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1. Introduction

In recent years, the delayed cellular neural networks (DCNNs) have been extensively studied
because of their immense potentials of application perspective in different areas such as pattern
recognition, optimization, and signal and image processing [1-3]. Hence, they have been the
object of intensive analysis by numerous authors, and some interesting results on the existence
and stability of periodic and almost periodic solutions have been obtained [4-12]. To our
knowledge, few authors have considered global stability of periodic solutions for the neural
networks with bounded and unbounded time-varying delays. In theory and application, global
stability of periodic solutions of DCNNs is of great importance since the global stability of
equilibrium points can be considered as a special case of periodic solution with zero period [8].
Hence, in this paper, we will study the existence and global exponential stability of periodic
solutions of the following general neural networks with time-varying delays:
xi(t) = —ai(t, x:(H) + D, [aij(t)fj(xj(t)) +bij (8) fj (x;(t = 7ij (D))

j=1 (1.1)

+ Ci]'(t)J‘t kij(t - S)g] (x,(s))ds] + Ii(t), i=1,2,...,n,
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where x;(t) is the state of neuron, i = 1,2,...,1, A = (aij) yxn, B = (ij) i, and C = (Cij)
are connection matrices, I = (Iy, I, . ..,In)T is the input function, and f(x) = (fi(x1), f2(x2),
cois fn (xn))T is the activation function of the neurons.

DCNN:Ss in [4-12] and the references cited therein are special cases of (1.1). In particular,
when a;(t, x;(t)) = aixi(t), aij(t) = aij, bij(t) = bij, c;j(t) = cij, Li(t) = L, ai, aij, bij, cij, 1
are constants, the authors of [9] considered the existence and global exponential stability
for (1.1) with periodic impulses. The methods used in [9] are Mawhin’s coincidence degree
theorem [13] and Lyapunov functions. In [14], by using Mawhin’s coincidence degree theorem
[13], the authors investigated the global existence of positive periodic solutions of mutualism
systems with bounded and unbounded time-varying delays, and some sufficient conditions
are obtained. In [12], the authors considered (1.1) when a;, ajj, b;j, c;j are constants.

We assume what follows.

(H1) aij(t), bij(t), cij(t), Tij(t), Ii(t) are continuous w-periodic functions, and a;(t, x;(t)) are
continuous w-periodic in the first variable. 7;;(t) > 0,i,j =1,2,...,n.

(H2) There exist positive constants a; and a; such that (a;(t,u) — ai(t,v))(u —v) > 0, and
alu| <|ai(t,u)| <ajul, forallt,u,v €R,i=1,2,...,n

(Hs) f]-,g]- € C(R,R), j =1,2,...,n. There are positive constants L{ > 0, Lf > 0, such that

18(%) - &)l < LElx - yl, 1fi(x) - fi)| < L] |x - y|, forall x,y € R.
(H4) The delay kernels kl-j : [0, +00)—R are continuous, integrable, and satisfy

+00
J‘ |kij(5)|d55ﬂij, i,j=l,2,...,1’l. (12)
0
(Hs) There exists a constant ay > 0 such that

+00
f |kij(s)|e™®ds < +00, i,j=1,2,...,n. (1.3)
0

The organization of this paper is as follows. In Section 2, we introduce some notations
and definitions, and state some preliminary results needed in later sections. We then study,
in Section 3, the existence of periodic solutions of system (1.1) by using the continuation
theorem of coincidence degree theorem proposed by Gains and Mawhin [13]. In Section 4, by
constructing Lyapunov function we will derive sufficient conditions for the global exponential
stability of the periodic solution of system (1.1). At last, an example is employed to illustrate
the feasible results of this paper.

