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1. Introduction

In [1], we studied some arithmetic relations among the classical numbers:

= 1 (-1)”
A =y >2), >1). 1.1
(m) é(zvn)" (n22) Z(2v+1) (n21) (1)
In this paper, we extend this analysis to the remaining
® 1 o) 1)1) 1
(=3 — (n22),  nm)= Z n>1). (12)
v=1 p=1

Although the numbers A(n), {(n), and 7(n) are related to each other through the identities
An) = (1-27")¢(n), n(n)=@0-2"")¢mn), (n>2) (1.3)
(n(1) = In2) and thus
n(n) +4(n) =2(n) (n22), (1.4)

we will use all of them in order to keep the algebraic expressions as simple as possible.


mailto:jm.amigo@umh.es

2 International Journal of Mathematics and Mathematical Sciences

For k > 2, define

k-1 A(2j)
D(k) =2 22 B kD) (1.5)
It will be shown below that these numbers can be alternatively expressed as
1 k-1 e 2

Indefinite integrals of this type were considered by Ramanujan [2, page 260]. The constants
D(k) have the property of relating the values of {-numbers (eventually, #- or A-numbers)
with odd argument to the elementary values ¢(2n) = (2,71')2"|B2n|/ 2(2n)! (where By, are the
Bernoullian numbers) as, for example, in

n 2n7
S e = 23 ceeen-2+0+ Elbensy ay)

j=0 ] =1

(if n = O, the first term on the right hand side of (1.7) has to be dropped). This and other
formulas expressing the numbers D(k) by means of sums of reciprocal powers with odd
arguments and, conversely, 7(2n + 1), {(2n + 1), and A(2n + 1) via D(k) will be proved
in Section 2 (see Propositions 2.2 and 2.4, and Corollary 2.6 below) using some generating
functions defined by the numbers A(n), n(n), ¢{(n), and D(n). The properties of these
generating functions, which are given as expansions both in powers and in partial fractions,
will be instrumental for most of the subsequent results.

Sections 3, 4 deal with the numbers D(k) and with the classical sums of reciprocal
powers, respectively. In particular, Section 3 is mainly devoted to the calculation of several
series containing D(k). In Section 4, the focus changes onto some particular series whose
terms contain A-, -, -, and L-numbers like, for example,

S (¢ @n) - {@2n +1)) = % S (¢@n+1)-1@2n) =0. (1.8)
n=1 n=1

Finally, in the brief Section 5, the generating function of the numbers D(k) is expressed
using the Psi (Digamma) function ¢(x) =T’ "(x)/T(x).

2. Main statements

Define the generating functions A(x), £(x), and Z(x) by
AG) = Y Mmx"", Ex) = Y, R(x) = D im)x", (2.1)
n=2 n=1 n=2

where, in principle, x € C (since lim,_,,,A (1) = lim,_7(n) = lim,_¢(n) = 1, these formal
power series converge only for |x| < 1). Furthermore, denote by A, (x) and A_(x) the even
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and odd parts, respectively, of A(x) and similarly for £.(x) and Z.(x). Then, the following
identities hold [3, 4.3.67/68/70]:

ax 4 & ome1 4
tan -5 = ;n;/\(Zn)x = ;A—(x) (Ix] < 1), (2.2)
1 2 & 1 2
- = 2 2n-1 - —& 1
cSC X . + ”nzﬂﬂ( n)x = + ][é (x) (0<|x|<1), (2.3)

1

cotarx = ]% - %;g(Zn)xzn_l = %2_(90 (0 < |x| < 1). (2.4)

Owing to (1.3) and (1.4), the above generating functions fulfill the trivial relations

E(x) = Z(x) - 2<§> +1n2, Ax) = Z(x) - %2<§)' (2.5)

E(x) + Z(x) =2A(x) +In2,

respectively.
On substituting the definitions of A(n), n(n), and ¢(n) into the corresponding
generating functions, we find the following expansions in partial fractions:

