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1. Introduction

Let M, ,(x;q) be the generalized weighted means: M, ,(x;q) = (Z?:l qixi’)l/r, where
M, 0(x; q) denotes the limit of M,,,(x;q) asr — 0".Herex = (x1,...,x,),q = (q1, - .., gn) With
gi >0 (1 <i<n)satisfying 3.7, g; = 1. In this paper, we always assume 0 < x; < xp < -+ < xp.
To any given xand t >0, wesetx' = (1 —xy,...,1—x,),x = (x1+1t,...,x, +1).

We define A,(x;q) = M,1(x,q),Gn(x;q) = Muo(x;q), Hi(x;q) = M,-1(x;q), and
we shall write M,,, for M,,(x;q), M+ for M, ,(x:;q), and M, , for M, -(X;q) if x, < 1
and similarly for other means when there is no risk of confusion. We further denote o, =
S gi(xi — A).

When x, < 1, we define

(1.1)

where we set M}, ,/0 = InM,, and we shall write A, 4 for A,sq.0 and A,  for A, ;. In
order to include the case of equality for various inequalities in our discussions, for any given
inequality, we define 0/0 to be the number which makes the inequality an equality. The
author [1, Theorem 2.1] has shown the following (in fact, only the case a = 1 is shown there
but one can easily extend the result to all a < 2 following the method there).
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Theorem 1.1. Forr > s and a < 2, the following inequalities are equivalent:

r—s >(Mﬁrr—Mﬁ,5)>r—5
oy > >
x> a 2x2@

2-a 2-a
< il ) ZAr,s,az< il ) , (1.3)
1—xn 1—X1

where in (1.3) one requires x, < 1.

On, (1.2)

In fact, one can further show that (see [2]) the two inequalities in Theorem 1.1 are

equivalent to
2-a 2-a
Xn X1
> A > 14
<t+x1> = r’s’a’t_<t+xn> (14)

being valid for all t > 0. We point out here that when inequality (1.2) holds for some 7, s, one
can often expect for a better result than (1.4), namely,

2-a 2-a
Xn X1
> A > . 1.5
<t+xn> = r’s’“’t_<t+x1> (15)

We note that inequality (1.2) does not hold for all pairs r, s (see [1]). Cartwright and
Field [3] first proved the validity of (1.2) for r = 1,s = 0,a = 1. For other extensions and
refinements of (1.2), see [2, 4-8]. When a = 1, inequality (1.3) is commonly referred as the
additive Ky Fan’s inequality. We refer the reader to the survey article [9] and the references
therein for an account of Ky Fan’s inequality.

In this paper, we will focus on the special case a = 0 of (1.2), which has ties with the
following result of Ky Fan that initiated the study of the whole subject.

Theorem 1.2 (see [10, page 5]). For x; € (0,1/2], Ao < 1, with equality holding if and only if
X1 == Xp

A nice result of Wang and Chen [11] determines all the pairs 7, s with r > s such that
A, 50 < 1is satisfied when x; € (0,1/2]. Their result is contained in the following.

Theorem 1.3. Forr > s,x; € (0,1/2], Ay s0 < 1 holds if and only if [r + s| < 3,2°/s > 2" /r when
s>0,82° <r2" whenr <0.

We note here that Theorem 1.2 follows from the left-hand side inequality of (1.3) for
the case r = 1,5 = 0,and a = 0, which in turn is a consequence of the above mentioned result
of Cartwright and Field. In fact, we have the following result which is contained implicitly in
[12].

Theorem 1.4. If either side of inequality (1.2) holds for r,s,a < 2, then the same side inequality of
(1.2) also holds for r, s and any p < a. Moreover, the above assertion also holds when applied to (1.3)
or (1.4).
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On combining the above result with the result of Cartwright and Field we see that
(1.2) holds for r = 1,5 = a = 0 and consequently (1.3) holds for r = 1,5 = a = 0 in virtue of
Theorem 1.1.

Now, it is natural to be motivated by the result of Wang and Chen, in view of the
discussions above, to ask whether one can determine all the pairs r, s with r > s such that
either one of the inequalities (1.2)-(1.4) holds for & = 0. It is our goal in this paper to
investigate such a problem. Before we proceed, we would like to summarize the known
results in this area. On taking [ = 2, = 1 in [5, Proposition 2.3], we deduce with the help
of Theorem 1.4 that (1.2) holds for -1 < s < 1,s <r <1+ s,a = 0. On the other hand, [5,
Corollary 3.2] combined with Theorem 1.4 implies that (1.3) holds fora =0,0 < s <r < 1and
r—1<5<1,0<r <2 We also observe that if (1.2) holds for » > s and s > ¢/, then it also
holds for r > s’. As (1.2) and (1.3) are equivalent, we conclude that when a = 0, (1.2) holds
foranyr>s,0<r<2,-1<s<1.

