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We study the global stability, the periodic character, and the boundedness character of the positive
solutions of the difference equation x,41 = (@ — px,) /(Y = 6xp — x4k), n=0,1,2,..., k€ {1,2,...},
in the two cases: (i) 6 20, a >0, y > > 0; (ii) 6 20, « = 0, y, > 0, where the coefficients
a, B, vy, and 6, and the initial conditions x_, X_g1, ..., X_1, xo are real numbers. We show that the
positive equilibrium of this equation is a global attractor with a basin that depends on certain
conditions posed on the coefficients of this equation.
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1. Introduction
The asymptotic stability of the rational recursive sequence,

a+ Pxy

—— " =012, (1.1)
Y+ 2isoYiXn-i

Xn+l =

was investigated when the coefficients a, p, y, and y; are nonnegative real numbers (see
[1-3]). Studying the asymptotic behavior of the rational sequence (1.1) when some of the
coefficients are negative was suggested in [3]. Recently, Aboutaleb et al. [4] studied the rational
recursive sequence,

Xp1 = ———2 n=0,1,2,..., (1.2)
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where a, p, and y are nonnegative real numbers and obtained sufficient conditions for the
global attractivity of the positive equilibria. Yan et al. [5] studied recently the rational recursive
sequence,

a— px
Xpi1 = ¢, n=0,1,2,..., (1.3)
Y — Xn—k

where « > 0, y,f > 0 are real numbers while k > 1 is an integer number, and the initial
conditions X_g, X_g41,...,X-1,Xp are arbitrary real numbers. They proved that the positive
equilibrium x of (1.3) is a global attractor with a basin that depends on certain conditions
of the coefficients. He et al. [6] studied recently the rational recursive sequence,

a—bx,_k

=0,1,2,... 1.4
A+xn/ n 0/r/ 7 ( )

Xn+l =

where a > 0, A,b > 0 are real numbers while k > 1 is an integer number and the initial
conditions x_g, X_k+1,...,X_1, Xp are arbitrary real numbers. They proved the global attractivity
and periodic character of the positive solution of (1.4). Stevi¢ [7] studied recently the rational
recursive sequence,

+
g = P 010 (1.5)
Y — Xn-k

where the parameters a, ff, and y are nonnegative real numbers and k > 1 is an integer
number while the initial conditions x_g,X_k+1,...,X-1,x¢ are arbitrary real numbers. Other
related results can be found in [8-19].

Our aim in this paper is to study the global attractivity, the periodicity, and the
boundedness of the positive solution of the following rational recursive sequence:

a— Pxy

—  n=0,12,..., 1.6
Y — 0Xpn — Xn-k (1.6)

Xn+l1 =

in the twocases (i) 6 20, a >0, y>pf>0,(i) 6 20, a =0, y,p > 0, where the coefficients
a, B, y, and 6 are real numbers and k > 1 is an integer number, while the initial conditions
X_j, X_k+1,--.,X-1, X are arbitrary real numbers. We will prove that the positive equilibrium x
of (1.6) is a global attractor with a basin that depends on certain conditions of these coefficients.

2. Local stability and permanence
We first recall some results which will be useful in the sequel. Let I be some real interval and let

F be a continuous function defined on I¥*1, Then, for initial conditions x_x, X_k+1, ., %-1, X0 € I,
it is easy to see that the difference equation,

xn+1=F(xn,xn_1,...,xn_k), n=0,12,..., k>1, (21)

has a unique solution {x,}.
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Definition 2.1. A point X is called an equilibrium of (2.1), if x = F(x,...,X). That is, x, = x for
n > 0is a solution of (2.1), or equivalently, is a fixed point of F.

Definition 2.2. An interval J C I'is called an invariant interval of (2.1) if the initial conditions
X_j, X—k+1,---,X-1, X0 € J imply that the solution x, € J for n > 0. That is, every solution of (2.1)
with initial conditions in J remains in J.

Definition 2.3. The difference equation (2.1) is said to be permanent if there exist numbers P
and Q with 0 < P < Q < oo such that for any initial conditions x_i, X_g41, ..., X1, Xp there exists
a positive integer N which depends on the initial conditions such that P < x, < Q, for all
n>N.

The linearized equation associated with (2.1) about the equilibrium X is

k E)F x x
Yni1 = D, )yn i, n=0,12,.... (2.2)
i=0 Ui
Its characteristic equation is
K OF(X,...,X)
A= N P n=0,1,2,. 2.3
ZO S (23)

Theorem 2.4 (see [3]). Assume that F is a C'-function and let X be an equilibrium of (2.1). Then, the
following statements are true:

(a) if all the roots of (2.3) lie in the open unit disk |A| < 1, then the equilibrium X of (2.1) is
locally asymptotically stable;

(b) if at least one root of (2.3) has absolute value greater than one, then the equilibrium x of (2.1)
is unstable.