. e 1 1 ~ ) (_1)v—1
A(x)_z<2v+1—x_2v+1)' 6(x)—z v-x’

v=0 v=1

. . . (2.6)
Z(x) = ;:;(v—x - ;>
In particular, the expansions
€)= 20 +E() = S
v=1 ve-x
. (2.7)
Zi(x) = %(2(96) +2(-x)) = ;(ﬁ - %>
will be used below.
Proposition 2.1. The integral representation (1.6) holds.
Proof. Let f(t) = tan(irt/2). By repeated partial integration, one gets
1 ! "
fo #F -t = f§<0) i k(j;c(f)l) T k(K +f1§(<)z)< o) os)

~ 0 f(v)(o)
CEk(k+1) - (k+v)
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where according to the Taylor expansion (2.2),

if v=2j,j€N,
£0) = Lo (29)
4(2] DIAQ2j)/ 7, ifv=2j-1,j€N.
Hence,
k-1 /2 1 T ﬂ.k 1
_xF i 4(2j - )N(Q2j)/
C2(k-1)!“k(k+1)---(k+2j-1)
= / (2.10)
r= A(2))
=2 k-1 i -
;2]- (2j+k-1)
= D(k). O
Since, for0<x <a/2andn €N,
1 T n+1
< (=
x"cotx < o (2> , (2.11)

it follows that lim,,_,.,, D(n + 1) = 0 faster (in fact, much faster) than o™ /8nn!.

Proposition 2.2. The numbers D (k) (k > 2) can be evaluated in terms of (1), n(3),...,n(2|k/2] -
1), supplemented with A(k) if k is odd, by the formula

|k/2| k 2j+1 0 (k even)
D(k 1)/ ’ ’ 2.12
(k) = Z 1 (k-2j+ 1)'"( j-+ {(—1)"“1)/22)L(k), (k odd). (212)
Proof. For each v € N, we have upon k — 1 integrations by parts
2k 2 k-1
m J‘O t sin 2vt dt
2.1
k/2] ) k=2j+1 (1) (k even), (2.13)
= 31y + 1-(-1)”
= (k=2j+ 1)l v2-1 (- 1)<’< D2, (k odd).
%
Sum now both sides on v, 1 < v < N, and use the identity [4, 1.342(1)]
N
Z sin 2vt = sin(IN + 1)t sin Ntcsct = —(Cos t —cos(2N + 1)t)csct, (2.14)
v=1
to get on the left side
2* 2 k-1
m; IO t sin 2vt dt
(2.15)

2k—l ar/2 1 tk—l
= W J;) <t cott — ECOS(ZN + 1)t>dt

To finish the proof, let N — oo and use the Riemann-Lebesgue lemma. O
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In particular,
s
D(2) = ﬂﬂ(l) =xln2 (2.16)

asin [4, 3.747(7)], and

D(@3) = %2 In2 - 24(3) = ”72 In2 - Zg(e,) (2.17)

asin [5,4.2(3)]. Other expressions for D (k) different from (2.12) can be found in [4, 3.748(2)].

Due to the definition (1.5) and formula (2.12), each number D(k) embodies a relation
among all elementary values 1(2j) and a finite number of their nonelementary counterparts
A(2j + 1), namely,

e A(2)) B N R €V Ry
ZZj~-(2j+2k—1)_§]§_)] PR TESVIEAT A

j=1

! (2.18)
S A2) 1S 1 _A/r )72 k)‘(2k+1)
§2j---(2j+2k) - E}z; DV Gz 1@ -+

fork > 1.
Define next the generating function
D(x) = > D(n)(ix)"". (2.19)
n=2

Owing to the vanishing rate of the coefficients D(n), this power series is convergent for all
x € C. Then,

a/2 n-1 ar/2
D(x) = fo ttz (zzx_t)l = L (e - 1) cottdt. (2.20)

Furthermore, let 9. (x) and D_(x) be the even and odd parts of D(x), that is,

D, (x) = iD(Zn +1)(ix)*" = i(—l)"D(Zn +1)x%"

n=1 n=1

/2
= f (cos2xt —1) cottdt,

‘ (2.21)