2. Preliminaries

For convenience, we use ajj, Eij, Cij, I; to denote the maximums of laij (B)], [bij ()], |cij (D), |T:(#)],
respectively. We also use symbols 7 = max{z;(t) : t € [O,w],i,j = 1,2,...,n},x =
(x1,x2,..., xn)T to denote a column vector, in which the symbol (T) denotes the transpose of a
vector. E,, denotes the identity matrix of size n. A matrix or vector D > 0 means that all entries
of D are greater than or equal to zero (resp., D > 0). For matrices or vectors D and E, D > E
(resp., D > E) means that D — E > 0 (resp., D — E > 0).
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The initial condition ¢ = (¢4, ..., qbn)T of (1.1) is of the form
xi(s) = ¢i(s), se(-»,0],i=1,...,n, (2.1)

where ¢;(s), i=1,2,...,n, are continuous w-periodic solutions.

Definition 2.1. Let x*(t) be an w-periodic solution of (1.1) with initial value ¢* = (¢3,..., )" e
C((-o0,0]; R™). If there exist constants & > 0 and P > 1 such that for every solution x(t) of (1.1)
with initial value ¢ € C((-o0,0]; R"),

|xi(t) = x;(t)| < P||¢p - P*|le™™, VtE>0,i=1,2,...,m, (2.2)

where ||¢p — ¢*|| = sup, ;maxici<a|Pi(s) — P (s)|, then x*(¢) is said to be globally exponentially
stable.

Definition 2.2 (see [15,16]). A real nxn matrix F = (fij),,., is said to be a nonsingular M-matrix
if f;j<0,4,j=1,2,...,n,i#j,and F~! > 0, where F~! denotes the inverse of F.

Lemma 2.3 (see [15, 16]). Let F = (fij) ., with fij < 0,4,j = 1,2,...,n, i#j. Then the following
statements are equivalent:

(1) F is a nonsingular M-matrix,

(2) there exists a vector rlT = (m,N2,--.,Mn) > 0 such that nF > 0,

(3) there exists a vector & = (¢1,¢&2, - .. ,gn)T > 0 such that F¢ > 0.

Lemma 2.4 (see [16]). Let A > 0 be an n x n matrix and p(A) < 1, then there exists a vector
&= (&, 8,...,&)" > 0such that (E, — A)¢ > 0, where p(A) denotes the spectral radius of A.

To end this section, we introduce Mawhin’s continuation theorem [13, page 40] as
follows.
Consider an abstract equation in a Banach space X,

Lx=ANx, Ae(0,1), (2.3)

where L : Dom L N X—X is a Fredholm operator with index-zero, and A is a parameter. Let
P and Q denote two projectors, P : Dom L N X—Ker L and Q : X—X/Im L such that ImP =
KerL, KerQ =ImL.

Lemma 2.5. Let X be a Banach space. Suppose that L : Dom L N X—X is a Fredholm operator with
index-zero, let Q C X be an open bounded set, and let N : X—X be a continuous operator which is
L-compact on Q. Moreover, assume that the following conditions are satisfied:

(a) foreach L € (0,1), x e 0QNDom L, Lx # ANx,
(b) for each x € 0Q NKer L, QNx #0,
(c) deg(QN,QnNKerL,0)#0.

Then, Lx = Nx has at least one solution in QnDomlL.
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3. Existence of periodic solutions

Theorem 3.1. Let (Hy)—(H4) hold. Assume that the following condition is satisfied:
(Hg) there exists a vector 11T = (M1,...,Mn) > 0such that

7 =@y, 7,) =1 (E.~T) >0, (3.1)
where T’ = (Yij)nxn/ Yij = g:l (El]L{ + El]LJf + El]ﬁUL]g), 1,] =12,...,n.

Then, (1.1) has at least one w-periodic solution.

Proof. For convenience, we introduce the following notations:
Gi(t) = —a;(t, x;(t)) + Z [aij(t)fj(xj(t)) +bij (1) fi (xj (t - mij (1))
=1 t (3.2)
+ Cij(t)J‘ ki;'(t - S)gl (x]'(S))dS + Ii(i’), i=1,2,...,n.

In order to use Lemma 2.5, we take X = {x(t) € C(R,R") : x(t + w) = x(t), t € R}; then X
is a Banach space with the norm

[lx]l = max {]x; , i=12,...,n (3.3)

0 x2|0,...,|xn|0}, |xi|0: sup |xi(t)
te[0,w]

Set

Lx=x', Px=Qx-= lf x(t)dt, xeX,
wlo (3.4)
Nx = (Gi(£),Ga(b),...,Ga(t))", x€X.

