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1. Introduction and preliminaries

Kubiak [1] and Sostak [2] introduced thefundamental concept of a fuzzytopological
structure, as an extension of bothcrisp topology and fuzzy topology [3], in the sensethat not
only the objectsare fuzzified, but also the axiomatics. In [4, 5], Sostak gave some rules and
showed how such an extension can be realized. Chattopadhyay et al. [6] have redefined the
same concept under the name gradation of openness. A general approach to the study of
topological-type structures on fuzzy power sets was developed in [1, 7-10].

As a generalization of fuzzy sets, the notion of intuitionisticfuzzy sets was introduced
by Atanassov [11]. By using intuitionistic fuzzy sets, Coker [12], and Coker and Dimirci
[13] defined the topology of intuitionisticfuzzy sets. Recently, Mondal and Samanta [14]
introduced the notion of intuitionistic gradation of openness of fuzzy sets, where to each
fuzzy subset there is a definite grade of openness and there is a grade of nonopenness.
Thus, the concept of intuitionistic gradation of openness is a generalization of the concept
of gradation of openness and the topology of intuitionistic fuzzy sets.

In this paper, we define (r, s)-quasi-Ty, (r, s)-sub-Ty, (7, s)-To, and (r, s)-T1 spaces in an
intuitionistic fuzzy topological space and investigate some properties of these spaces and the
relationships between them. Moreover, we study properties of subspaces and their products.

Throughout this paper, let X be a nonempty set, I = [0,1], and Iy = (0,1] and I; =
[0,1). For a € I, a(x) = a for all x € X. A fuzzy point x; for t € Iy is an element of IX such
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that

t, ify=x,

11
0, ify#x. a1

xt(y) = {

The set of all fuzzy points in X is denoted by Pt(X). A fuzzy point x; € \ if and only if
t < A(x). A fuzzy set A is quasi-coincident with y, denoted by Aqy, if there exists x € X such
that A(x) + p(x) > 1. If A is not quasi-coincident with y, we denote it by Agu.

Definition 1.1 (see [14]). An intuitionistic gradation of openness (IGO, for short) on X is an
ordered pair (7, 7*) of functions from I* to I such that

(IGO1) T(A) + 7*(\) < 1, forall A € I%,
(1G02) 7(0) =7(1) =1, 7°(0) =7°(1) =0,
(IGO3) T(A1 AXy) > T(A1) AT(Ap) and 75 (A1 A Ap) < T%(A1) V T*(\), for each Ay, Ay € T,
(IGO4) T(Vieati) = NieatXi) and 7 (V;eali) € VieaT* (X)), for each \; € 1%, i € A.
The triplet (X, 7, 7*) is called an intuitionistic fuzzy topological space (IFTS, for short).
7 and 7" may be interpreted as gradation of openness and gradation of nonopenness,
respectively.

An IFTS (X, T, 7*) is called stratified if
(S) (@) =1and 7*(a) =0 foreach a € I.

Let (U, U*) and (7,7*) be IGOs on X. We say (U, U*) is finer than (7,7*) ((7,7*) is
coarser than (%, U*)) if T(1) < U(\) and 7*(A) > U*(A) for all A € IX.

Theorem 1.2 (see [3, 15]). Let (X, T, 7*) be an IFTS. For each r € Iy, s € I, A € IX, an operator
C: IX x Iy x I — IX is defined as follows:

Chrs)= N{ulp=LtQ-p) >r,7"(1-p) <s}. (1.2)

Then it satisfies the following properties:

(1) C(,r,s) =0, C(,r,s)=1,forallr eIy, s € Iy;

(2) CA,1,8) 2 A

(3) C(Ay,1,8) < C(Aa,1,8), if b < Ao)

4) C(Avpu,r,s)=C\,1,s)VC(ur,s) forallr € Iy, s € Iy;

(5) C\,1,s) <CW\ 71,8, ifr <t',s>5, wherer, v’ €Iy, s,s' € I;
(6) C(C(\,1,8),1,5) = C(\,1,5).

Definition 1.3 (see [14]). A function f : (X, 7,7") — (Y, U, U*) is said to be as follows:

(1) IF continuous if 7(f ' (1)) > U(u) and 7*(f 1 () < U*(u), for each p € IY;
(2) IF open if T(u) < U(f(u)) and 7*(u) > U*(f (u)), for each p € I%;

3) IF homeomorphism if and only if f is bijective and both f and f~! are IF continuous.
3) p y ]
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Definition 1.4 (see [16]). Let 0 ¢ ©x be a subset of I*. A pair (f, f*) of functions g, f* : ©x —
is called an IF topological base on X if it satisfies the following conditions:

(B1) p(A) +p*(A) <1,VA € Ox,

(B2) f(1) = Land p*(1) = 0,

(B3) p(M Adp) 2 B(A1) AP(L2) and f* (A1 A L2) < B*(A1) V B*(N2), for each Ay, A, € Ox.

An IF topological base (f, f*) always generates an IGO, (73, TE*) on X in the following
sense.

