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1. Introduction and lemmas

Let f(x), g(x) € L*(0, +0). It is well known that the inequality of the form

([ L0959 seay < of (i) | [“gar) a

x+y-2a

is called Hilbert’s integral inequality, where the coefficient r is the best possible.
In [1], by introducing a parameter A (A > 1/2), the following extension of (1.1) of the
form

If;of—;f)_'_gg)dxdys <—Asingr /21)){ f:oxl—le(x)dx}l/z{ J‘:Oxl—/\gz(x)dx}l/z (12)

was established.

Recently, various improvements and extensions of (1.1) appear in a great deal of papers
(see [2]). The aim of this paper is to give some new improvements of (1.1) and (1.2) and then
present some important applications.
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We now introduce some notations that will be used throughout the paper.
Letx-a>0, y—a >0, A >1/2,and let ¢(x — a) be an integrable function in [a, +c0).
Define E(x,y) =1 —-c(x — a) + c¢(y — a) such that E(x, y) > 0 for (x,y) € (a,+o0) x (a, +o0). We

also define
I ()

f2= jfj (x - a)f2+ (y —a)* < ) ECoy)dxdy.

Lemma 1.1. With the above-mentioned assumptions, one has

iz = (m)z{(jj(x—a)l'*f%x)dx)z -( fk(x)fZ(x)dx)Z}, (1.4)

where the weight function k(x) is defined by

k(x) = (x - zx)H{ <)‘Si“(”/2)‘) >f: (G-ane” c(x - a) } (1.5)

a 1+t

(1.3)

Proof. By using the substitution t = (y — a)/(x — a), it is easy to deduce that

[e’e] [e’e] 1 e 1o
E(x,y)dy } f(x)d
I (- (1+ ((y- )/ (x - a))< ) . y) y}ﬂx)x

1+ #
w© T OOC((X—IX)t) 1 1/2 - -
+I 1+ <?> dt - (m)c(x-a)}(x—a) fA(x)dx

[*9)

Asin yr/2J\ >{I (x-a) ' f (x)dx+J‘a k(x)fz(x)dx},

Asin(or/21)

)
J‘°° roL(l)m(l —c(x—a)+c((x - a)t))dt}(x —a)" 2 (x)dx
I
- (st

(1.6)
where k(x) is a function defined by (1.5).
Similarly, we have
1-4 . 2
k= (e || oo e - [Tk feoar) (17)
From the above equations involving J; and J», (1.4) holds true. O
Lemma1.2. Let x —a >0and A > 1/2. Then
a (x—a)* 2 -1
© -1/2 ( : ) T , x—a#1,
J‘ t df = Asin(/24) /) (x —a)* -1 (1.8)

o (T+t)(1+(x— a))lt/\) - <)LSin(~Z/2)L) > <1 _ %)/ x—a=1.
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Proof. The case x — a #1 was studied in [3], or can be obtained by using [4]. Next, consider the
case x — a = 1. By the definition and properties of beta function, it is easy to deduce that

® 12 1 1 1 1 1 1 1 1 ar
) G 802 5) =1 (30 - 51) - (5 ey

(1.9)
O

2. Theorem and its corollary

Theorem 2.1. Let f(x) and g(x) be two real functions such that 0 < [ (x — @) 2 (x)dx < + oo
and 0 < [ (x - a)' ™ g?(x)dx < + oo, where A > 1/2. Then

4
<I J. (x - . (X)+g(<§)— P >
< <m>4{ (K(x —a) fZ(x)dx)2 - <J.:3wl(x) fz(x)dx>2} (2.1)
{(f (x—a)t™ 2(x)dx> - (J:Owl(x)gz(x)dx>2},

where the weight function w) (x) is defined by

NI R R
W)L(x)_ (x—a))”—l 1+(x—a))‘ (22)
%—%t, x-—a=1

Proof. First, assume f = g. Let F(x,y) = f(x) f(y)/((x - zx) + (y—a))‘),E(x,y) =l-c(x—a)+

c(y - a).
Then the following holds:

”mF (x, y)dxdy = ”jp(x, Y)E(x, y)dx dy. (2.3)

In fact, it is obvious that

H " F(x, y)E(x, y)dx dy
! (2.4)

= jij(x, y)dxdy - fij(x,y)c(x —a)dxdy + jij(x, y)e(y —a)dx dy.

