||, || <[] for all (4,7) € N X N.

(3) We omit the straightforward modification of the preceding argument that can give
a proof of this statement.

(4) To see that M(sA,) is complete in the norm, let {E, = [rf;:)]}::l be a sequence in
M(sd,) such that T, — T for some T € B(L" (A),(AF)). Then, by the inequality just
established in part (2), each {fj,:) }::1 is a Cauchy sequence in #,, and hence converges to
some §,. Let 2= [{,]. Foreach A = [a,] € ¥ (sd), since T (A) € (AY), T(A) = [t,], an
infinite matrix. For each (¢,v) € N XN,

(n)
1€, (a,) -,

uv

" (6.8)
T. —TlAl —o0 as n — co,

But we also have EL:)(%) -¢&,(a,). Thust, =& (a,). Since this is true for all y,» € N,
T(A) =T _(A). Since this is true forall A € ' (A), T =T, and T, € B(F (A),(AS)).
By the definition of M(HA4,), E € M(sA, ). This completes the proof. O

Since the algebra of bounded linear operators on a Hilbert space is the dual of the trace
class operators under the trace norm, which is the closure in the trace norm of the set of
matrices with finitely many nonzero entries, by analogy we define Jl, to be the closure
in the norm, defined above, of all matrices in J(s4,) with finitely many nonzero entries.
Then it is readily seen that, for each element E = [fjk] e M, IE, —Ell —0asv— oo,
where || - || = || - |I, is the norm on M (4,) defined in (6.2). We do not know, however,
whether the inclusion Jl, < M(A,) is proper. However by the definition of L., we have
the following.

ProposiTION 6.2. The space M, is a Banach space under the norm || - || defined in (6.2)
and the usual entry-wise addition and scalar multiplication.

THEOREM 6.3. The Schur algebra &' () is isometrically isomorphic to the dual of M.,.

Proof. Note thateach A =[a,] € " () defines a linear functional ®, on JL, as follows:

1

(DA(E) = Z fjk (ajk) v

k=1

= [fjk] € M#- (6.9)

The series converges by its absolute convergence, which is guaranteed by the definition
of membership in M,. That @, is also bounded on Jl, follows also from (6.2). Thus
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" (sd) = (M,)". Furthermore, since

o, |l —sup{ > &(ay) | :B=[E] e, B] < 1}
jok=1
Ssup{ > o1& (a) | :E=[E,]e M, IE] < 1} (6.10)
k=1
= sup{IIAOEII(&w) :2eM, ||IE]| <1}
sup {IAIIIIEII: E e M,, [IE]l <1} < ||All,

we may identify each element A of &' (s4) with the linear functional ®, € (M, )", treating
them as the same element, then we have the actual inclusion ¥ (s4) < (AL,)".

Let B’ be the unit ball of the dual (M, )" of AL, and let B be the unit ball of " (sA) (un-
der the norm on &' (s4)). From the above convention, we see that B < %B’. We show that
B =B, and the result follows. The weak” topology 0((J(/L#)#,Jl/t#) on (Jl/t#)# is a locally
convex topology, and since % separates points in Jl,, o((.AL,)",M,) induces a locally con-
vex topology ¢ on %B. We show that (%, 0) is complete so that it is a closed convex subset
of the locally convex space ((.A/Lg)#,a((ﬂ/tﬁ)#,t/l/t#)). To that end, let {A,} = {[aj_:) 1},., bea
Cauchy net in (%, 0). Then, for each fixed (j,k) € N X N, € >0, and unit vectors {, € A,
(m=12,..,) &, = Ej’k(fm) e M, (m=1,2,...,1) are unit vectors. Thus there is a y such
that for all &, 8 >y,

(1

€,(a)) =, (a])| = [®, (E,)-0, (B,)] <€ Vm=12..,1 (6.11)

5

Thus, for each fixed j,k € N, {aj_:) }, isa Cauchy netin ((s),,0(d,94,)), where (o), is the
unit ball of . By Alaoglu’s theorem, (), is weak” compact (i.e., (), is compact in the
topology (s, 4.,)). Thus there is an a,, € (), such that lima(aj_:)) = a, in the topology

o(dA,4,). Let A= [a,]. We show that A € % and A" = Ain 0. For each v € N and each
B-[¢,] e,

[

lim(@, @) -lm( Y &@)) =Y @)-0, @ (612
J P J

o
k=1

Thus (Aa)h — A, ino.Since IIQDMW || < II(A“)VJ <A, Il <1foralla, IICDAv || <1also
follows. ) )

Here we digress to show that 1B, Il =Il®, I forallBe ¥ () and all v € N. Let 975’
and %, be the sets of all matrices in B’ and 9 that have all (j,k)-entries 0 for j > or
k>w. The duality between the upper v x v corners of ., and &' (s4) will be established
once we prove that B’ =%, . Suppose the inclusion B, C B/ is proper. Since B’ isa
closed convex subset (from what we just established), and there isade®B \B, by a
version of Hahn-Banach separation theorem [6, 7, Theorem 1.2.10], there are an element
E € (M), (the space of » X v truncations of elements in .l,), an € > 0, and a constant
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¢ € R such that

Re(D,(E)) <c<cte<Re(D(E)) VBeB, . (6.13)
ForeachBe 3, , let B = (sgn(®,(E)))B. Then B € %A, ,and

IEIl = sup |®,(E)| —Sup®( )<c<cte<Re(®E)) < |OE)| < lIEN, (6.14)

Be®
a contradiction. Therefore %8, =%’ ,and hence [|®, || = IB, | forallBe &' (A).
Now we have, for the limit A above, IAIl = sup,cy ||A Il = supveN Il®, I <1. Thus
A€ B.LetE=[E,] € .,,and € >0. Then there exists y such that
o - €
@, (&) -2, > ~&.(a))) | < 3 Ve By (6.15)
k=1

By the definition of Jl,, there is a v, € N such that ||E — B, | <€/3 forall v>v,. Fixa

v > v,. Since ai) —a, in o(sd,5l,) for all (j,k) € N XN, and since » is finite, we may
choose B, = y such that forall B =3,

Y (la)) - Eia)) | < 5 (6.16)
k=1
Thus for > B,
o, @-0,E) =] 3 (@(aji)) ~ua,)
k=1
<|o, JE)-0, |+|c1> (B, )-9,(E,)
+|®A u“)—ch(u)l
, (6.17)
<A llllE~&, |+ (Ei(a)) =&, (ay)
k=1
+lAllE,, -
LELEL€
373737°€

Therefore, A, — A in 0, and hence R is a 0((JI/L#)#,J1/L#) closed convex subset of %B’. The
proof of B = R’ is exactly the same as that of B, =B above. This completes the
proof. O

We conclude with some natural questions, for which we do not know the answers.
(1) Is it possible to express ' () as a topological tensor product of ¥ and ?
(2) When o is a von Neumann algebra, do we have

M) = (NxN)® A, (6.18)

(where @ denotes the projective Banach space tensor product)?
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(3) For a von Neumann algebra <, is J, the unique predual of ¥ (4)?

(4) When is &' (o) an operator algebra? With this regard, the paper “On quotients
of function algebras and operator algebra structures on £’,” J. Operator Theory 34
(1995), 315-346, by D. P. Bleecher and C. Le Merdy, may be of interest.

(5) To what extent does the theory of Schatten ideals on a Hilbert space carry over to
the present context?
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