Theorem 2.5 (see [3, 8]). Assume that p,q € R, and k € {1,2,...}. Then,
Pl +1ql < 1 (2.4)

is a sufficient condition for the asymptotic stability of the difference equation
Xpil —PXn+qxnk =0, n=0,1,2,.... (2.5)

Suppose in addition that one of the following two cases holds: (i) k is odd and q < 0, or (ii) k is even
and pq < 0. Then, (2.4) is also a necessary condition for the asymptotic stability of (2.5) (see [6]).

First, we study the rational recursive sequence

a — Pxy,

—  n=0,12,..., (2.6)
Y — 0xn — Xn-k

Xn+l =

together with the conditions

§>0, a>0, y>p>0, ke{l2...) (2.7)
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The unique positive equilibrium point x of (2.6) is the solution of the equation

a-px

E = m, (28)
which is given by
_ (P VT
TG @9)
where
T=(y+p)*-4a(5+1). (2.10)

If (2.7) holds and a = (y + ,[5)2 /4(6 + 1), then (2.6) has a unique positive equilibrium x, =
(y +B)/2(6 +1).If (2.7) holds and a < (y + ﬂ)2/4(6 + 1) then (2.6) has two positive equilibria
X1, given by (2.9).

The linearized equation of (2.6) about the equilibrium X; (i = 0,1, 2) is given by

f-6% %

il + — 1, — — Yk = 0. (2.11)
It oGz - 6+ Dx]”
The characteristic equation associated with (2.6) about X is
2
perty [2P 00 th) )k r+p 0. (2.12)

y-f G+0G-pl°  G+OG-p)

Now, we have the following results:

(a)if0< 6 <2B/(y — ), then (y + )/ (6 +1)(y — p) > 1 and hence the equilibrium X of
(2.6) is unstable (see Figure 1);

(b) if 6 >2p/(y - p), then

2 6(y+p) y+p ~
‘Y—ﬁ (<5+1)(Y—,3)'Jr (6+1)(y_p)"1' (2.13)

Thus, the linearized stability analysis fails. On the other hand, the characteristic equation
associated with (2.6) about X is

FL 2p _ 6(y +p+VT) 2k y+p+VT —0.
y=p-VT @+D(r-p-vDI  E+D(y-f-VT)

(2.14)
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X =1.333,a=8/3,=1,y=3,6=05x1=€e,x=1

Figure 1

Now, we have the following results:

(a) if 0 <6 <2p/(y — P), then it is obvious that

>

y+peVT ‘ 51, (2.15)

<Y‘ﬁ>[¥+ﬂ+ﬁ]
6+1)(y-p-T)

Y+B/ [y-pB-T]

hence the equilibrium x; of (2.6) is unstable;
(b) if 6 > 26/ (y - B), then it is easy to see that 2(6+1) < 6[y + f++/T], and consequently,

we have

26 Sy +PHVT] || x+BeVT | _y-fT
y=p-~vT G+D[y-p-VT]I 1GE+D[y-p-vT|l y-p-~T

>1, (2.16)

and hence the equilibrium x; of (2.6) is unstable.

For the positive equilibrium X;, in view of conditions (2.7) and a < (y + ﬂ)2 /4(6+1), we
have

— y+B-VT _ y+p Y

TG+ C26+1) 641 217)
Hence, if
Bly - P)
0<as2—=, (2.18)
then

VI 2y + PP = 4By =) >\ + B - (30 (= P) =\ (y + B - (y + )P + 4 = 2p.
(2.19)
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Consequently, we have

B+ @G +1D)% _3f+y-vT 3p+y-26
y-(6+0)% y-p+T v-P+2p

X2

+'y—(6+l)§2

’ p-ox 1, (220

y-(6+1)x;

which by Theorem 2.5 implies that x; is locally asymptotically stable (see Figure 2).

Lemma 2.6. Let f(u,v) = (a — pu)/(y — 6u — v) and assume that conditions (2.7) and (2.18) hold.
Then, the following statements are true:

(@) 0<xy<a/p, a/f<x1 <oo;

(b) f(x,x) is a strictly decreasing function in (—co, a/f);

(c) let u,v € (—o0,a/P), then the function f(u,v) is a strictly decreasing function in u and a

strictly increasing function in v.