D_(x) = iD(Zn)(ix)zn‘l = ii(-n"—lp(zn)x%-l
n=1 n=1

ar/2
= if sin 2xt cott dt.
0

Thus, if x is meant to be real, D.(x) and (1/i)D_(x) are the real and imaginary part,
respectively, of D(x).
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Proposition 2.3. The following relations hold:
D, (x) = cos(rx)é(x) + Zi(x) —1In2,

(2.22)
D_(x) =isin(orx)éy(x).
Proof. We claim that
D(x) = &, (x) + B, (x) —In2. (2.23)
In fact, from
/2 Jl'/2
D(x) = f (e — 1) cottdt = ZZJ‘ e —1)sin 2vtdt,
0
(2.24)
ar/2 v=1 1TXx /2 v-1
ot () e 4y . 1 (1)
J;) e sin 2vtdt = W, ’[O sin 2vtdt = T,
we obtain
- 0 (_1)v—1v 0 ") 1 oo (_1)v—1
%(x)=e”;v2_x2 +; e e —% o (2.25)
Comparison with (2.7) proves the claim. Take now even and odd parts. O
Solving for &£, (x) and 2+ (x) in (2.22), we get the identities
Ei(x) = —csc (rx)D_(x) (0<|x|<1), (2.26)
Z,(x) =9, (x)+icot(rx)D_(x) +In2 (0<|x| <1), (2.27)

which lead to a kind of converse of Proposition 2.2.

Proposition 2.4. The numbers n(2n+1) and {(2n+1),n > 1, can be expressed in terms of the D (k)
and the elementary values 1(2k) and {(2k) by

n@n+1) = Z( 1) 'y@2n - 2]+2)D(2])+( Dk D(2n +2),
T . (2.28)
¢2n+1) = Z( 1)7'¢(2n - 2j+2)D(2j) + (-1)"D(2n +1) + = 2_ D(2n +2).
] =1
Proof. (1) Equation (2.26) reads explicitly (use 77(0) = 1/2in (2.3)),
iq(2n+1)x2n
n=0
1
= Sosc (rx)D_(x)
— 2n 1 j-1 2] 1
mZn(Zn ]le 17 D(2j)x -
= —i nZH( 1)/'y(2n - 2j +2)D(2j)x*"
n =0 j=1
2L 1 D"
—D(2) + ;Z<Z( ~1)'(@2n - 2j +2)D(2j) + 5 D(2n+2)>
n=1 \j=1
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(2) The second identity follows from (2.27) since (use ¢(0) = -1/2in (2.4)),
cot(arx)D_(x)

= ——Zg (2n)x*" 121( ~1)/'D(2j)x¥

j=1
j &2 [l . (2.30)
_ A <Z(-1)11g(2n -2j+ 2)D(zj)>x2"
T =0 \j=1
= iD(z) - §i i(—l)j_lg(Zn —-2j+2)D(2j) + S DQn+2) )x?
T T \j= ! ! 2
O
Remark 2.5. Equation (1.7) is nothing else but the formula
1

cos(arx)é, (x) = H cot(rx)D_(x) (2.31)

written explicitly. Indeed,

2n

cos(rx)é (x) = Z( 1" Z”Zq 2j - 1)x2i2

[*) 2n—2'
- Z(Z( —2 )|11(2] + 1)> (2.32)

n=0

2n—2‘

j
=7(1) +Z<Z( —2 ),q(2j+1)>x2",
and cot(rx)D_(x) was calculated in the last proof. For n = 1 one gets the representation

5 2 2 16 ar/2 5
¢(3) = —.71' ln2——D(4) § In 2—% t’ cott dt. (2.33)
0

Equation (1.7) and also the first formula of Proposition 2.4 show that 7(2n + 1) (and,
for that case, ((2n+1) and A(2n+1)) can be expressed in terms of only D(2), D(4), ..., D(2n+
2). Furthermore, adding the two formulas of Proposition 2.4 and using (1.4), we obtain the
following result.

