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In a free group no nontrivial commutator is a square. And in the free group F, = F(xy, xy) freely
generated by x1, x, the commutator [x;, x,] is never the product of two squares in F;, although it
is always the product of three squares. Let F»3 = (x1,x7) be a free nilpotent group of rank 2 and
class 3 freely generated by xi, x,. We prove that in Fo3 = (x1,x2), it is possible to write certain
commutators as a square. We denote by Sq(y) the minimal number of squares which is required
to write y as a product of squares in group G. And we define Sq(G) = sup{Sq(y);y € G'}. We
discuss the question of when the square length of a given commutator of F,3 is equal to 1 or 2 or
3. The precise formulas for expressing any commutator of F»3 as the minimal number of squares
are given. Finally as an application of these results we prove that Sq(F'»3) = 3.

Copyright © 2009 Mehri Akhavan-Malayeri. This is an open access article distributed under
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1. Introduction

Schiitzenberger [1] proved that in a free group the equation
[x,y]=2", r>2 (1.1)

implies z = 1; that is, no nontrivial commutator is a proper power. It means that it is
impossible to write [x, y] as an rth powers where r > 2. Lyndon and Newman [2] have shown
that in the free group F, = F(x1,x7) freely generated by xi, x», the commutator [x1, xp] is
never a product of two squares in F,, although it is always the product of three squares. In
[3] we proved that for an odd integer k, [xz,xl]k is not a product of two squares in F;, and
it is the product of three squares. Put w = [x;, x1] and k = 2n + 1. We presented the following
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. 1 ..
expression of [xp,x1]7"" as a product of the minimal number of squares:

[x2, x1]%" = ((w"xle)wn>2 (w"x[1>2<<w_”xgl>m>2. (1.2)

Recently Abdollahi [4] generalized these results as the following theorem.

Theorem 1.1 (Abdollahi [4]). Let F be a free group with a basis of distinct elements x1,. .., Xon,
and N any odd integer. Then there exist elements uy, ..., U, in F such that

([oe1, 2] -+ [X2ne1, X2 )N = 020182, (1.3)

ifand only if m > 2n + 1.

Definition 1.2. Let G be a group and y € G'. The minimal number of squares which is required
to write y as a product of squares in G is called the square length of y and denoted by Sq(y).
And we define Sq(G) =sup{Sq(y); y € G'}.

We prove that in the free nilpotent group F,3 = (x1,x2) of rank 2 and class 3 freely
generated by xi, x;, it is possible to write certain nontrivial commutators as a proper power.
We consider certain equations over free group F, 3. Using this, we find Sq[h, g] where h, g €
Fy3. Then we prove that Sq(F; ;) = 3.

2. Main Results
We will prove the following theorems.

Theorem 2.1. Let Fp3 = (x1,x2) be a free nilpotent group of rank 2 and class 3 freely generated by
x1, x3. Then Sq(F§,3) =3.

An application of Theorem 2.1 is displayed in the next result.

Corollary 2.2. In a free nilpotent group of rank 2 and class 3, it is possible to find nontrivial solutions
for the equation

[xy] =2, r>2 (2.1)

We will use the following well-known identities regarding groups which are nilpotent
of class 3.

Lemma 2.3. Let G = (x,y) be nilpotent of class 3. Then, for all integers r, s the following hold:

r r r(r-1)/
[x"y] = [x,y] [x v, 2],

(2.2)

rs(r—l)/Z[ ]rs(s—l)/Z'

[x",y°] = [x,y] " [x, v, %] XY,y
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3. Proofs of the Main Result

Proof of Theorem 2.1. Let h, g be any two elements of F,3 \ y3(F»3). First we study the form of
the element [k, g]. Since y3(F>3) lies in the center of F,3 we may express h as x? xgz [x2, xl]ﬂ
and g as x7' x5 [x2, x1]". We have shown in [5] that.

[k g] = [x2, 211" [x2, 21, X2 1% [x2, 21, X117, (3.1)

where

A =151 11852,

_sin(n-1) nsi(s2-1)

> 5 — 1118y + 125152 + sy — ary, (3.2)
-1 -1
= ns1 (521 ) _ 5h (;1 ) + ﬂS1 —ary.