Theorem 1.5 (see [16]). Let (B, p*) be an IF topological base for X. Define the functions T, Ty
IX — 1 as follows: for each p € I%,

\/{/\ﬂ(#i) } if = \/pi, pi € Ox,

ic] i€

=9 iF =0, (1.3)
0, otherwise,
where \/ is taken over all families {p; € Ox | p = /i pi},
MV} =i weox
. ic] icJ
=90 =0 (14)

1, otherwise,

where |\ is taken over all families {p; € Ox | p = /i pi}. Then
(1) (X, 75, TE*) is an IFTS;
2)Amap f: Y, 7,7°)—= (X, Tﬁ,TE*) is IF continuous if and only if p(A) < 7(f~1()) and
Br(\) > 7*(f1(N)), forall X € Ox.

Lemma 1.6 (see [17]). Let X be a product of the family {X; | i € I'} of sets, and for each i € T,
a; + X — X; a projection map. For each A € 1%, i,j € T, and \; € I, the following properties hold:

(1) i () A L) = L A (M),

(2) if \V yiex, Ai(x") = a; for i € F with each finite index subset F of I' - {j} and put a = |\;cpa;,
then

@) Viex (Nierar (1) (x) = a;
(®) 7i(Niepm; (M) = 2

Definition 1.7. Let (X, 7,7*) be an IFTS, p € IX, x; € P(X), r € Iy, and s € I. It holds that
Q(xi,1,5) = {p € IX | xequ, (u) 27, T°(n) < 5} (1.5)

A fuzzy set p € Q(xy,1,s) is called (7, s)-Q open neighborhood of x;.
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2. Some properties of product intuitionistic fuzzy topological spaces

Theorem 2.1. Let {(X;, 7, 7))}
a map. Let

be a family of IFTSs, let X be a set and foreachi €T, f; : X = X;

iel’

Ox = {Q FU= /n\f];jl(vkj) | Tkj<vk].) >0, ij € K}, (2.1)

=1

for every finite set K = {k1,...,k,} CT. Define the functions p, f* : ©x — 1 on X by

n

B =\/ {_/\1Tk,»(vk,») | p= _/il\lfkjl(vk,-)},
p(u) = /\{ :

(2.2)

n

]

T, (vi,) L= ;\f;;jl(ka) }r
j=1

where \/ and |\ are taken over all finite subsets K = {ky, ky, ..., k,} CT. Then,

(1) (B, p*) is an IF topological base on X;

(2) the IGO, (Tp,TE*) generated by (B, B*) is the coarsest IGO on X for which eachi € T, f; is
IF continuous;

(B)amap f: (Y, 11,T)— (X, 18,7} ) is IF continuous if and only if for eachi € T, f;o f is IF
p 1 prip Y
continuous.

Proof. (B1) It is trivial.
(B2) Since A = £, (1) for each A € (0,1}, f(1) = B(0) = 1 and p*(1) = p*(0) = 0.

(B3) For all finite subsets K = {ky, ..., k,} and J = {ji,...,j;} of I' such that
P 7
L= Nft ), w= NF (i), (2.3)
i=1 i=1
we have
A 1 A 1
wni= (s <Ak,->> (A (/4;',-)>- )
i=1 i=1
Furthermore, we have for each k € KN J,
Fe Que) A fic (i) = i Qe A o) (2.5)

Put A A p = Npekop fm (1) (Pm,), where

A, if mje K-(KnjJ),
P = 3 it mie]-(KnJ), (26)
Ay A, i mj € (KN J).
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We have

panw = N\ 7(p)

jeKU]

> (P ) 1 (A,

(2.7)
panms \ (o)
jeKUJ
P q
< (Va0 ) v (Veiom )
Then, f(A A p) 2 (L) AP(p) and (A A p) < (L) V B ().
(2) For each \; € IYi, one family {fi‘l()t,-) },and i € T, we have
(fit (L) 2 B(fT (L)) 2 7 (h),
(2.8)

75 (F7 () < B (f7 () < 7 (L),

Thus, for each i € T, f; : (X, 73, TE*) — (Xi, 7, 7) is IF continuous. Let f; : (X,7°,7%) —
(Xi, i, 7}) be IF continuous, that is, for each i € T'and \; € I%i, ° (fi‘l()ti)) > 1;(\;) and
T (fl.‘l()x,-)) < 77(\;). For all finite subsets K = {ky,...,k,} of I' such that A = /\leflzil()lki), we
have

p p
T°(4) 2 /\TO (fl;1 (')Lkz)) 2 /\Tki ()‘ki)’
i=1 i=1 (2.9)

P p
() < /77 (f () < V7 ()
i=1 i=1

It implies 7°(1) > B(A) and 7°* (1) < B*(A) for each A € I¥. By Theorem 1.5(2), 7° > 74
and 7%* < TE*.

(B) (=) Let f : (Y, 71,7]) = (X, Tﬂ,TE*) be an IF continuous. For each i € I'and \; € I,
we have

i ((fio /)7 () =n((FH (7 () 2 7(f7 (4))) 2 (),

-1 (2.10)
T ((fio £)7 (W) =7 ((F (71 (W))) <7 (f1 (M) <7 (o).