Corollary 2.6. Forn>1,

A2n+1) = Z( 1)7'A(2n - 2j +2)D(2f) + ( ;)n
] 1

D(@2n +1). (2.34)

For n =1, we recover (2.17).
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3. Summation formulas for the D(k)s

Before deriving more relations involving the sums of reciprocal powers, we obtain next some
“summation” formulas for the numbers D(k). Two (integral) summation formulas follow
trivially from the very definition of the generating function ®(x) and (2.20), namely,

gD(n) -2(3) - Jm(em -1 cottdt,

0

i (3.1)
> (-1)"D(n) = -(i) = f (1-e ) cottdt.
n=2 0
Also,
© /2
D(-1)"'D@n+1)=9.(1) = j (cos2t — 1) cottdt = -1, (3.2)
n=1 0
i(—l)"w—% <1> 1 Wz(cost—l)cottdt—an—l (3.3)
o 221 =Dy > = > o = ’ .
o0 1 JI'/Z ar
> (-1)"'D(@2n) = ?%,(1) = f sin 2t cot t dt = > (3.4)
= 0
waD@n) 1 1\ (7. ~
Z( 1y = 72(5) = ) sin tcottdt = 1. (3.5)
Other similar series can be also straightforwardly deduced after differentiating (2.21),
[ee] 1 , JT/Z
Z(—l)"*lnD(Zn + a2t = §9+(x) = j tsin 2xt cott dt,
=1 0
! (3.6)
[ee) 1 , JZ'/Z
Z(—l)wrl (2n-1)D(2n)x*"2 = ;%,(x) = ZJ‘ t cos 2xt cottdt,
n=1 0
and substituting fixed values for x. In particular, the series
< n+1 1_ 7/2 Jr 1
Z(—l) (2n-1)D(2n) = ?9_(1) =2 tcos2tcottdt = D(2) - 5= In2 - 3
n=1 0
(3.7)

(where cos 2t = 1 - 2sin? ¢, (1.6) and (2.16) were used) will be needed below. Note that from
(3.7) and (3.4), it follows

D(2) = 22(—1)"@(211). (3.8)
n=2

Furthermore, from (2.20), we have

1 1 /2 iTx _ o
9<x+ 5) —%(x—§> =2iJ‘0 e’z"tcostdt=2iﬁ, (3.9)
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so, after separating real and imaginary parts, the equations

1 1 2 .
%+<x+§) —9+<x—§> = 1_43(2(2x—sm TX),

1 1 .2
%,<x+ E) —9,<x— E) = 1mcosyrx

hold for x € R. Letting x — 1/2 one recovers (3.2) and (3.4).

Proposition 3.1. The following identities hold:
(1) Forn=0,1,2,...,

k=1

In particular, for n = 0,

4. DRk+1) 1
Z( 1)k 1k 22k+1 = g(ﬂ'—z)

(2) Forn=0,1,2,...,

< ki (21 +2k=1\ D©2n+2k) 1)
;(_1) < m 202k Z(_ ) (2k)'

Proof. (1) In fact,

%+<x+%>—%+<x—l> Z( 1) D(2k+1)<< ;>2k—(x—%>2k>

= 250:(—1)’(D(2k + 1)I§ < 2k > X2+~ (2k=2n-1)
] S \2n+1

& 2n+2k\ D(2n+ 1+ 2k)
2n+3 n+k
=27 Z(Z( 1) < 2n+1 > 22n+1+2k

k=1

Comparison with (3.10), that is,

1 ) " 2n+ N o] .
m(Zx—sm rx) = ((2 )X + Z( 1) @ne )l 1), x? +1>ZO (2x)
j=

8

2k+1

2n+1 k+1 T 2n+l
2H+Z<2+Z( 1)+ 2k+1)'> n+,

where |x| < 1 yields the result.

S gt (2n+ 2K\ D@2n+1+ 2k) _ (D" r2k+1
Z(_l) ( m+1 > 22n+1+2k 4 (Z(_ ) (2k n 1)' 2> .