We need only to show that

IJ‘mF(x,y)c(x —a)dxdy = JI?F(x,y)c(y - a)dx dy. (2.5)

a



4 International Journal of Mathematics and Mathematical Sciences

Let o(x) = [Z f(t)/((x —a)* + (¢t —a)")dt. Then
IIWF(x,y)c(x - a)dxdy

= J‘Oo <J‘°° = a)[iy)(y - a))tdy>f(x)c(x —a)dx

- J' <J = a){(j)(t - “)Adt>f(x)c(x —a)dx = L ¢(x) f (x)c(x - a)dx (2.6)

_ (7 _ (°( (" f( ~
= f p(y) f(y)e(y —a)dy L <L w-a) + (t_a)idt>f(y)c(y a)dy

_(°( (7 f(x) ) _(( i
_fa <L y-a) + (x_a)xdx>f(y)c(3/ a)dy ”u F(x,y)c(y - a)dx dy.

Noting that E(x, y) > 0 and applying Schwarz’s inequality, we have

<IJjF(x,y)dx dy)z = (JIwF(x,y)E(x,y)dx dy>2
<JI { (- + (y o )1/2<;:z>1/4(15(x,y))1/z}

o\ 1/4 2
) ))L)l/z(Z_Z) (E(x,y))l/z}dxd]/>
—a

(x-a)* + (v
* fz(x o a\1/2
SII (x-a) + (y-a) < ) E(x,y) pdxdy
oo fZ(y) y-a 1/2 } )
(x-a)' + (y-a) <X—zx> E(x,y) rdxdy = J1)2.

(2.7)

It follows from (1.4) that

(s g (oo o) ([ oo}

(2.8)

where the weight function k(x) is defined by (1.5).
Let c(x) = 1/(1 + x*), where x > a and A > 1/2. It is obvious that E(x,y) > 0. By
Lemma 1.2, it is easy to deduce that

k(x) = (x a)l’)‘{ <Asin(yr/2A) >I:°C((x - a)t)t‘l/zdt e a)}

o 1+t -
- (x- a)l—A{ <)Lsin(3r/2)t)> o 172 de e a)} o) (29)
Tz 0 (1+8)(1+ (x—a)'t) '
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Substitute k(x) = w) (x) into (2.8) to obtain

<II F(x, y)dx dy) <m>2{ (EO(X - a)Hfz(x)dx>2 - <I:ow1(x)f2(x)dx>2}.

(2.10)
Next, consider the case f # g. By Schwarz’s inequality, we have
= f@sw '
IJ‘ T sy —dxdy
a (x—a) +(y-a)
1 o 0 272
_ | q q P /2 £ (00 e f t<y-“>“-1/2g(y)dy> dt> }
0 Ma “ (2.11)

IN

,[: <J‘:Of(x“)ll/2f(x)dx>2 }2{j1<jwt(y”)"1/2g(y)dy>2dt}2
AIf G e [ R e

Based on (2.10), it follows from (2.11) that the inequality (2.1) is valid at once. Theorem is
proved. O

The special case A = 1 in Theorem 2.1 yields the following Hilbert’s integral inequality.

Corollary 2.2. If 0 < [ f(x)dx < + o0 and 0 < [ g*(x)dx < + oo, then

<”“ %d dy>4 < ]r4{ <J:Of2(x)dx>2 - <J:Ow1(x)f2(x)dx>2}

i . (2.12)
x { (J‘ gz(x)dx> - (f w1 (x)gz(x)dx> },
where the weight function w1 (x) is defined by
1 1
= - . 2.1
() Vi—-a+1 x-a+1 213)
Proof. 1t follows directly from the proof of Theorem 2.1 and so the details are omitted. O

Remark 2.3. By setting f = g in Corollary 2.2, (2.12) yields

(” o yf (‘Z{)Xd dy>2 < rz{ q:o f2(x)dx>2 - <fw1(x) fZ(x)dx>2}, (2.14)

where the weight function w; (x) is defined by (2.13).
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Remark 2.4. For the case A = 2 in Theorem 2.1, (2.1) becomes

<J‘.[ (x - cx(X)g(]y/) a)? 74 dy>4
< %4{ (] - a>1f2<x>dx)2 -(J jwz(x)fz(x)dX>2} (2.15)
x {(Jj(x —a)™ 2(x)dx)2 - <’[:ow2(x)g2(x)dx>2},

where the weight function w;(x) is defined by
32
(x - ) {(x a)2 1 1
wy(x) = . (x-—a) -1 1+(x-a)