Obviously, KerL = {x | x € X, x = h,h € R*},ImL = {x | x € X, fg’x(s)ds = 0}, and
dimKerL = n = codimImL. So, ImL is closed in X. It is easy to show that P and Q are
continuous projectors satisfying ImP = KerL,ImL = KerQ = Im (I — Q). Hence, L is a
Fredholm mapping of index-zero. Furthermore, through an easy computation, we find that
the generalized inverse Kljl :Im L—Ker Pndom L of L has the form

Klél(x) = ﬂx(s)ds - éJ’:J’;x(s)ds dt. (3.5)
Thus,

1 (@ 1 (v T
ONx = <;f0 Gl(t)dt,...,;fo G,,(t)dt) . xeX,

/ﬂcl(s)ds\ /éf:J‘;Gl(s)dsdt\ /(i—%>wa1(s)ds\

w 0

0

K,'(I-Q)Nx = ftcj(s)ds - éf:f;é,(s)dsdt - (i_1>Iij(5)d5

\I;Gn.(s)ds Y, \éI:I;Gn(s)dsdt / \(é - %)f:Gn(s)ds )

(3.6)
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Clearly, QN and K1_>1 (I - Q)N are continuous. Using the Arzela-Ascoli theorem, it is not
difficult to show that QN (Q), KI;l (I - Q)N(Q) are relatively compact for any open bounded
set Q C X. Therefore, N is L-compact on Q for any open bounded set Q ¢ X.

Now, we reach the position to search for an appropriate open bounded subset €2 for the
application of Lemma 2.5. Corresponding to the operator equation (2.3), we have

x;(t) = )L{ —a;i(t,xi(t)) + Z [aij(t)fj(xj(t)) +bij (1) f (xj (t =3 (1)))
p=1

+ Cij(t)f_ kij(t - s)gj(xj(s))ds] + I;(t) }, 3.7)

i=1,2,...,n, L€ (0,1).
Let x(t) = (x1(£), x2(F), ..., x,(t))" € X be a solution of system (3.7) for some A € (0,1). Then,
forany i = 1,2,...,n, x; are all continuously differentiable. Thus, there exist t; € [0,w],i =

1,2,...,n, such that |x;(t;)| = maxie[ow]|xi(t)|. Hence, xi(t;) = 0,i = 1,2,...,n. From (3.7), we
have

ai(ti, xi(t:)) = Zf; [aii(ti)fi (xj (1)) + bij (1) f (xj (1 = 735 (1))

) (3.8)
+ Ci]’(ti)f kij(ti - S)g]'(Xj(S))dS + Ii(ti), i=1,2,...,n.
In view of (H;)-(Hy), we have
a;|xi(ti)| < fai(ti, xi(t))|
< 3% s (1155 () = £O)] + LFOD)
<
+ |bij (1) | (| £ (x (8 = 35 (1)) = O] + | £;0)])
t;
leg ][ 1Ky(ti=9)1 (13 () = /O] + |51 )as| + |18)]
< 3 [t 0 + Bt (- )| (39

j=

+ Eijf_i |kij (ti = 5) | (L ()| + | g (0)[)ds + (@ij + byj) | f;O) || + I

=

< (aijL{ + EijL{ + TPy L)% (1)
j=1

+ 2 @l F O] + byl ;O] + s lgiO) + T, i=1,2,...m.
j=1
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Set H; = 27:1 21_1 (51]|f] (O)| + E”|f] (O)| + El]ﬁl]lg] (0)|) + Ql_ljl Clearly, (39) 1mphes that

n

|xi(tl~)| SZy,]|x](t])| +Hi, i:1,2,...,n. (310)
j=1
Thus,
(En =T (|21 (8], |%2(t) |, - -, |xa (t) )" < (Hy, Ha, ..., Hy)" = H; (3.11)

together with (Hg), we have
min {7, 7y, 7, } (|31 (b)) + [x2(82) |+ + |xa () ])
<1 |x(B)] + Tl xa(t2) |+ 470, |2 () | (3.12)
= 1" (Ex =) (|1 (t) |, [x2(82) |- u (ta) ) < 1" HL