2. The Main Theorem

Lemma 2.1. Let r > s, I = (0,1], I, = [1,+o00) and let E denote the region E = {(q1,q2) | g1 >
0,g2 > 0,q1 + g» = 1}. Define

Ds(tqr,q) =t =t + (r=s) (1= 1) (q1 + got”) (@1 + got*). (2.1)

Then for s > 0, D, s(t;q1,92) < 0 holds for all (t,q1,9.) € It x Eifand only if s < land r +s <3
and D, s(t; g1, q2) < 0 holds for all (t,q1,q2) € I, x E ifand only if r <2 and r + s < 3.

For s < 0,ifr <0, then D,4(t;q1,92) < 0 holds for all (t,q1,92) € I x E if and only if
-1<r<0and -3 <r+s<0and D,s(t;q1,92) < 0 holds for all (t,q1,q2) € I x E if and only if
s>-2and -3<r+s<0.

Fors <0 <1, Dys(t; q1,92) < 0 holds for all (t,q1,q2) € I x E if and only if r < 2 and
r+s>00rs>-2andr+s<0.

Proof. When s > 0, in order for D, 4(t; g1, g2) < 0 to hold for all (t, g1, g2) € I xE, one just needs
to check the case g1 = 1,42 = 0. In this case we can rewrite D, 4(¢;1,0) as

f)y=t"'—t1+(r-s)(1-1). (2.2)

Note that f(1) = f'(1) = 0; hence in order for f(t) < 0 to hold for all 0 < ¢ < 1, it is necessary
that f”(1) < 0. Note that f"(t) = (r—1)(r-2)t"3—(s-1)(s—2)#*~% and from this one checks easily
that (1) < 01is equivalent to r + s < 3. On the other hand, on taking t — 0%, we see that one
needs to have s < 1in order for f(t) < 0to hold forall 0 < t < 1. Now, it also follows from s < 1
that 25 f"(t) = (r-1)(r-2)t"°—(s-1)(s-2) < max{(r-1)(r-2)—(s-1)(s-2),—(s-1)(s-2)} < 0.
Hence one deduces via Taylor expansion of f(t) at1 that f(t) <Oforall0 <t <1.

Similarly, when s > 0, in order for D, s(t;q1,42) < 0 to hold for all (t,41,492) € I, x E,
one just needs to check f(t) <0fort>1. As f(1) = f'(1) = 0, certainly it is necessary to have
f"(1) £0and lim;_, 1 f (t) < 0. These imply that r <2 and r +s < 3 and one checks easily that
these conditions are also sufficient.

As a consequence of the above discussion, one can deduce the assertion of the lemma
for the case s < 0 and r < 0 by noting that D, s(t; g1, q2) = ™ D_s _,(t; g2, q1)-
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It remains to treat the case 7 > 0 > s. We let g(gq) = (1 — g+ gt")(1 - g + gt°), and note
that g”(q) = 2(#" — 1)(#°* — 1) < 0. It follows from this that in order for D, s(t; g1, ¢2) < 0 to hold
for (t,q1,92) € I x E, it suffices to check the cases g» = 0,1. When r + s > 0, we only need
to check the case g, = 0 and in this case one can discuss similarly to the case s > 0 above to
conclude the assertion of the lemma. We just point out here that as s < 0 < r < 2, we have
r+s < 2. When r+s <0, it suffices to check the case g, = 1 and in this case one uses the relation
D,s(t;0,1) =t"™°D_s _,(t;1,0) to convert this to the previous case that has been discussed. [

Theorem 2.2. Let r > s. The right-hand side inequality of (1.2) holds for « = 0 when 0 < s <
1,r+s<30rs<0,-1<r<0and -3 <r+s <0. The left-hand side inequality of (1.2) holds for
a=0when -2<s<0,-3<r+s<0.

Proof. To prove the first assertion of the theorem, we may assume r > 2 or -1 < r < 0 in view
of our discussion in the last paragraph of Section 1 and for the case r > 2, we define

r—s

gn(q,x) =InM,,, —InM,,; - 2—20n. (2.3)

Similar to the proof of Theorem 5.1 [2], it suffices to show that 0g,/0x; < 0. Calculation
shows that

10g, ' x5t r—s
—_—— = —_ —_ — ATL = n ’ . 2.4
n 6x1 M;rr ]\/I,SqlS x721 (X1 ) f (q X) ( )

We now show by induction on n that f,(q,x) < 0. When n = 1, there is nothing to prove.
When n = 2, this becomes

r+s-1

X3 Dys (/X2 2, q1) _ (2.5)
ME,rM;,S - |

%fz(q/ X) =

by Lemma 2.1.