Hence, fio f : (Y, 71,7) — (X;, 73, 7)) is IF continuous.
(&) For all finite subsets K = {ky,...,k,} of I' such that A = /\lefk_il()tki), since fy, o f :
(Y, 71, 77) — (Xk, This T;;) is IF continuous,

T <f71 (fl;1 ()‘ki))) > T, ()‘ki )' (A)
Tik (f_l (fl;1 ()lk,»))) = Tlti (')Lki ) : (B)
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st =n (5 (Ar'w))

</\f (i <Ak>>>
(U 0w))

Hence, we have

L>"‘

> /i)\T (Ak),  (by (A)),

7 <f-1<x>>—rl< *(/\ () >>

<7\ 1<fk,.1<xk,~>>>

=1

(2.11)

(i (W)))

<= |1<~:

Il
—_

<\/7 (), (by (B)).

It implies 71 (f ' (1)) > B(A) and 77 (f71 (1)) < p*(A) for all A € I*. By Theorem 1.5(2),
[+ (Y,m, 7)) = (X, 75,75) is IF continuous. 0

Definition 2.2. Let (X, 7,7*) be an IFTS and A C X. The triple (A, T|a, 7*|4) is said to be a
subspace of (X, T, 7*) if (7|4, T*| 4) is the coarsest IGO on A for which the inclusion map i is IF
continuous.

Definition 2.3. Let X be the product [];.rX; of the family {(X;,7;,7]) | i € I'} of IFTSs. The
coarsest IGO, (7,7%) = (Q 7, @ 7/) on X for which each the projections o; : X — X is IF
continuous, is called the product IGO of {(7;, ) | i € T'} and (X, 7,7") is called the product
IFTS.

Lemma 2.4. Let (Y, U, U*) be an IFTS and (B,p*) an IF topological base on X. If f
(X, B, B*) — (Y, U, U*) is a function such that (L) < U(f (X)) and p*(A) > U*(f (L)) forall X € Ok,
then f : (X, Tﬂ,TE*) — (Y, U, U*) is IF open.

Proof. Suppose there exists p € IX such that
() > U(f(w) or 75(w) <U(f(p)), (2.12)
then there exists a family {\; € Ox | p = \/;crAi} such that

(1) 2 \BOL) > U(f(w) or 7)< \/B (M) <U(f())- (2.13)

iel iel
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On the other hand, since (1) < U(f(A)) and p*(L) > U*(f (1)) VA € O, then we have

NG < N ) <[V ()] =l (Vo )| = s,

iel’ iel’ i€l iel (214)

Vi) 2 Ve () 22 [V | =2 [ (Vo )| =2 (o).

It is a contradiction. Hence f is IF open. O

Theorem 2.5. Let (X, Tﬂ,T[’;) be a product space of a family {(X;, 7;, 7)) | i € I'} of IFTS’s. Then the
following statements are equivalent:

(1) a projection map r;j : (X, Tp,TE*) — (Xj,Tj,T]f‘) is IF open;

(2) for every p = Niror; ' (Ai) such that \/ .o Xi(x) = a; for each a; € I and i € T, such
that a finite index subset T's of I — {j} and 7;(X;) > 0, then N\;r, 7:(\i) < 7j(a) and
Vier, (L) 2 (@), where a = Ny .

Proof. (1)=(2): For every p = \;cror; 1(\) such that ViexAi(x) = a; foreach a; € I and i € T
such that a finite index subset I', of I' - {j}. By Lemma 1.6(2(b)), we have, for a = ;. a;,

i(p) = Jr]-</\7ri‘1 ()Ll-)) =a. (2.15)

i€T,
Since p € Ox, by Theorem 2.1, we have

A7) <@ <), \/ 7 () 2 (W) 275 (). (2.16)

iel, i€l
Furthermore, since i is IF open, we have
() <7 (m(0) =@, TG 27 () = T (@). (2.17)

Hence, \jer. 7i(\i) < 7j(a) and V;er, 77 (Ai) > T (a).

(2)=(1): From Lemma 2.4, we only show that (u) < 7j(orj(1)) and " (u) > T]?‘ (i (L))
for all A € ©Ox. Suppose that there exists v € ©x such that p(v) > 7;(r;(v)) or p*(v) <
T]’." (7r;(v)). Then there exists a finite index subset I'; of I'- {j} with v = m'].‘l MDA [Nier, 77 Hen)!
(if necessary, we can take A; = 1) such that

pO) z 7 (L)) A [/\T,-(A,-)] > 7 (;(v)),

i€l

pr(v) < T;()tj) N [\/Tz* (“\i)] <7 (7 (»)-

i€l

(2.18)
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On the other hand, by Lemma 1.6(2), we have

7j(v) = [.71']-_1(1]-) A </\ﬂ'i_1()‘i)>]

i€l
i€l

Z)L]‘/\g,

where \/, x Ai(x) = a; and & = A;r,a;. Since Ajer, Ti(\i) < 7j(@) and Ve 77 (L) > T]’-*(g), we
have

T (7 (v)) = 7 (A A )
> 7j () A7)

> ) A (A,

i€l

. . (2.20)
(i (v) =17 (4 A )
<77 (4) ATi ()
<y (Vm ).
ieT,
It is a contradiction. O

Theorem 2.6. Let (X, 7,7*) be a product space of a family {(X;, 7, 7}) | i € I'} of IFTSs and
(Xj, 7j, 77) be stratified. Then, the following properties hold:

(1) (X, T, T*) is stratified;

(2) a projection map 7 : X — X; is IF open.