Therefore,

n' H
min {7, 7y, -, 7, }
Again from (H), it follows from Lemma 2.3 that E,, — I' is a nonsingular M-matrix, and there

exists a vector ¢ = (&1,&, .-, §n)T > 0 such that (E, —I')¢ > 0, which implies that we can choose
a constant d > 1 such that & = (&,,¢,,...,¢,) =d¢and ¢ =dé; >v,i=1,2,...,n,and

(E,-T)¢=d(E,-T)¢ > H. (3.14)

|xi], = |xi(t:)| < v, i=12,...,n. (3.13)

We take
Q={x(t)eX:-g<x(t) <¢ VteR], (3.15)

which satisfies Condition (a) of Lemma 2.5. If x(¢) € 0Q N ker L, then x(¢) is a constant vector
in R", and there exists some i € {1,2,...,n} such that |x;| = ¢;. We claim that

|(QNx),| >0, xe€oQnkerL. (3.16)

By way of contradiction, suppose that [(QNx),;| = 0; then there exists some t* € [0, w] such that

n

.

—a;(t, x;) + Zl [ﬂif(t*)ff(xj) +bi (1) fi (x) + Cij(f*)J kij(t* = 5)gj(xj(s))ds| + Li(t*) =0,

j= —00
(3.17)

which implies that

ﬂigi =ﬂi|xi| < |ai(t*'xi>|

= le [ai]-(t*)f]-(xj) + by (1) fi (%) + Cii(t*)_[ kij(t - 5)gj(xj(s))ds| + Li(t")
j= -0

noo no _ - _ 18)
< 3 (@yL] +byL] + Ty x| + 3 (@il £0)] + by | £5(0)| + | & O)]) + T
= =

<@L +byL] + Sy L)E + 3, (@] £50)] + by | £0)| + Ty | O)]) + T
= =



Xinsong Yang 7

hence

&< D yijé; + Hi (3.19)
=1

This implies that ((E, - l")g)i < H;, which contradicts (3.14). Therefore, (3.16) holds, and hence,
Condition (b) of Lemma 2.5 is satisfied.
Furthermore, we define a continuous function W : QN Ker L x [0,1] =X by

W(x,p) = pdiag( —ai,—ay,...,—a,)x + (1 - u)QNx, (3.20)

forallx e QNKerL = QN R" and u € [0,1]. It follows that

(W(x,p)), = —paix; + (1 - y)éf G;(t)dt. (3.21)
0

If x(t) € 0Q N KerL, then x(t) is a constant vector in R", and there exists some i €
{1,2,...,n} such that |x;| = ¢;. We claim that
|(W(x,p)),| >0, xedQnkerL, ue[0,1]. (3.22)

By way of contradiction, suppose that |(W (x, i));| = 0; then there exists some t € [0,w] such
that

—yﬁixi+(1—[l){ az(txz) Z[aq(t)f](x] +b1](t)f](x])
(3.23)

+ci,~<?>j_ K (7= )3 (x(5)) | +L~<?>} -
that is,
p(ai(tx;) - @xi) - ai( x;)

n

=-(1- ‘u){z [aij(?)fj(xi) +bij (F) fi(x;) + cij(?)f_ kii (- s)gj(xj(s))ds] + Ii(?)}.

j=1
(3.24)
Now, we will consider the following two cases.
Case 1. If x; > 0, from (H;), we have
ai(t,x;) >0, a;i(t,x;) —ax; <0. (3.25)

Then, from (3.24), we have

ai(t,x) < (1-p) {Z [aij(?)f,.(xi) +bij(F) fi(x;) + cij(?)f kij (- s)gj(xi(s))ds] + Ii(?)},
=1 o
(3.26)