Now we consider the equation [k, g] = u?(o). The element u has a presentation of the
following form:

! ! ) ! '/
u= x?x? [x2, x1]% [x2, x1, %2]" [22, x1,x1]ﬂ , (3.3)

where 1, 5, &, f, and y’ are unique integer elements.
Lemma 2.3 implies that

w2 = xf"{ xiré [x2, xl]Zu’+r{r£ [x2, X1, xz]2y’+a’r§+rir§(ré—l)/2+rir;2
(3.4)
x [X2,3C1,m]zﬁ,m,rhrir&(ﬂ_l)/2.
Thus equation (¢) holds in F 3 if and only if
rn=r=0, 2a=1% 2f=v, 2yY=pn (3.5)

In particular the equation (¢) has a solution only if A, 4, and v are even. Put ¢; =
ary — Bsy, ¢ = ary — Psy, then

Cc1 —S2 rn

) =81 ¢

8101 — 20 _nci—nce

w . Py T o (3.6)

T2 =52

T —S1

Hence we need sic1 — s2c; and ry¢1 — r2¢; to be even. We have the following two cases.
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Case 1. If s, = 2k, for some integer k, then 1,51 = 2a’ + 2k, and hence 1,51 =, 0. And we have

c1=—a +a(r+s)—kr+ (a +k)s, -2y,

(3.7)
c=a+(a +k)sy—kr —2p.
Further,
0=, s1C1 + S200 = 0(’(51 + 515 + Sz),
(3.8)
0= ric1+ 1= 0(’(1’1 + 1 + 1’2).
Now if & is an odd integer, then we have
0= r +rr +r=ys1 +515 + Sy. (39)

It follows that r1, 1y, 51, and s, are all even. Hence A = 151 — 115, is divisible by 4. But A = 24/
implies that a' =, 0, a contradiction. Hence in Case 1 we have &' =, 0 and A =40.
Now r1s; = 2k, and 151 = 24’ + 2k imply that

p=ar,—kr,—a +ksy+2a'sy + fsy —ar, =2y,
(3.10)
v=da's;+ksy—a —kry +fs1 —ar =2p.

Hence we have

H Ezr‘z(k+a) +Sz(k+ﬂ),

(3.11)
v = ri(k+a) +si(k+p).

And we have the following cases.

Subcase 1.1. If 1 = 1y = s1= 5, = 0, then it is clear that for any integer numbers a and f we
have;

)LE4 0, H =2V = 0. (3.12)

And the equation (¢) has solution.

Subcase 1.2. If =1 =,51=0 and s, =1, then rs,=4A=40. We have the following two
cases.

(1.2.1) If r1 =40, then we have A=40. Also from r;s, = 2k, it follows that k =,0. Now if we
choose f =, 0, then from (3.11) it follows that ¢ =, 0 and v =, 0 for any a« € Z. And
in this case the equation (¢) has a solution.

(1.2.2) If r; =4 2, then 1 =42, and the equation (o) has no solution.
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Hence in Subcase 1.2 if =40, n=51=0, s,=1, and p =0, for any a € Z the
equation (¢) has a solution.

Subcase 1.3. If r1 =12 =>s,=, 0 and s; =, 1, then s17, =, A =4, 0. We have two cases.

(1.3.1) If =40, then A=40. Since r1s; = 2k, and r1=5,=,0, hence k=, 0. Now if we
identify f =, 0, then from (3.11) it follows that y =, 0 and v =, 0. And the equation
(¢) has a solution.

(1.3.2) If r, =4 2, then 1 =4 2, and the equation (¢) has no solution.

Hence in Subcase 1.3 if r1=,5,=,0, =40, and =0, for any a € Z the equation (¢)
has a solution.

Subcase 1.4. If r1 =, 1=, 0 and s1 = s» =, 1, then we have the following two cases.

(1.4.1) If 11 =4 0, then A =4 517> =4 0. Now s1 = 1 implies r, =4 2. If we choose f =; 0, then for
any a € Z the equation (¢) has a solution. Hence if r1 =41 =40, s1=s,=1, and
P =0, then for any a € Z, the equation (¢) has a solution.

(1.4.2) Ifry =4 2. Since A =4 5115 — 115, =40, hence r, =, 2. If we identify p =1, forany a € Z
then y = v =, 0. And the equation (o) has a solution.

Subcase 1.5. If r1 =, s1=, 1=, 0, and r, =, 1, we have the following two cases.

(1.5.1) If 51 =4 0, then A =4 0. Since 7152 = 2k, hence k =, 0. If we identify =, 0, forany f € Z,
then p = v =, 0. And the equation (¢) has a solution.

(1.5.2) If s1=42, then A =4 2. And the equation (¢) has no solution. Hence in this case only
if 51 =40, the equation (o) has a solution.