Proof. (1) It is clear from the following: for all « € I,

(@) 2 @) =V { An() le= A ()} 2 my(a) =1,

i€, €T,
(2.21)
r@<p@= A Vo) 2= Am') ) <7i@ -0
i€l i€l
(2) Since 7j(a) = 1 and T;(g) = 0 for all « € I, it satisfies the condition of
Theorem 2.5(2). O

Theorem 2.7. Let (X,T,7*) be a product space of a family {(X;,7i,7}) | i € I'} of IFTSs and let
(Xj,Tj,T]f‘) be stratified. Then for every )Zj =X; x[T{y' | i # j} in X parallel to X, | : )~(]- — X
is an IF homeomorphism.

5,



S. E. Abbas and B. Krsteska 9

Proof. Let )Nij = X;x[T{y" | i #j}. Sincei : )N(j—>)~(]~ and o : )Nij—>Xj are IF continuous,

aj oi=uj|; is IF continuous. Moreover, ;| is bijective.
] ]

Now we only show that ;| is IF open. Suppose there exists u € T Xi such that

i
T|)~(],(/4) > Tj(]l'j|)~(j () or T*|)~(]_ (p) < T;(]l'j|)~(j(/l)). (2.22)
Then there exists v € IX with y = i"!(v) such that
rlg, (02 T0) > Ti(mlg () or Ty (0 <TI0 <7 (mly (). (229)
From the definition of (7, 7*), there exists a family {vx € Ox | v = \/; gV} such that

)2 \BO) > 7i(milg () or () <\ B () < 7 (il (). ©

keK kekK

On the other hand, since each vy € Oy, there exists a finite index Fx of I' — {j} with
v = Jr}fl()tk].) A (/\iepkyrlfl()q)). Since Jri’l(/\i)(x) = y' for i # j, then for each x € )N(]-,

/\ieFle'i_l()Li)(x) = (/\ieFk)q)(yi). Put ar = (/\ieFkAi)(yi). Let px = it (vx) for each k € K.
Then,

il (i) () = \/ e (x) | x € X, il (x) = )
=V (i () () | x € Xy, a(x) = o (e = i7" (w0)))

=\ {w(x) |xe X, mi(x) = x/}

=\/ {ij‘l (i) () A (/\ar;1 () () | x € X, i(x) = xj>}

i€Fy
(2.24)

=\/ {)tkj (rj(x)) A (/\M) (7m:(x)) | x € X, mi(x) = x]‘}

i€F

= di, () A </\Af)y"

i€Fy
= .)Lk]. (xj) N Ay

= (i, A k) ().
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Hence, 7j|¢ (k) = Ak; A ak. Thus,
; Tk
7 (ilg, (1)) = 7j (b A )

> 7 (M) ATy (o)

=7j(Ax;)
> 7i( Ak Ai ),
= T]( k]) A <i£}§k >
(2.25)
7 (il () = 77 (s A k)
<17 () VT ()
= T; (.)Lk].)
<7 () v </> A,»).
From the definition of (B, #*), it implies
7 (ilg, () 2 B(ve), 7 (mjlg (ki) < B (V) (2.26)
Thus,
7 (milg, () 2 \ 7 (milg, () = \ B(ve),
keK keK
(2.27)
7 (il () <\ 77 (il (i) <\ B (v
keKk keKk
It is a contradiction for (C). O

In an IFTS {(X;, 7;,7}) | i € T}, )N(j = Xj x [1{y' | i # j} need not be homeomorphic to
X from the following example.

Example 2.8. Let X = {x',x2,x%},Y = {y',y*},and Z = {z!,z*} besetsand W = X x Y x Z
a product set. Let m : W—X, i, : W—=Y, and o3 : W — Zbe the projection maps. Define
71,7} : IX = I by

1 ifA=01, 0 if1=01,
A{ — 1 . * A{ — 1 .
T1(\) = 5 ifd=1 71(A) = 5 ifd=dy (2.28)
0 otherwise, 1 otherwise,
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where A;(x') = 0.5, L1(x?) = 0.2, and A;(x%) = 0.3. Also, X; = {(x,y%2%) : x € X}, define
Tlg, T'lg, : I —Iby

1 ifu=0,1, 0 ifu=01,
1. B 1 . B
5 ifu=m, 5 ifu=m,
2 . « 1 .
Ty =935 =01 Tlg@ =93 ifp=01 (2.29)

1 3
- i =0.7 - ifu=07,
4 if H L 4 if H ﬂ

kO otherwise, \ 1 otherwise,

where p1(xt, y%,z?) = 0.5, ui(x?,y?,z%) = 0.2, and p;(x3, 1%, z?) = 0.3. Then the projection
H y H y H y proj

map j| g }N(]- — X is bijective IF continuous, but ;| % is not IF open, because
2
3= 7lg, (0.1) £ 71 (7milg, (0.1)) = 0. (2.30)

Hence, )N(j and X are not homeomorphic.