8 International Journal of Mathematics and Mathematical Sciences

which implies that

ﬂigi = ﬂi|xi| < |ai(?'xi)|

n t
< Z [ai]‘( t )f](x]) + bl](t)f](x]) + Cij(t)I ki]‘(t - S)gj(Xj(S))dS + Ii(t)
j=1 o
L noo _ 3 _ (8.27)
< D@Ly +byLi + LY x| + ) (@il £;(0)| + b | £;0)| + 33| g;O)]) + 1
j=1 j=1
< 3 (@] + byL] + Ty LE)E; + Y, (@] £;(0)] + bij] £(0)] + By & 0)]) + T
=1 =1
Hence,
& < Z Yijgj + H;; (3.28)
=1
this implies that ((E, — T)E)i < H;, which contradicts (3.14). Therefore, (3.22) holds.
Case 2. If x; < 0, from (H,), we have
ai(?,xi) <0, ai(?,xl-) —a;x; > 0. (329)
Then, from (3.24), we have
ai(tx)>(1- /4){2 [a,](t)f,(x] + bq(t)f](x]) +Cjj t)J k,,(t s)gj(xj)ds| + Ii(t )}
(3.30)

The later proof is similar to that of Case 1. We can also show that (3.22) holds. It follows
that W (x, u) #0 for x € 0Q NKerL, u € [0,1]. Hence, by homotopy invariance theorem and
a;>0,i=1,2,...,n, we obtain deg{QN,Q NkerL,0} = deg{(—ﬁlxl,—ﬁzxz,...,—Enxn)T,Q N
kerL,0} #0 for x € 0Q N Ker L. Till now, we have proved that Q satisfies all conditions of
Lemma 2.5. Therefore, (1.1) has a periodic solution x*(t). This completes the proof. 0

Corollary 3.2. Let (H1)—(Hy) hold. Assume that E, — T is a nonsingular M-matrix, then (1.1) has at
least one w-periodic solution, where I is defined as above.

Corollary 3.3. Let (Hq1)—(Hy4) hold. Assume that p(I') < 1, then (1.1) has at least one w-periodic
solution, where I is defined as above.

Proof. Obviously, I' > 0. By p(I) < 1 and from Lemma 2.4, there exists a vector ¢ =
(é1, &, - ..,g,,)T > 0 such that (E, — A)¢ > 0. The remaining part of the proof is the same as
that of Theorem 3.1. O
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4. Global exponential stability of periodic solutions

In this section, we will construct some suitable Lyapunov functionals to derive sufficient
conditions which ensure that (1.1) has a unique w-periodic solution, and all solutions of (1.1)
exponentially converge to its unique w-periodic solution.

Theorem 4.1. Assume that (H1)—(Hg) hold and

(Hy) lai(t,u) — a;i(t,v)| > a;Ju —v|, forall t,u,v € R, i=1,2,...,n, wherea,i=1,2,...,n,
are the positive constants of Hypothesis (H,). Then, (1.1) has exactly one w-periodic solution, which is
globally exponentially stable.

Proof. By Theorem 3.1, there exists an w-periodic solution x*(t) = (x](t), x5(t),. ..,x,’;(t))T of
(1.1). Suppose that x(t) is an arbitrary solution of (1.1). Set z(t) = (z1(t), zo (1), ..., za(D))T =
x(t) — x*(t). Then,

Z;(t) = —di(t, Zi(t)) + Z [a,-,- (t)w]- (Z]'(t)) + b,-]-(t)w]- (Z]' (t - Tij (f)))
i=1
(4.1)

t
+C1’]’(t)J‘ ki]'(i'—S)uj(Zj(S))dS , 1=1,2,...,n,

where
di(t,zi(t)) = ai(t, zi(t) + x; (t)) — ai(t, x; (),
wi(zj(1) = fj(zj(t) +x;(1) = f; (%] (D)),
wj(zi(t - (1)) = fj(=i(t =7 (1)) + xj (¢ = 7)) = f (] (£ - 7 (1)),
uj(zj(1) = gj(zj(t) + x; (1) - g (x(#)).