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

nz_](z 7r)(2x)2"+1+Z<Z( 1kt (27;( 1)|>(2x)2"+1 (3.16)
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(2) Analogously to (1), the summation formula follows comparing

o (x+1) -2 (x-1)

3.17
— 2n+2; <[ < 1)n+k+l 2n+2k -1 D(2n + 2k) on ( )

=2 246D ) )X

n=0 \ k=1 n
with (3.11), that is,
2 Cos X = 2ii(—1)" il xzni(zx)zf = 22"+1i§ i( 1)* il X2 3.18
1-4x2 —ALE eyt 2 = 2\ 20 oy ) BI8)
= j=0 n=0 \ k=0

where |x| < 1. -

Of course, all these summation formulas can be also checked using the integral
representation (1.6). Finally, a finite summation formula can be derived in the following way.
Forn >1,

[ @ -G tan<%—f>df=f:“ [i +) <>]<>
Z> n M t cott dt

i( Dk <"> i kk—D<k+1>

k=1 k
(3.19)
Therefore, changing the variable in the integral, we get
n /2 n
Z( 1)k 1 T 1) = 2 f <<f> - t”) tan tdt. (3.20)
- k)! n! Jo 2

4. Further relations

From the close-form expressions obtained in the previous sections, we can derive a number
of interesting results for series containing, in turn, the series {(n), A(n), or 7(n). For
completeness, we will also include the series L(n), what requires the consideration of a new
generating function C(x) defined in [1]. As a first example, we will prove the following
proposition.



José Maria Amig6

Proposition 4.1. The following identities hold true:

<¢(2n) 1 < ¢(2n + 1) 1
Z1 2o D’ Z 22+l 2_5
A2n) SA2n+1) 1
; 22n ]’ ; 22+l Zan’
—n(2n) 1/m n2n+1) 1
Zl 22n - E E - 4 Z 22n+1 9
&L(2n) V2 L2n+1) xV/2
; >on = T In <]. + \/E), nZ 2+l 3 .
Note, in particular, the series
<o) nn _x
nZ:zzn =In2, §2n =7
Proof. (1) Setting x =1/2in (2.27), we get
1 1
2.(1)-2.() vz
Thus, by (3.3),
¢c@2n+1) 1 <1>_1 <1> 1 3 1
Z i =523+(5) =5%(5)+5mm2=In2- 2.

On the other hand (see (2.4)),

Adding up the even and odd parts, we get

n
n=2 2

(2) Setting x =1/21in (2.26), we get

«(3)-72()

> =50(3) =52 (3) -
Z 22n+1 2"‘* 2 ‘21'%‘ 2) "

Hence, by (3.5),

S g, i(—l)”%—’;) -1-In2.
n=2

1
5

11

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)
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On the other hand, by (2.3),

X (Zn) _ 1 1\ 1/o
Z =5¢ <§> ‘§<5_1>‘ (4.9)
Adding up the even and odd parts, we get
onmn) o < yret 11(") T
— =1-—. 4.1
SEP-1 S : (4.10)
(3) In [1], it is proved that, for |x| <1,
Z)L(Zn + D = A, (x) = Cy(x) + = tan —C (x) (4.11)
n=1
holds, where
1 (™% cosxt—1 i (/2 sin xt
C+(.X') = z ’[O Wdt, C_(.X') = E J‘O Sin £ dt. (412)
Hence,
SA2n) 1 1 a
=-A(=z)== 4.1
; 22n 2 (2) 8 (4.13)
by (2.2), and
A2n+1) 1. /1\ 1. /1\ 1, /1\ 1
——=-A (=) ==Ci = —C_ (=) =-1In2, 4.14
nzﬂ 2wl -2 <2> P <2>+21C (2) gn2 (4.14)
since
1\ 1 ("2 cos(t/2)-1
C+<§> - EI sin t dt
= 1ln 2
2 1+2
1\ i (™ (4.15)
C_<§> =5 fo sectdt
= —Intan 3_7r
2 8
=—In <1 + \f2>

(4.16)
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(4) In [1], it is proved that

ZL(2n +1)x*" = £, (x) = 7 sec E, (4.17)
o 4 2
E:L(Zn)xz’l‘1 =L (x)= %sec %C_(x), (4.18)

n=1

for |x| < 1. Hence,

n=1
(4.19)
SL2n+1) 1 1\ =« r 72
nZ:o 2t - 2£+<2> "84T8
Adding up the even and odd parts,
& Ln) xv2 o1
= In(1 2
o = () (4:20)
4.20
& L(n) xv2 1
-1t = - In(1++2).
E( " 8 2v2 n< +f>
O

The next theorem shows that more challenging results can be achieved by being
slightly more sophisticated.