Theorem 2.9. Let (X, T,7*) be a product space of a family {(X;, 7;, ) | i € I'} of IFTSs. Then, the
following properties hold:

(1) CT,T* (Hier)‘i/ T, S) S HierCTi,T; (A'i/ T, S)/ V-)Ll € IXi/ re IO/ s € Il/

(2) if Cre (Mg, 7, 8) = Ay, VA € 1%, r € Iy, s € I, then Cope ([Tir i 7, 8) = Tlirhic

Proof. (1) Suppose Crr+ ([ Ticrdis 7, 8) £ [ LierCrirr (Ai, 7, 5). Then there exist x € X and t € (0,1)
such that

Crr (I_I)Li, r,s) (x)>t> HCT,.,T; (X, 7, 8) (x). (D)

iel’ iel’

Since [lierCri(Ai,7,s) < t, there exists j € I such that [[irCryer(Ai7,s) <
yr].‘l(CTi,T; (Ai,7,8)) < t. Put arj(x) = x/. It implies CT].,TJ_*()L]-,r,s)(xf) < t. From the definition
of CT].,T;, there exists p; € I%i with Aj <pjand 7j(1—pj) >, T; (1 - pj) < ssuch that

Cryre (A, 1,5) (x) < yj(xf) <t (2.31)

On the other hand, we have

Aj < pp= () <ot ()
= [ T4 = A\r ' (M) < 77" ()

i€l i€l

= Crp <H)Li,7”, s) < Jl'j_l (ui),

iel

(2.32)
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because 7(1—" (1)) = 7(x; (1)) 2 71— pj) > rand 7 (-7 () = 7 (7 (L~ 7)) <
T]’." (1 -pj) < s. Hence,

Crr (H)Li, r, s> (x) < .71']-_1 () (x) = pj(x7) <t. (2.33)

iel’

It is a contradiction for (D). Hence,

Cr (Hz\i, T, s) < HCTi,T; (A, 1,8). (2.34)

iel’ i€l

(2) It is clear from the following;:

TT < Cor (TT075) < T Cam (is) =TT (2.35)

iel’ iel’ iel iel

3. Some properties of (r,s)-Ty and (r, s)-T; spaces
Definition 3.1. An IFTS (X, 7, 7*) is said to be as follows.
(1) (r, s)-quasi-Ty space if for each x;, x,, € Pi(X) and t < m, there exists A € Q(xy,, 7, 5)

such that x;g..

(2) (r,s)-sub-Ty space if for each x # y € X, there exists t € Iy such that there exists
A € Q(xy,1,5) such that g, or there exists u € Q(y, 1, s) such that x;qpu.

(3) (r,s)-To space if for each x;, v, € P;(X), there exists A € Q(xy,1,s) such that y,,g.,
or there exists y € Q(ym, 1, s) such that x;gu.

(4) (r,s)-T; space if for each x, y,, € P,(X) such that x; £ y,,, there exists A € Q(xy,7,s)
such that v,,gA.

Theorem 3.2. Let (X, 7, 7*) be an IFTS. Then the following statements are equivalent:

(1) (X, 7, 7*) is (r, s)-To space;
(2) for each xt, Y € Pi(X), Q(xt,7,5) # Q(Ym,1,5);
(3) for each xi, Y € Pi(X), then x; & Cr o (Ym, 7, 5) OF Ym & Croe (X1, 7, 5).
Proof. (1)=(2): It is trivial.
(2)=(3): Let A € Q(x¢,1,5) and A € Q(yim, 1, 5). Since A & Q(Yim, 1, 5), we have

ym<l-4, ()27, T <s. (3.1)

By Theorem 1.2, we have Crr+(ym,7,5) < 1 — A Since x;gh and A < 1 — Crr- (Y, 1, 5), then
xtq[1 = Crre (Y, 1,5)]. Hence, x; & Cor e (Y, 1, 5).
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(3)=(1): Let x¢, vy, € P(X) and x; & Cr 1« (Y, 7, 5). Then t > Cy 1« (Y, 7, 5)(x) implies
xtq[1 = Crz:(Ym, 1, 8)]. Since Crr-(Ym, 1, 8) = Np | p 2 ym, T(L = p) 21, 7°(1 - p) < s}. Since
T(VA-p) 2 AT(d-p)and 7°(V(1 - p)) <V 7*(1-p), we have 7(1 - Cr e (ym, 7,5)) 2 r and
(1= Crr+ (Ym, 1, 5)) < s. Hence, [1 = Crr+ (Y, 1,5)] € Q(xt,1,5). Since ¥y, € Cr s (Y, 1, 5) and
Ymq[Ll = Core(Ym, 1,5))]. Thus, (X, T, 7*) is (r, 5)-Ty space. O

We can prove the following corollaries as a similar method as Theorem 3.2.