Subcase 1.6. If r1 =, s1=,0and 1, = s = 1, then similar to Case 4, if r1 =451 =0 0r r; =451 =42
then A=40. And for any a=; §, u = v =,0, the equation (¢) has a solution.

Subcase 1.7. If r1 =, sp=p 0 and r, =, s1 = 1, then A =, 1. Hence the equation (¢) has no solution.
Subcase 1.8. If ry =, 0 and 1, =, 5, =, 51 =, 1, then 1 =, 1. Hence the equation (o) has no solution.

Subcase 1.9. If r; =1 and 12 = 52 =5 51 = 0, we have two cases.

(1.9.1) If 55=40, then A=40. Since rys, = 2k, hence k=, 0. If we identify a =, 0, for any
P € Z, then yu =, v = 0. And the equation (¢) has a solution.

(1.9.2) If s =42, then A =4 2. And the equation (¢) has no solution.

Subcase 1.10. If r1=2s,=1 and m=;51=,0, then rs,=,1. And the equation (¢) has no
solution.

Subcase 1.11. If r1=,s1=1 and r =, s,=,0, then similar to Subcase 1.6, if r,=45,=40 or
=4 5=42 then A=40. And for any a =, , u =, v =0, the equation (¢) has a solution.

Subcase 1.12. If ri=s1=2s5,=1 and =0, then ris,=,1. And the equation (¢) has no
solution.

Subcase 1.13. If r1 = r,=>1 and s; = s, = 0, then we have two cases.
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(1.13.1) If 51 =4 0, then A =4 0 implies s, =, 0. If we identify & =, 0, for any p € Z, the equation
(¢) has a solution.

(1.13.2) If 51=42, then s, =4, 2. And if « =, 1, for any p € Z, the equation (¢) has a solution.

Subcase 1.14. If 1 = r=p so=; 1 and s1 =, 0, then 715, =, 1. In this case the equation (¢) has no
solution.

Subcase 1.15. If r1 =12 =551 =21 and 51 = 0, then 151 = 1. In this case the equation (¢) has no
solution.

Case 2. If risp=1.Since A = 5112 — 115, =, 0, hence ri = 1, = 51 =2 5, = 1. If we identify a =, §,
then y =, v =, 0. In this case the equation (¢) has a solution.
Hence we show that in the following twelve cases the equation (¢) has solution. And

Sq[h, g] = 1.

281 =1 =) S52=) 0, for all a, ﬁ
=n=0, s0=1, =0, foralla, f=0.

s1=21, =40, forall a, f =0.
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rn=1, s51=40, a =0, for all f.
Ezﬁ .
= ﬁ

n=5=0, a

n=:s5=1, a

1= 1, =510, 5o0=,0, a =0, for all p.
s1=452=40, a =0, for all g.

S1=450=42, a =1, for all p.

And more precisely we have

[h’ g] = ([xZ/ xl])t/2 [xZI X1, x2]ﬂ/2 [x2/ X1, xl]V/2>

? (3.13)

Now in the following ten cases the equation (¢) has no solution.

(13) n=51=0,
(14) n=5=0,
(15) 1= 5=0,
(16) n=251=,0,
(17) r1=252=0,
(18
(19

rn=:s=1,

)
)
)
)

Sy =p 1, m 542.
S1=p 1, 7’2542.
T =p 1, S1 542.
= 1, 52542.
rn=s1=1.

=51 =0.

n=:s1=:5=1, n=0.

20) rm=mn=s=1, s1=0.
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Q) n=s1=:n=1, 55=0.

(22) n=s1=2850=1, 1= 0.

We consider the equation [h,g] = ulu5 (0). Suppose that the equation (¢) has a
nontrivial solution(u,u;). The elements u; and u, have a representation of the following
forms:

up = XM o, 2117 [x2, 31, 0117 [0, 201, 2217,
(3.14)
Uy = X[ [x2, 1] [x2, 31, 2117 [22, 21, 22] 7,

where 73, a;, f;, and y; are unique integer numbers. By applying Lemma 2.3 one obtains

2 211i ,,27i

_ 2a+11i12i
u; = x7 x5y M [xg, 00 [T

x [.X'z, x1, xl]2ﬂi+ﬂi71i+71i7‘2i((711'—1)/2)