From (Hg), it follows from Lemma 2.3 that E,, — I is a nonsingular M-matrix, and there
exists a vector ¢ = (¢1,&, - - - ,§n)T > 0 such that (E, - T')¢ > 0. Then,

n —
—giéi + Z é] (EqL{ + bl]L{ + El]ﬂl]L}q) < 0, i= 1, 2, R (X (43)
j=1

Set

n _ +00
hi() = (A-a)é+ ¢ <ai]-L{ + Vb L] +TyLE J‘O |k (s) |e)‘sds>, i=1,2,...,n (44)
=1
Clearly, hi(1),i = 1,2,...,n, are continuous functions on [0, ap], where ag is the positive
constant of Hypothesis (Hs). Since

n _ +oo
hl(O) S _giéi + Z (§] <EIJL{ + bl]L{ + El]L]gI |kl](S) |dS>
i— 0
= (4.5)
<-ai+ > ¢(ayL] +byLl +pLf) <0,
j=1
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we can choose a positive constant a € (0, ap] such that
+00
hi(a) = (a—a,)é + Zg,<a,,Lf + e by +E,~,~L§L |k,~,~(s)|e“5ds> <0, i=12,...,n
(4.6)

Now, we choose a positive constant d such that
dége™™ >1, forte (-»,0],i=1,2,...,n. 4.7)
Define a Lyapunov function V = (V1, V,, ..., Vn)T by V; = e™|z;(t)],i=1,2,...,n. In view

of (4.1), we obtain

d+21/;(t) =™ sgnzi{ i(t,zi(1)) +§1 [al] Ywj(zj(t)) + bij(Hw;(z;(t - 7;j(t)))

+Cij(t)jt kij(t = s)uj(zj(s))ds }+“eat|zi(t)|
< eat{(“ —a)|zit)] + [ﬁfz‘LﬂZj(f)l +byL |2 (t - 7))
j=1

¢
+ EiijJ: |kij(t = s)||z;(s) |ds] }

(4.8)
= (a-g)e"|z0)] + 3] [Eifo e[z ()] + & Oby LT e T |zt~ 7y (1)) |
=1
+Ei]~L]gJ‘t [Kij (£ — 5) | €™ e | z;( |ds]
< (a-a)Vi(t) + Z [a,,L Vi(t) + e“Tb,]L Vj(t-mi(t))
+EijL]3f |Keij (t — s)|e"’(t‘s)V]~(s)ds], i=1,2,...,n.
From (4.7), we have
déi||p - ¢*|le™™ > ||¢ - ¢*|| > |zi(t)|, forte€ (-0,0],i=1,2,...,n, (4.9)
which implies that
|zi(t)| < déi||¢p — ¢*||le™, forte (-o0,0],i=1,2,...,m, (4.10)
where ||¢ — ¢*| is defined as that in Definition 2.1.
We claim that
Vi(t) = |zi(b)|e™ < dg; i=1,2,...,m,Vt>0. (4.11)
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Contrarily, there must exist ip € {1,2,...,n} and > 0 such that
Vi (F) = déi || - ¢*I,
V@(t)Sd§6|l¢_¢* |/ 6=1/2/---/i0_1/ i0+1/-"lnl (4:12)
Vi(t) < dgil|¢ - ¢

, Vte(-oo,t),i=1,2,...,n.

Together with (4.8) and (4.12), we obtain

d" (Vi () —d&, |9 - ¢*[)  d"Vi,(F)
dt T dt

0<

t -
aiojL}(V]'( t )+eaTbi0jL{Vj( t—Tin( t )) +Ei0]'L]$J‘ |k1'0]'( t—S) |e“(t’s)Vl~(s)ds]

< (a-a, Vi (D+ Y
j=1

n _ +00
< (@=a, )t = ¢l + X 16 = 4| (Tt + e By i] 0L (o) lemds).

=1
(4.13)
Hence,
n f _ f +00
0< (d - Ziq)gio + Z é] (Eioij + e”‘Tbioij + EinL]gJ.O |ki0j (S) |€asd5>, (414)
=1
which contradicts (4.6). Therefore, (4.11) holds. It follows that
|zi(t)| < dé&i||¢ —P*|le™, t>0,i=1,2,...,n (4.15)
Let M = maxi<i<n{d¢; + 1}. Then, from (4.15), we get
|xi(t) = xF(t)| = |zi(t)| < M| - ¢*||le™™, Vt>0,i=1,2,...,n (4.16)

In view of Definition 2.1, the w-periodic solution x*(t) of system (1.1) is globally exponentially
stable. This completes the proof. O

Corollary 4.2. Let (Hy)—(Hy) hold. Assume that E, — I is a nonsingular M-matrix or p(I') < 1.
Then, system (1.1) has exactly one w-periodic solution, which is globally exponentially stable, where I
is defined as that in (Hg).