Z/

5 }, x—a#l,
(2.16)

3. Some applications

As applications, we will give some extensions and refinements of Widder’s inequality and
Hardy-Littlewood’s inequality.
Leta, >0 (n=0,1,2,...), A(x) = X panx", A*(x) =3 7 oanx"/n!. Then

flAz(x)dx < xjm(e‘xA*(x))zdx. (3.1)
0 0

Inequality (3.1) is called Widder’s inequality (see [5]).
We will give an extension of (3.1) below.

Theorem 3.1. Under the above assumptions, if f(x) = e"*~® A*(x - a), then
2

(f:Az(x)dx> < Jrz{ <j:of2(x)dx>2 - (ij (x)fz(x)dx>2}, (3.2)

where w1 (x) is defined by (2.13).

Proof. First, observe that the following holds:

I et A" (tx)dt _I -‘Z “”(xt) Gl gt = Z anX f tetdt = Zanx = A(x). (3.3)
. nl

Let tx = s — a. Then we have

f:Az(x)dx - j:{j:oe‘tA*(tx)dt}zdx _ j: <J:oe—(5—a)/xA*(S B u)d5>2%dx
= J‘:O <I:03_(S_u)yA*(5 - a)ds)zdy = J:o <fje_(s_“)”_(s_“)A*(s - zx)ds) 2du
(P [ 2258

(3.4)
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where f(x) = ee® % A*(x - a). Using Remark 2.3, the inequality (3.2) follows from (3.4) at
once.
In particular, when a = 0, we obtain a refinement of (3.1). O

Corollary 3.2. With the assumptions as Theorem 3.1, if f(x) = e A*(x), then

<f:A2(x)dx>2 < Jrz{ <J‘:Jf2(x)a!x>2 - (f:owl(x) fz(x)dx>2}, (3.5)

where w1 (x) is defined by (2.13).

Let f(x) € L*(0,1).If a, = fol x"f(x)dx,n=0,1,2,...,then we have Hardy-Littlewood’s
inequality (see [6]) of the form

[*9) 1
>a; < Jrfo 2 (x)dx, (3.6)
n=0

where o is the best constant that keeps (3.6) valid. In [7], the inequality (3.6) was extended to
the following inequality:

0 1
[ reodx < @, (37)
0 0
where f(x) = [} #h(x)dx, x € [0, +o0).

The inequality (3.7) is called Hardy-Littlewood’s integral inequality. Afterwards, the in-
equality (3.7) was refined into the following form (see [8]):

&) 1
I fZ(x)dx < .72"[ th2(t)dt. (3.8)
0 0

We will give a new extension of (3.8) here.

Theorem 3.3. Let A > 1/2, h(t) € L?(0,1), and h(t) # 0. Define a function by f(x) =
f; t(x”")A|h(t)|dt. If0< j;w (x - a)l’)‘fz(x)dx < + oo, then

()
< (W)z{ (f:o(x - oc)l‘*fz(x)alx>2 - <J:wa(x) fz(x)dx>2} <I:th2(t)dt>2,

(3.9)
where the weight function w) (x) is defined by (2.2).

Proof. By writing f2(x) in the form

1
A (x) = fo F )t |n(t)|dt (3.10)
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and applying Schwarz’s inequality, we obtain

<Jm fz(x)dx>4 fw (J': FD | n(t) |dt> dx}4
_ f( Ewﬂx)t(x_a)»_mdx>tmw)|dt}4
f: (Iw fayttea'=1/ 2dx>2dtf;t hz(t)dt}2 (3.11)
= f : q f ;w F(x) f ()t + a1 g dy> dtf:t hz(t)dt}z
2

()] s ([ oa).

By (2.10), the inequality (3.9) follows from (3.11) at once. O

IN

Remark 3.4. By setting A = 1 and a = 0, we obtain the following refinement of (3.8):

(J‘:DJ’Z(x)clx)4 < .71'2{ <J‘((:of2(x)dx>2 - (J‘:owl(x)fz(x)dx>2} (th hz(t)dt>2, (3.12)

where the weight function w; (x) is defined by (2.13).
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