Corollary 3.3. Let (X, 7, T*) be an IFTS. Then the following statements are equivalent:
(1) (X, T, 7*) is (r, s)-quasi-T, space;
(2) for each xi, x, € Pi(X), Q(x¢,7,5) # Q(Xpm, 1, 5);
(3) for each xt, xp, € Py(X), then xt & Crpe (X, 1, 5) OF Xy & Crpv (X4, 1, ).
Corollary 3.4. Let (X, 7,7*) be an IFTS. Then the following statements are equivalent:
(1) (X, 7, 7*) is (r, s)-sub-T space;
(2) for each x # y € X, there exists t € Iy such that Q(x;,1,s) # Q(y:, 1, 5);
(3) for each x # y € X, there exists t € Iy such that x; & Cr - (Y1, 1, 5) or Yy & Cr e (x4, 7, 5).

Example 3.5. Let X = {x,y} be a set. We define an IGO (7, 7*) on X as follows:

1 ifil=1o0r0, 0 ifi=1or0,
rW =42 ifh=x,  TW=47 A= (3.2)
0 otherwise, 1 otherwise.

For each x 2y € X, there exists 0.4 € I, such that xp7 € Q(x04,1/2,1/2) and yo4gxo7.
Hence, (X,7,7*) is (1/2,1/2)-sub-T space. On the other hand, since Q(yo5,1/2,1/2) =
Q(yoe6,1/2,1/2) = {1}, by Corollary 3.3(2), (X, T, 7*) is not (1/2,1/2)-quasi-Ty space.

Theorem 3.6. Let (X, T, 7*) be an IFTS. Then the following statements are equivalent:

(1) (X, ,7*) is (r,s)-T; space;
(2) for each x; € P(X), xt = Cr e (x1,7,5);
(3) foreach L € I*, A = N{p | A <, T(u) > 7, T (u) < s}.

Proof. (1)=(2): We only show that C;,(x;,7,5) < x;. Let y,, € Crr(xt,7,5). Suppose that
Ym £ x¢. Since (X, 7, 7%) is (7, s)-T1 space, there exists A € Q(yy,, 1, s) such that x;gA. It implies
x¢ <1-Awith7(1) > rand (1) < s. Hence, Cr 7 (x¢,7,5) <1 -\ Since vy, € Cr e (x4,7,5) <
1- 1, we have A £ Q(y,1,5). It is a contradiction. Hence, y,, < x;. Since y,, € Crr (X, 7,5)
implies y,, < x¢, then Crp+ (x4, 7, 5) < x4

(2)=0B):Letp = A{pu | r<pu, v(u) >r, () < s}. We only show that p < L. Suppose
there exist x € X and t € (0,1) such that

p(x)>1—-t2>A(x). (3.3)



14 International Journal of Mathematics and Mathematical Sciences

Then, A <1 - x;. Since x; = Crr- (x4, 7, 5),
T(1-x;) =7(1 - Crr(x1,1,8)) 271, (1= Crr (x1,1,5)) < s. (3.4)

Hence, p <1 — x;. It is a contradiction.
(3)=(1): For each xt,y,, € P(X) such that x; £ym, 1 — x: 21 — y,,. From (3), since
1-Ym=Np|Ll=-ym<pu v(p) >r, 7™ () < s}, there exists y = 1 - y,, € IX such that

T(1=ym)27r, T (1-Ym)<s. (3.5)
Moreover, since 1 — x; 21 — y,,, we have xgq[1 — y,,]. Thus 1 — y,, € Q(x,1,5) such that
Ymq[l — ym]. Hence, (X, T, 7*) is (r, s)-T space. O

Theorem 3.7. Let (X, T, T*) be a stratified IFTS. Then (X, T, T*) is (r, s)-quasi-Ty space for all r €
I, sel.

Proof. Let xt, x,, € P;(X) such that t < m. Then there exists a € I such that

t<l-a<m. (3.6)

Since (X, 7, T*) is stratified IFTS, we have 7(a) = 1 and 7*(a) = 0. Hence, a € Q(x,,, 1, s) such
that x;ga. O

Theorem 3.8. (1) Every (v, s)-T space is both (r, s)-quasi-Ty and (r, s)-sub-Tp.
(2) Every (r, s)-T1 space is (r, s)-To.

Proof. (1) For each x, x,, € P;(X) such that t < m. By (r, s)-Ty space, there exists A € Q(xy,7,5s)
such that x,,g\. Since t < m, we have x;g\. So, X is (r, s)-quasi-Tp.

(2) For each x;, Y, € Pi(X), if x¢ £ ym, by (1, 5)-T1 space, there exists A € Q(x;, 1, s) such
that y,,,gA. Also, if y,,, £ x4, by (1, 5)-T1 space, there exists 4 € Q(ym, 1, s) such that x;qu. Hence,
X is (r,s)-Tp. O

The converse of Theorem 3.8 is not true from the following examples.