Proof. We prove (a) only. The proofs of (b) and (c) are omitted here. In view of (2.7) and (2.18),
we have

= _Y+ﬁ—ﬁ Y+ p Y
=641 S26+1) 641 (2.21)

From (2.8) and (2.21), we have a — fx, > 0 and so x, < a/p. Also, in view of (2.7) and (2.18),
we have

apET g pevT B\ p 40 p)
y-G+Dx YT 26+1) 26+ 1)

_YHBANG-PAP y PPy

26+1) ST 26+ 6+

0<

(2.22)
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and so y — x1(6 + 1) < 0. Consequently, & — fx; < 0 which implies that x; > a/p. The proof is
completed. O

Theorem 2.7. Assume that the conditions (2.7) and (2.18) hold. Let {x,} be any solution of (2.6). If
x;i € (-oo,a/P], fori=-k,~k+1,...,-1and if xo € [0,a/p], then

24

<_I
~p

0< xn n=1,2,.... (2.23)

That is the solution {x,} is bounded.

Proof. By part (c) of Lemma 2.6, we have
0 a—p(a/P) <oz a — Pxg < a-p0 a Pa

= = = = . 2.24
y—0x0—X_k ~ ! y-06xo-x  y-60-a/p y-a/p yp-a 224)
From (2.18), we deduce that yf — a > f*, and then we have
0<x <. (2.25)
p
Also, we have
a—p(a/p) a—fx; a—-p0 a
0=—————<x= < <-—. 2.26
Y =61 - X1 o Y-O6x1—X 1 y-60-a/p P (2.26)
Thus,
a
0<x <. (2.27)
p
The result (2.23) now follows by induction. The proof is completed. O

3. Global attractivity

In this section, we will study the global attractivity of positive solutions of (2.6). We show that
the positive equilibrium X of (2.6) is a global attractor with a basin that depends on certain
conditions imposed on the coefficients.

Theorem 3.1. Assume that conditions (2.7) and (2.18) hold. Then, the equilibrium point X, of (2.6)
is globally asymptotically stable.

Proof. In Section 2, we have shown under the assumptions (2.7) and (2.18) that the equilibrium
X, is locally asymptotically stable. It remains to prove that the equilibrium x, is a global
attractor. To this end, set I = lim,_., inf x,, and S = lim,,_,, sup x,, which by Theorem 2.7 exist
and are positive numbers. Then, from (2.6) we deduce that

S < a-pS a—pI

SYSG+nr 12y @GeDns (3-1)

Consequently, we have
—a+ ([ +PS<O+DIS<—a+ (y+ P, (3.2)

from which it follows that I = S. Thus, the the proof of Theorem 3.1 is completed. O
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Lemma 3.2 (see [8]). Consider the difference equation
Xni1 = f (X0, Xpk), k>1,n1=0,1,2,.... (3.3)

Let [a, b] be some interval of real numbers, and assume that f:[a,b] x [a,b]—]a,b] is a continuous
function satisfying the following properties:

(@) f(u,v) is a nonincreasing function in u, and a nondecreasing function in v;
(b) if (m, M) € [a,b] x [a,b] is a solution of the system
m=f(Mm), M= f(m,M), (3.4)
then, m = M.
Then, (3.3) has a unique equilibrium point X and every solution of (3.3) converges to X.

Theorem 3.3. Assume that conditions (2.7) and (2.18) hold. Then, the positive equilibrium X of (2.6)
is a global attractor with a basin S* = [0, a/ f]**".

Proof. For u,v € [0, a/p], set

a—pu
fu,0) = T—bu-ov (35)
We claim that f:[0,a/f] x [0,a/p]—[0,a/p]. In fact, if we set a =0, b = a/p, then
a—pb a-a
f(b'a)_y—(‘ib—a_y—&(a/ﬂ)_O_a' (3.6)
and in view of the condition (2.18), we have
flab) = =P a__ Px _a_y (3.7)

y-6a-b y-a/p yp-a P

Since f(u,v) is decreasing in u and increasing in v, it follows that a < f(u,v) < b, for all
u,v € [a,b], which implies that our assertion is true. On the other hand, conditions (a) and
(b) of Lemma 3.2 are clearly true. Let {x,} be a solution of (2.6) with the initial conditions
(X—k, X_ks1, .- -, X-1,X0) € S. By Lemma 3.2, we have lim,_,.,x, = X. The proof is completed. [

Theorem 3.4. Assume that the conditions (2.7) and (2.18) hold. Then, the positive equilibrium X of
(2.6) is a global attractor with a basin S* = (—oo,oc/ﬂ]k x [0, a/p].