Remark 4.3. As a special case, a;(t, x;(t)) = a;(t)x;(t) and a;(t) > 0. Let a, = min{|a;(t)| : t €
[0,w]}, @i = max{|a;(t)] : t € [0,w]}, then L} = g, i = 1,2,...,n. Obviously, (Hz) and (Hy)
hold.

Remark 4.4. When a;(t, x;(t)) = c¢;x;(t), ¢; are constants, and ¢;; = 0,1,j = 1,2,...,n, one can
easily know that [11, Theorems 1 and 2] are direct corollaries of Theorems 3.1 and 4.1 of this
paper, respectively. Moreover, we need not the following assumption:

(Ho) fj(0) =0, gj(0) =0,0<7/;(t) <1,i,j=1,2,...,n.
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Very recently, Zhou and Hu [12] considered the global exponential periodicity and
stability of the following cellular neural networks:

n

xi(t) = ~dixi(t) + Y |“iffj(xj(t)) +bij fj (x (t = 7i; (1))
= (4.17)

t
+Cijf k,’j(t—S)gj(Xj(S))dS +Ii(t), i:1,2,...,n,

where d; > 0, a;j, bij, cij, i,j =1,2,...,n, are constants, I;(t + w) = I;(t), i,j = 1,2,...,n, Ti’j(t) <
1,and 0 < 7;(t) < 7. The assumptions in [12] on the delay kernels k;; of (4.17) are as follows.

(F1) The delay kernels k;; : R*—R" are real-valued nonnegative continuous functions and
o Ckij(s)ds=1,i,j=1,2,...,n.

(Fa) [;7skij(s)ds < +o0,i,j=1,2,...,n.

(F3) There exists a positive number u such that fgooef‘skij(s)ds <+400,4,j=1,2,...,n
Obviously, (4.17) is a special case of (1.1). Moreover, (3.1) of Theorem 3.1 and (3.15) of Theorem
3.2 in [12] are special cases of (4.3) in this paper, thatis, ¢ = (1,1,..., 17T, L{ = Lf, and f;; = 1.
So, [12, Theorems 3.1 and 3.2] are special cases of Theorem 4.1 in this paper. To summarize, the

results of this paper are completely new and generalize the results of [4-12] and the references
cited therein.

5. Application

In this section, we give an example to illustrate that our results are feasible. Consider the
following simple DCNNs with time-varying delays:

2
xj(t) = —a;(t, xi(t)) + [aij(f)ff(xf(t)) +bij (1) f (x; (t = 73;(1)))
=1

j (5.1)

+ci7(t)jt kij(t—s)gj(xj(s))ds| + Li(t), i=1,2,

where fi(x) = gj(x) = |x|, a;i(t,x) = 2x +sin x, I;(t) = sin 40urt, 7;;(t) = (cos 200rt)?, kij(t) =
sin te™, and a;;(t) = byj(t) = ¢;j(t) = (1/12)cos 40xt, i, j = 1,2. Then, we have

1 _ e -
w =35, L/=18=1, a=1, @=3 fy=1, @y=bj=Cj==, ij=12 (52

Hence,

(5.3)

IS
I
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We take 117 = (11,72) = (1,1), then

3 1

_ 4 4 11

=an| -(33)>0. 54
4 4

It is easy to check that all the conditions needed in Theorem 4.1 are satisfied. Therefore, (5.1)
has a unique global exponential 1/20-periodic solution.

Remark 5.1. Because a;(t, x;(t)) is not linear about x;(t), thus none of the results in [4-12, 14]
can be applied to (5.1). This implies that the results of this paper are new.
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