Example 3.9. Let X = {x,y} be a set. We define an IGO (7, 7*) on X as follows:

1 ifl=aforacl, 0 ifl=aforacl,
1 N 2 .

T(\) = 3 if A= ppg, (L) = 3 if A = ppq, (3.7)
0 otherwise, 1 otherwise,

where for each 0 < p < 0.4, ppa(x) = p and ppe(y) = q,0 < g < p. Since (X, 7, 7*) is a stratified
IFTS, by Theorem 3.7, (X, 7, 7*) is (r, s)-quasi-Ty space for each r € Iy and s € I;.
Ifr>1/3,s<2/3,and t € Iy, then for each x;, y; € P;(X), we have

Q(xy,1,8) =Q(y,1,8) ={a|1-t<a<l}. (3.8)
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By Theorem 3.2(2) and Corollary 3.4(2), (X, 7, 7*) is neither (7, s)-sub-Tj nor (r,s)-I, for r >
1/3and s <2/3.

If0<r<1/3,2/3<s<1,and x # y € X, there exists 0.7 € I, such that there exists
Hesso € Q(xoz,1,s) with yorque/sy. Hence, (X, 7,7*) is (r,s)-sub-Ty for 0 < r < 1/3 and
2/3<s<1.

For x93, Y03 € P(X),0<r <1/3,and 2/3 < s <1, we have Q(x03,7,5) = Q(Yo3,7,5) =
{a | 0.7 < a}. Hence, it is not (r,s)-Tp for0 < r <1/3and 2/3 <s < 1.For0 <r <1/3 and
2/3 <s<1,(X,7,7%) is both (r, s)-quasi-T and (r, s)-sub-Tj, but not (r, s)-Tp.

Example 3.10. Let X = {x,y} be a set. We define an IGO (7, 7*) on X as follows:

1 ifrl=aforacl, 0 ifl=aforacl,
1 . 1 .

T()L) = E if A= ‘upq/ T (')‘) = E if A= //tpq/ (39)
0 otherwise, 1 otherwise,

where for each 0 < p <1, ppg(x) = p and ppe(y) = 9,0 < g < p. Let z, 2,y € P(X) witht # m

for z = x or y. We have
11 11
Q(Zt/ E/ §> 75 Q <zm1 E/ §> . (310)

For xt, ym € P«(X), for p > 1 - t, we have p,0 € Q(x;,1/2,1/2) with y,,qup0. Hence, (X, 7, 7%)
is (1/2,1/2)-Ty space. On the other hand, let yo5 £ xo5. For each p,,; € Q(y05,1/2,1/2), since
g+05 > 1and p > g, we have xy5qpq, that is, Q(yos5,1/2,1/2) C Q(x05,1/2,1/2). Thus
(X, 1, 7*) is not (r, s)-T1 space.

Theorem 3.11. Every subspace of (r, s)-quasi-Ty (resp., (v, s)-sub-To, (r,s)-To, and (r,s)-T1) space
is (r, s)-quasi-Ty (resp., (r, s)-sub-Ty, (v, s)-To, and (r, s)-T1) space.

Proof. Let (X, 7,7*) be (r, s)-T; space. Let a;, b, € P,(A) such that a; £ by,. Then, a;, b, € P,(X)
such that a; £ by,. Since (X, 7, 7*) is (r, s)-Ti, there exists A € Q(ay, 1, s) such that b,,g\. Since
1A' (M) > T(A) > rand 74 (i1 (L)) < T*(A) < s, we have i1 (A) € Qq, |, (a1, 7, 5) such that
bugi~'(1). The others are similarly proved. O

We can prove the following theorem as a similar method as Theorem 3.11.

Theorem 3.12. Every IF homeomorphic space of (r, s)-quasi-Ty (resp., (v, s)-sub-Ty, (r,s)-Ty, and
(r,s)-T1) space is (r, s)-quasi-Ty (resp., (r,s)-sub-Ty, (r,s)-To, and (v, s)-T1) space.

Theorem 3.13. Let {(X;,7;,7]) | i € I'} be a family of (r,s)-quasi Ty (resp., (r,s)-sub-Ty, (r,s)-To,
and (r, s)-T1) space. Let (T, T*) be the product IGO on X = [[;cpXi. Then (X, 7, 7*) is (v, s)-quasi-T
(resp., (r,s)-sub-Ty, (r,s)-To, and (r, s)-T1) space.

Proof. Let xt, y € P;(X) such that x; £ y,,. Then there exists i € I' such that (7r;(x)), £ (7:(v)),,,-
Since (X, 73, 7}') is (, 5)-T1 space, there exists A € I Xi such that

A€ Qo ((mi(x)),,1,5), (mi(y)),, g\ (3.11)
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Since i (x;) = (ri(x)).qA if and only if xtqyrlfl (1), we have
' (A) € Q(xi,7,8),  Ymgor; (V). (3.12)

Therefore, (X, 7, 7*) is (r, s)-T1 space. The others are similarly proved. O
Theorem 3.14. Let {(X;, 7;,7]) | i € I'} be a family of IFTSs. Let (T,T*) be the product IGO on
X = [TierXi If (X, 7, 7%) is (1, 5)-sub-Ty space, then (X;, 7;, 7)) is (r — €, s+ €)-sub-Ty space for each
€ > 0and for eachi € I.