Theorem 4.2. The following equalities hold true:

(@@ ~¢en+1) =, S (n2n) ~n@2n-1) =2,

> (A@2n) - A@2n+1)) =In2-1, > (L2n)-L(2n-1)) = %(1 —-In2),
S¢@n+1) - A2n) =0, S (@n+1) - n@n) = 5,

> (G@n+1)-L@2n+1)) = %(% - 1), > (4(@2n) - 1(@2n+1)) =In2,

> (A@n+1)-n(2n)) =1-1n2, > (AM@n+1)-L@2n+1)) = % ~In2, o
>.(@2n)-n(2n-1)) = % +In2, > (A2n) -n(2n-1)) =In2,

> (@L@En-1)-n@2n-1))=In2- % > (¢(@2n) - L(2n)) = %(1 +1n2),

> (6(@2n+1)-L(2n)) = %mz, > (A(2n) - L(2n)) = %mz,

> (A2n+1) - L(2n)) = %(1 —-1In2), > (L(2n) —-n(2n)) = %(1 —-In2),

> (L@2n) -n(2n-1)) = % In2,

where all the series start with n = 1.
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Proof. We will proceed left to right and top to bottom.
(1) From (2.4) and (2.27), it follows

3 (¢(an) - {@n + )5 = x2_(x) - 2.(x)
n=1

(4.22)
= % - %x cot(orx) — D, (x) —icot(orx)D_(x) —In2
for |x| < 1. Thus, by the Tauber theorem [6], (3.2) and (3.7),
D.(¢n) -¢@n+1)) = J}LI{EZ(é(Zn) —¢(@2n+1))x*
n=1 n=1
1
=5 D,(1) -In2 - }1_{{1_ cot(arx) (%x + i%-(x)) (4.23)

1 1 i 1
—§+1—ln2—<§+;%_(1)> —E,

where we have used the L’'Hopital rule in the last line. We will use L’'Hopital’s rule also in the
sequel to resolve indeterminacies.
(2) From (2.3) and (2.26), it follows

i(q(Zn) ~n2n-1)x*"1 =& (x) - x&.(x) = —% + %CSC (orx) +ix csc (orx)D_(x)

n=1

(4.24)
for 0 < |x| < 1. Thus, by Tauber’s theorem, (3.4) and (3.7),
2, (n@2n) =n@2n-1)) = lim 3 (n(2n) - n(2n - 1))x*""
n=1 n=1
= —1 + lim csc (orx) <z + ix%,(x)> (4.25)
2 x-l- 2
1 i ) 1
==5" ;(%_(1) +9 (1)) =In2- 5
(3) Analogously, from (2.2) and (4.11),
Z()L(Zn) -A2n+1)) = linll (xA_(x) = Ay (x))
n=1 =i
) T JTX . ax
= }L%l<zxtan - Ci(x) +itan 7C,(x)>
(4.26)

) ax [ I .
=-C:(1) + ,}g?_ tan > (Zx + 1C,(x)>

- —c.(1) - (% + %CL(U)

=In2-1,
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since (see (4.12))

ar /2

1 1
C.(1)== I (cott —csct)dt = —=1n2, (4.27)
2), 2
, /2 T
C.(1)= lzf tcottdt =iD(2) = iZ In2. (4.28)
0