Proof. Let {x,} be a solution of (2.6) with the initial conditions x_k, X_1,...,x-1, X0 € S*. Then,
by Theorem 2.7, we have

X, € [o,%], n=1,2,.... (3.8)

By Theorem 3.3, we have lim, ..o X4k = X and so lim,,_.;x,, = X. The proof is completed. |
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Theorem 3.5. Assume that conditions (2.7) hold with 0 < 6 < 1. Also, assume that k is an odd positive
integer. Then, the necessary and sufficient condition for (2.6) to have positive solutions of prime period
two is that

por-p <a< TPy ap-50-p). 69)

Proof. First, suppose that there exist distinctive positive solutions of prime period two,

...,PQ,PQ,... (3.10)

of the difference equation (2.6).
If k is odd, then x,.1 = x,_. It follows from the difference equation (2.6) that

_a-pQ _a-pP
“y-ee-r CTymer-q e
Consequently, we obtain
PeQ=y-p ~po="PUZD (3.12)
Thus, we deduce that
a> By -p), 0<o6<1. (3.13)
Now it is clear that P, Q are two positive distinct real roots of the quadratic equation
- (P+Q)t+PQ=0. (3.14)
Therefore, we have
dla-pk-P)
(r-p°> %5] (3.15)

From (3.13) and (3.15) we obtain condition (3.9). Conversely, suppose that the condition (3.9)
is valid. Then, we deduce that (3.13) and (3.15) hold. Consequently, there exists two positive
distinct real numbers P and Q such that

(3.16)

(3.17)
where K > 0 is given by

K=(Y—ﬁ)2—4[w], 0<6<1. (3.18)
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Thus, P and Q given by (3.16) and (3.17) represent two positive distinct real roots of the

quadratic equation (3.14). Now, we are going to prove that P and Q given by (3.16) and (3.17)

are positive solutions of prime period two of the difference equation (2.6). To this end, we

assume that x_x = P, x_41 =Q,..., x.1 = P, xg = Q. We wish to prove that x; = Pand x; = Q.
It follows from the difference equation (2.6) and the formulas (3.16) and (3.17) that

a - Pxo
= Yy —6x0— x_k
__a-po
y-6Q-P
_ 2a - By - p+ VK]
2y-8[y-p+ VK| - [y-p- VK]
pl2a/p-(y-p) - VK]
2y = (1+6)(y-p) + (1-6)VK

:<L\ {2a/p-(y - p-VK}2y/(1 - 6)-((1+6)/(1-6)) (y-p) - VK] .
1-6/2y/(1- 6)-((1+6)/(1-6)) (y-B) +VK }{2y/ (1-6) - (1+6) / (1-6)) (y—-B) ~VK
(3.19)
After some reduction, we deduce that
_( B \[eQ-8)+p][y-p-VK]/p(1-6) y-p-VK _
2= (15)" pa e e 2 TR O
Similarly, we can show that,
B a— px; _a—-pP
Y2 Y T 6x — X _Y-5P—Q_Q‘ (3.21)
By using the induction, we have
x, =P, x,1=0Q, Vn>-k. (3.22)

Thus, the difference equation (2.6) has positive solutions of prime period two. Hence, the proof
of Theorem 3.5 is completed. O

Theorem 3.6. Assume that the conditions (2.7) hold. If k is even, then (2.6) has no positive solutions
of prime period two.

Proof. Suppose that there exists distinctive positive solutions of prime period two,

..,PQ,PQ,... (3.23)

of the difference equation (2.6).
If k is even, then x,, = x,,_k. It follows from the difference equation (2.6) that
p-_o P 5 2 PP
Y- G+1Q y-G+1)P
From which we have (y — g)(P - Q) = 0 and by using (2.7), we deduce that P = Q. This is a
contradiction. Thus, the proof of Theorem 3.6 is completed. O

(3.24)
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4. The case a =0

Secondly, we study the rational recursive sequence

—px,

_—, n=01,2,..., 4.1
Y — O0Xp — Xn—k (4.1)

Xp+1 =

where 6 >0, y, > 0 are real numbers and k € {1,2,...}. By putting x,, = By, (4.1) yields

~Yn

n =, = ,1,2,..., 42
Yn+1 A_(Syn_yn—k n=0 ( )
where A = y/p. Equation (4.2) has two equilibrium points

_ _ 1+A
yl_of Y= 1+6° (4.3)

The linearized equation associated with (4.2) about the equilibria i/, (i =1,2)is

1- 06y, Y;
TA-G+hy, " A-(6+ Dy, "t

Zp41 =0. (4.4)
The characteristic equation of (4.4) about the equilibrium y, = (1+ A)/(1+6) is