Proof. Let x/,yy/ € Xj such that x/ # y/. Then there exists x' € X; for all i € I' - {j} such that
x #y € Xand

P L L D e L (3.13)
’ xj ifi=j, ‘ y; ifi=j. '

Since (X, 7, 7*) is (r, s)-sub-Tj space, there exists t € (0,1) such that
p€Q(xy,1,5), yigp. (3.14)

Let (B, p*) be a base for (7, 7*). Since 7(p) > r and 7*(p) < s, by Theorem 1.5, for € > 0, there
exists a family {pk | p = Vieapx) such that

T(p) > /\ﬁ(pk) >r—¢, *(p) < Vﬂ*(pk) <s+e. (3.15)

keA keA

Since x:q[p = Vreapr], there exists k € I' such that x;gpx, f(px) > r — € and pf*(px) < s + €.
Then, there exists a family {\; | px = Aic FJZ'i_l (X;)} which F is a finite subset of I' such that

Bp) 2 Nr(W) >r-e, () <\/ri (k) <sve. (E)

ieF i€F

Without loss of generality, we may assume j € F because we can take F; = F U {j} such that
Ai=117i(1) =1,and T;‘ (1) =0, if necessary.

Since x:gpx and y:qpk,
t>| V a-w@@)|va-ae), ®
ieF~j)
t<| V a-w@@)|va-pe). ©
ieF-(j)

If (\/ieF,m (1 - X)) (ori(x)) > ¢, it is a contradiction for (F) and (G). Thus

\/ (-4 (7)) <t (3.16)

ieF-{j)
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It implies
t>(1-4) (), t<@1-4)@). (3.17)
Furthermore, by (E), we have 7;(\;) > r — e and T;‘()tj) < s+ €. Hence,
Aj € Qe (), r-e s+e), (¥),g\. (3.18)

Thus, (X;, T]-,T;) is (r — €, s + €)-sub-Tj space. O

In the above theorem, if (X, 7,7*) is (r,5)-T1 (resp., (r,s)-quasi-Ty and (7, s)-Tp), it is
not true from the following example.

Example 3.15. Let X = {x} and Y = {y} be sets. Define IGO (71, 7]) on X as follows:

1 ifdA=aforacl, . 0 iflA=aforacl,
T1(A) = - 7 (A) = - (3.19)
0 otherwise, 1 otherwise,
and IGO (2, 75) on Y as follows:
1 ifr=0orl, 0 ifr=0orl,
1 X 1 .
() = 3 if A =yo2, 7,(A) = 3 if A =yo2, (3.20)
0 otherwise, 1 otherwise.

Let X x Y = {(x,y)} be a productset and (71 Q 72, 7] Q 7;) the product IGO on X x Y. Since
(X, Y)gn = yr{l (0.2) = Jrz’l(yo,z), by Theorem 1.5, we have

(n @) (02) =m(02) V() =1, (@ 7)(02) =72(02) AT3 (voz) =0. (3:21)

We can obtain the product IGO, (71 @ 72, 77 Q 75) as follows:

1 ifA=aforael
A) = = !
m ® W) {O otherwise,

(3.22)
. . 0 ifi=aforacl,
T ®Tz()t)= {1 -

otherwise.

Then, (X x Y, 71 Q 7o, 77 @ 75) are (r,5)-T1, (r,5)-To, and (r, s)-quasi-Ty for all r € Iy, s € I.
But (Y, 7, 75) is not (r, s)-quasi-To for all v € I, s € I;. Hence, it is neither (r, s)-Ty nor (r, 5)-T;
forallrely, seI.

Theorem 3.16. Let {(X;, 7;,7}") | i € T'} be a family of IFTSs and (,T*) be the product IGO on X =
[ L X If (X, 7, 7%) is (r, s)-quasi-Ty (resp., (r, s)-sub-Ty, (r,s)-To, and (r,s)-T1) and (X;, T}, T]?‘) is
stratified for j € T, then (Xj,T]-,T]f‘) is (r, s)-quasi-T (resp., (r,s)-sub-Ty, (r,s)-To, and (r, s)-T1).
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Proof. Let (X, 7,7*) and )N(j = X; x[I{y' | i #j} of X parallel to X;. Since ()N(j,le(]_,T*lgl_)
is a subspace of (X, 7,7*), by Theorem 3.11, (}’Z‘,T|)~<f,7'*|)~<f) is (r,s)-quasi-Ty (resp., (r,s)-

sub-Ty, (r,s)-Ty, and (r,s)-T1). Since (Xj,T]-,T]’.") is stratified, by Theorem 2.7, m']-|)~(]_

(}~(~,T|)~()_,T*|)~()_) — (Xj,Tj,T]’.“) is IF homeomorphism. From Theorem 3.12, (X,-,T]-,T]’.“) is (1, s)-
quasi-Ty (resp., (r,s)-sub-Ty, (r,s)-To, and (7, s)-T1). O
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