(3.15)
i — 1 )
2yi+airai+rirai( Y astice
x [x2,x1, %2
Hence
2.2 2(rm+ri2)  2(ra+ri2) 2(ay+an)+riir+riarn+4rir
uju; = X X, [x2, x1]
x [le x1, xz]Vll+Tl2+2k1T22+47217‘12((27’21—1)/2)+8721712722 (316)
x [le x1, xl]m1+m2+2k1r12+4r21r12((2r12—1)/2)l
where fori=1,2,
ki = 2a; + ryirai,
i — 1
mi = 2p; + airyi + itz —— ), (3.17)
_ ri—1 2
n; = 2]/‘1' + a1 + 111 T + nit;-
Hence equation (¢) holds if
ra = -T2, 1 = —1721,
A =2(a1 + az) = 2111121,
(3.18)

w=2(y1+72) +ra(ar — ay) = 2kiryy + riaron (—4ra1 + 1),

V= Z(ﬂl + ﬂ2) + 111 (111 - th) - 2k17‘11 + 171 (41‘11 + 1)
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Note that second equation gives 1=, 0; hence equation (¢) has nontrivial solution only if
A=, 0. In particular in the cases from (17) to (22), since .\ is odd, the equation has no solution
and Sq[h, g] = 3.

Finally it remains to consider the cases from (13) to (16). In these cases we have A =4 2.
And we prove that if v =, 1, then y =, 0. It is clear that v =, 1 implies m; + my=; 1. Hence
ri1(aq + az + 121) = 1. In particular 111 =, 1 and a3 + az + 11 =, 1. Now we have

_ _ rn -1 2
U =2 Ny + Ny = a7 + 111721 5 + 711753

rn —1
+axry + r12r22< 222 ) + T121”222 (3.19)

= (1 + 1"12)1"12 520.

Now in the cases from (13) and (15), we have v =, 1. Hence p = 0. And if we identify:

i1 =-s1+1, rp=s1-1, T =-121 =0,
A v +rian H (320)
a=ph=y=0, a =z, ,51=T, n=s-
then for the elements
up = x7" [x, 20, 20 ] V2D [y 3, 30 ]2,
(3.21)

uy = x5 o, 211V

we have [h, g] = u2u3. It covers the cases from (13) and (15).
Now we consider the cases from (14) and (16). Since in these cases s =, 1, hence v =, 0.
If we identify

rii=rn=0, =1, o = -1,
m=p=n=0 wm=2 pi= - o
1=p2=1n=VY, 2—2, 1—2, Y1 = 5
then for the elements
up =x2 [xzfxllxl]v/z,
(3.23)

Uy = x;l [x2r xl])L/Z[le x1, xz](y+/\/2)/2'

one obtains [h, g] = u3u3. And the equation () satisfies.
In particular in the cases from (13) to (16), we have Sq[h, g]=2. This completes the
proof. O
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As an immediate consequence of Theorem 2.1, we obtain the exact value of the
Sq(Fé,3).

The proof of Corollary 2.2 is based on our previous result [5] which we summarize
here.

Theorem 3.1 (Rhemtulla-Akhavan[5] ). Let Fo3 = (x1, x2) be a free nilpotent group of rank 2 and
class 3 freely generated by x1,x,. Then any element of F, 5 can be expressed as a product of at most
two commutators.

We will also use the fact that if a, b, and ¢ are any elements of a group G, then
2 2
a’[b,c] = <a2b‘1c‘1> <aba‘1c‘1 a‘1> (ac)®. (1)
Proof of Corollary 2.2. Let § = [x, y][w, z] be any element of F, ;. We may write

[x, y] = [x2, 1] [x2, x1, %2]* [x2, 21, %117,
(3.24)

! ! !
[z, w] = [x2, 210" %2, 21, %2 ] [x2, %1, 1],

where A, X', y, f', v, and V' are suitable integer numbers. Since y3(F,3) lies in the center of F, 3
and F; , is abelian, we may express ¢ as

¢ =[x, M [xz,xl,x§+” 'xf“”]. (3.25)

There are two cases:
(1) A+ V=0,
2) L+ V=1
Case 1. By (1), we may write ¢ as a product of three squares.

Case 2. We may write
¢ = [ 21 MY g, ]2 (3.26)

Since A + \' — 1 is even, (1) yields Sq(¢) < 3. In Theorem 2.1 we produce elements of
square length equal to three. This shows that Sq(F; ;) = 3 and completes the proof. O

Note. Let G = (x1,x2) be a free nilpotent group of rank 2 and class ¢ > 3 freely generated
by x1,x,. Now F3 is a quotient of G. Since the equations (¢) and () do not hold in the
cases from (17) to (22) in F 3, these equations should not hold in G. And similarly since the
equation (¢) does not hold in the cases from (13) to (16) in F,3, hence these equations will
not hold in G.
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