(4) Using (4.18), (4.17), and (4.28), it follows

D(L@n) - L2n-1)) = Lim (£-(x) - 2L (x))

n=1

1
= lim (—, sec J%C_(x) - zxsec: E)

x—1-\1 4 2 (429)
= J}LI{E sec ]% (%C_(x) - %x)
2 1 1
= _EC_(l) +5= E(l —In2).
(5) From (2.27), (2.2), and (3.7), we get
> (¢@n+1) - 1(2n))
n=1
= lim (2, (x) - xA-(x))
—1im (9 . @ o - T aIx
= xg{l_( +(x) +icot(rx)D_(x) +1In2 - than 7) (4.30)
=9,(1)+In2+ %}Lr{[tan %(i(cotz? - 1>%_(x) - %x)
=-1+In2+ %(i%%’_u) + 1) =0.
(6) From (2.27), (2.3), and (3.7), we get
>(¢@n+1) -n(2n))
n=1
= 111{1_(2+(x) - xé_(x))
. . 1 o
= )}1}11_ <%+ (x) +icot(rx)D_(x) +In2 + 5~ gXcsc er> (4.31)

=9, (1)+In2+ % + lir? cscm’x(i cos rxD_(x) — %x)

1 i 1 1
= 9.4_(1) +In2+ E + ;%_(1) + E = E



16

International Journal of Mathematics and Mathematical Sciences

(7) From (2.27), (4.17), and (3.7), we get

i(g(Zn +1)-L(2n+1))
n=1

- ,}L‘{‘_(z+(x) - 2L,(x)+L(1))

= linlni <%+(x) +icot(rx)D_(x) +In2 - %sec % + %) (4.32)
B ar 1. ax (. . JTX 5 TTX ar
=9,(1)+In2+ 1 +2;Lr{1_sec 5 <zsm 5 (cot > 1>%,(x) 2>
a0 1/
——1+ln2+z+;9_(1)—§<5—1>.
(8) From (2.4), (4.11), and (4.28), we get
> (5(2n) - A(2n +1))
n=1
= lir? (xZ_(x) = Av(x))
—im (£ - Zxcotorx - C.(x) - - tan ZXC_(x) 4
—xl_)r{l_ 5 2xco TX +(x ; an 5 _(x (_33)
11 . ax (o 2 TX 1
=3 + §1n2 }Lr{ltan7<zx<cot - 1> + ;C_(x)>

1 1 2
= E(l +h’12) — (z — EC7(1)> =1n 2.

(9) From (4.11), (2.3), and (4.28), we get

[ee]

> (A2n+1) -5 (2n))

n=1

= lim (A (x) - x&(x))

JIX

. 1
= }L1111_<C+(x) + n tan 5

1 o
C_(x)+ 5~ gXcsc er> (4.34)

1 . ax (1 . ax a ax
=C,(1)+ 3 + xh_)nl1_sec 7(; sin TC_(x) - gxesc 7)

1 1 2 1
——§1n2+§—EC_(1)+§—1—1n2.
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(10) From (4.11), (4.17), and (4.28), we get
> (A@2n+1)-L@2n+1))
n=1
= lim (A4 (x) - £,(x) + L(1))
. 1 ax I TX T
= ,}E{l(a(x) + n tan TC_(x) ~ g% + Z) (4.35)
a . ax (1 . @x a
=C,(1)+ 1 + J}1_{{1_ sec 7<; sin ?C_(x) - Z)
1 T 2 T
= —§1n2+ Z — EC_(]) = Z —-In2.
(11) From (2.4), (2.26), (3.4), and (3.7), we get

S (@(@m) ~n@n 1)) = lim (Z-(x) - x&.(x))

=1

B

1 1
= 1ir{1 <2— - % cotarx — —,xcscyrx%_(x)>
oA eX ! (4.36)

x—1-

1 1
= - — lim cscn‘x(yz—rcosyrx + ?x%_(x)>

1 1 : 1
=5+ @1 +2.(1)) = 5 +In2.