A g 0. (4.5)

A1), A+l _
5+1 6+1

Now, we deduce from (4.5) the following results:

(a) if 6 = 0, and since A +1 > 1, then the equilibrium ¥, is unstable (see [7]);
(b) if A> 6 >0, and since (A +1)/(6 + 1) > 1, then the equilibrium ¥, is unstable;
(c) if A = 6, then

6A-1
o6+1

6+1

E

Now, we have the following results from case (c): (i) if A = 6 > 1, then the equilibrium v, is
unstable; (ii) if 0 < A = 6 < 1, then the equilibrium ¥, is unstable; (iii) if A = 6 = 1, then the
linearized stability analysis fails;

(d)ifl<A<§,

6A-1 A+1| 6A-1 A+1 A(b6+1)
6+1‘ 6+1‘_ 6+1 " 6+1 641 =A>1, 47)
and hence the equilibrium vy, is unstable;
(e)if A<6<1,
6A-1 A+1| 1-6A+1+A A
= > —(1- > .
6+1 ‘+ 6+1‘ 6+1 _1+2(1 o)21, (48)

and hence the equilibrium ¥, is unstable.
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The characteristic equation of (4.4) about the equilibrium 1, = 0 is

PLaR %Ak =0. (4.9)

This equation has two roots

M=0, Ap=- (4.10)

1
T
Now, we deduce from (4.10) the following results:

(i) if A > 1, then the equilibrium ¥, = 0 is locally asymptotically stable (see Figure 3);
(ii) if 0 < A < 1, then the equilibrium y, = 0 is unstable (see Figure 4);
(iii) if A =1, then the linearized stability analysis fails.

In the following results, we assume that A > 6 + 2, where 6 > 0.
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Lemma 4.1. Assume that the initial conditions y_; € [-1,1], fori = 1,2,...,k and yo € [-1,0].
Then, {yon-1} is nonnegative and monotonically decreasing to zero, while {y,,} is nonpositive and
monotonically increasing to zero.

Proof. Suppose that y_; € [-1,1], fori = 1,2,...,k and yo € [-1,0]. Clearly, 0 < y; < 1 and
-1 <y, £0. By induction, we can see that 0 < y5,.1 < 1and -1 <y, <0 forn > 1.
IfA>6+2, 6 >0wehave

Yon-1

Yo = (A= 6yon — Yonk) (A= 6Yon-1 — Yon-k1) > 1, (4.11)
n+

and hence

Yon-1 > Yo+, N = 1, 2, e (412)

Similarly, we can show that y2, < Y2442, 1 =1,2,.... The proof of Lemma 4.1 is completed. [J

On using arguments similar to that used in Lemma 4.1, we can easily prove the following
lemma.

Lemma 4.2. Assume that the initial conditions y_; € [-1,1], for i = 1,2,...,k and yo € [0,1].
Then, {yau-1} is nonpositive and monotonically increasing to zero, while {y,,} is nonnegative and
monotonically decreasing to zero.

Corollary 4.3. The equilibrium point y, = 0 of (4.1) is a global attractor with a basin S* = [-1, 1]+

Theorem 4.4. The equilibrium point y, = 0 of (4.1) is a global attractor with a basin S* = (-0, 11% x
[(FA+1)/(6+1),(A-1)/(6+1)], where 6 > 0.

Proof. Assuming that the initial conditions y_¢, y_x+1,...,y-1,¥0 € S*. If A > 6 +2, with 6 > 0,
then we deduce that

(1-A4)/0+6) _ —Yo (A-1)/06+1) _

—1<—_y1= < =
A-6Yo- Y-k A-0yo-yx~ (A-1)/(6+1)

1,

(4.13)
-1 _yl

d<——— <y < <
A-0y1—Y-kn A-6y1—Yan = A-6-1

1.

By induction, it follows that y; € [-1,1] for i > 1. Thus, the proof of Theorem 4.4 follows from
Corollary 4.3. 0

Theorem 4.5. If A > 1, then the equilibrium point iy, = 0 of (4.2) is globally asymptotically stable.

Finally, on using arguments similar to that used in Theorems 3.5 and 3.6, we can prove
easily the following results.
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Theorem 4.6. Assume that 6 and A > 1. If k is an odd positive integer, then the necessary and
sufficient condition for (4.2) to have positive solutions of prime period two is that (see Figure 5)

(A-1)6> A +3. (4.14)

Theorem 4.7. If k is an even positive integer, then (4.2) has no positive solutions of prime period two
(see Figure 6).
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