(12) From (2.2), (2.26), (3.4), and (3.7), we get

(@)~ n@n - 1)) = lim (A-(x) - x£,(x))

n=1

. I ax 1
= }LIR(Z tan > 3% cscyrx%,(x))

(4.37)

. ax (o . gax 1 TX
= }g{l_sec 7(2 sin —- - S-x csc 7%_(x)>

- Lo m)+9.1)=m2
i
(13) From (4.17), (2.26), and (3.7), we get

§<L<Zn+1> “n@n+ 1)) = lim (£,(2) - £.(x)

= 111111 <% sec y% - l,csc (yrx)%_(x))
o ! (4.38)

1.. ax (o . ax
= Egl_)r?_sec 7<5 +1icsc 7%_(x)>

1 1
- 1) =In?2 - =.
; D (1) =In 5
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(14) From (2.4), (4.18), and (4.28), we get

3 (¢@n) - L) = lim (2-(0) - £.(x)

n=1

. 1 o . JIX
= 9}13{1_(5 —5 cotarx +isec TC_(X))

(4.39)
= % - J}131_ sec ]% (%cosyrxcsc ]% - iC_(x)>
1 2, 1
= E — ;C_(l) = 5(1 +h’12).
(15) From (2.27), (4.18), (3.7), (4.12), and (4.28), we get
> (¢@2n+1) - L(2n))
n=1
= lim (2, (x) - xL_(x))
. . 1 Tx
= ,}E{E <%+ (x) +icot(orx)D_(x) +In2 - X sec TC_(X)> (4.40)
=9,(1)+In2+ 1)}1&1_ sec % < sin % (cotZ% - 1)%,(x) + xC,(x))
=-1+In2+ i%(%’_(l) -C_(1)-C.(1) = %mz.
(16) From (2.2), (4.18), and (4.28), we get
> (A2n) - L(2n)) = Lim (A-(x) - £-(x))
n=1
= 1im ( Z tan ZX 4 isec EC_(x)
x—>1—< 4 2 2 ) (441)
= J}LIR sec % <% sin % + iC_(x)>
2 1
= EC‘(D = Elnz.
(17) From (4.11), (4.18), (4.27), and (4.12), we get
i(A(Zn +1) - L(2n))
n=1
= lim (A4 (x) —x£_(x))
(4.42)

i 1 TX 1 T
= xll_)I{l_ <C+(x) + N tan TC_(X) - gxsec 7C-(x)>

1 . xx [ . TX 1
=C.(1)+ ?C_(l)xlg?_sec 7(51117 - x> = 5(1 —1n2).
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(18) From (4.18), (2.3), and (4.28), we get

D (L2n) ~7(2n) = lim (£-(x) - €-(x))

n=1

1 X 1
= lim ( = sec 22 ¢C_ - _r
1m<i sec — C_(x)+ ox chcyrx>

x—1-

1 X/, X TXx
=5 J}Lr?_ sec —- <1C_(x) + 7 s¢ 7)

1 2 1
= E — EC_(l) = 5(1 —ln2).

(19) From (4.18), (2.26), (4.28), (3.4), and (3.7), we get

Ms

(L(2n) =n(2n -1)) = lim (L (x) - x&(x))

3
]
—_

= linln <% sec %C,(x) - %x csc ﬂ'x%,(x)>

1., JTX x T7x
= ;;1_)1?_ sec —- <C_(x) — 5cse 7%_(x)>

2 1 1 . 1
= —EC_(].) + E%_(l) + E%_(l) = E In2.

5. Enter ¢(x)

19

(4.43)

(4.44)

Let ¢(x), x € C, be the logarithmic derivative of the Gamma function. Then, if |x| < 1 [7,

1.17(5)]
pl1+2) =y + S,
hence [7, 1.7(11)]
Z(x) = —p(1-x) -y = ~g(x) - wcotax -y,
E(x) = B(x) - z(%‘) +1n2 = —g(x) + (,;(%) +rescarx +In2.

It follows
Zi(x)= _‘If+(x) =Y
£(x) =~ () + ¢ (5) +In2,

where ¢, (x) = (g (x) + ¢(-x)) /2.

(5.1)

(5.2)

(5.3)
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Substitution of these expressions for &.(x) and Z.(x) in (2.22) and comparison with
(2.21) yields

gr/2
D, (x) = j (cos2xt — 1) cott dt
0

= —2cos2%qr+(x) + cos Jz'x<qr+ (g) + ln2> -y-1In2,
(5.4)

1 /2
;%, (x) = f sin 2xt cott dt
0

= sin xx( - (x) + q;+<§) +1n2>

respectively.
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