Suppose now n > 3; in order to show f,(q,x) < 0, we may assume that 0 < x1 < x,
are being fixed and it suffices to show that the maximum value of f,(q,x) is non-positive on
the region R, x S,_», where R, = {(q1,92,--.,qn) : 0 < g < 1,1 <i<n>"' g =1} and
Spa= {(xZI---rxn—l) 1X; € [xlrxn]rz <i<n- 1}

Let (q',x') be a point of R, x S,_, in which the absolute maximum of f,, is reached. If
x; = x.,, for some 1 <i < n -1, by combining x; with x!,, and g; with g.,,, we are back to the
case of n — 1 variables with different weights. If 4; = 1 for some i, then we have

XI_l xi—l F—s ( A ) x{—l xi,—l r—s ( )
- - X1 —Ap) = - X1 - X
M, M i x; x; Xn
xr—l xs—l F—s
1 1
ST e ) (20
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by Lemma 2.1. If g; = 0 for some 1 < i < n, we are back to the case of n - 1 variables. If g, = 0,
then we may assume that q,_, #0 and note that we have M,,, = My, 1, Mys = My 15, Ay =
A,_1 and that

-1 s—1 r—1 s—1
xq x r—s x x r—s
1 1 1 1
- - X1 — A ) < - - (.X'1 -A _1) (27)
r s 2 ( n; = r s 2 n=1Js
Mn,r Mn,s Xn Mn—l,r Mnfl,s X1

and we are again back to the case n — 1. If g; = 0, then similarly we may assume that g, #0
and if we can show that (again with M,,, = M_1,, M, s = M1 s and A, = A,_1 here)

r—1 s—1 r-1 s—1

x x r—s x X r—s
1 1 2 2
- - (x1 - Ay) < - - (x2 = Ap1), (2.8)
M:lrr Mf"/s 31 ! M:l—l r M751—1 S x% "

then we are back to the case of n — 1 variables. Note that the above inequality will follow if
the function
xtx r—s
= a2 X
Mn,r Mn,s Xn

s—1

x (2.9)

is an increasing function for 0 < x < M,,, (in fact, one only needs this for 0 < x < x,) and its
derivative is

(r=1Dx? (A-s)x*? r-s_(r-Dx"? (1-5)x"? r-s
M, " M, s - X2 z Xy, " x5, - x2 = h(x)’ (2'10)
’ ’ o

n

with the inequality holding for the case > 2 (note that together with r + s < 3, this implies
that s < 1). It also follows from 7+ s < 3 that h'(x) = 0 has no root in (0, x,,). One then deduces
from h(x,) = 0 and lim, _¢-h(x) = +oo that h(x) > 0 for 0 < x < x,,.

So from now on it remains to consider the case g;#0,1, x; # x;. for1<i,j<mi#jand
this implies that (q',x’) is an interior point of R, x S,_». We will now show that this cannot

happen.
We define
o7t XY (r-s)x
p(x) = - VAR = -\ (2.11)

Note here in the definition of p(x) that M,,, and M,, ; are not functions of x, they take values
at some point (q, x) to be specified, and A is also a constant to be specified.

As (q',x') is an interior point of R, x S,_», we may use the Lagrange multiplier method
to obtain a real number A so that at (q',x'),

of 0 [ & 18f,
On 10 (. 1), L_g (2.12)
ogi  0Og; <Zq > q; 0x;

i=1

foralll1<i<mand2<j<n-1
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By (2.12), a computation shows that each x’; (1 < i < n) is a root of p(x) = 0 (where
M, r, M, take their values at (q,x')) and each x'; (2 < i < n-1) is a root of p'(x) = 0.
Now n > 3 implies p(x2) = 0. As p(x1) = p(x2) = p(x,) = 0, it follows from Rolle’s Theorem
that there must be two numbers x; < a < x; < b < x, such that p'(a) = p'(x2) = p'(b) = 0.
However, it is easy to see that p’(x) = 0 has at most two positive roots and this contradiction
implies the first assertion of the theorem for the case 0 < s < 1.

Now to show the right-hand side inequality hold of (1.2) for the case s <0,-1 <r <0
and -3 < r + s < 0, once again it suffices to show that the function g,(q,x) defined above is
nonnegative for any integer n > 1. We note that when n = 1, this is obvious and when n = 2,
this follows again from 0g,/0x; < 0 by Lemma 2.1.

Suppose now n > 3; in order to show g,(q,x) > 0, we may assume that 0 < x; < x,
are being fixed and it suffices to show the minimum value of g,(q,x) is nonnegative on the
region R, x S,_», where R, and S,,_, are defined as above.

Let (q',x') be a point of R, x S,—, in which the absolute minimum of g, is reached.
Note that o, = M2 — AZ; thus if x| = x},, for some 1 <i < n -1, by combining x} with x},
and g; with g, , we are back to the case of n — 1 variables with different weights. Slmllarly, if
q; = 1 for some i, then we are back to the case n = 1. If g; = 0 for some 1 <i < n, we are back to
the case of n — 1 variables. If g, = 0, then we may assume that g, _, # 0 and note that we have
Mn,r = Mn—l,rr Mn,s = Mn—l,sr Mn,Z = Mn—1,2/ Ap = Ay-1 and that

r—s
lnMn,r—lnMn,s—z—zo'n:lnMnr In My,s — 22 <M3¢2 Az)

n n
r—=s
>InM, 1, -InM,_ 14— E (Mi—lg - Ai—l) (2.13)
r—s
=In Mnfl,r —1In Mnfl,s - 2_20n—1/
n-1

and we are again back to the case of n — 1 variables.

So from now on it remains to consider the case g;#0,1, x; # x} for1<i,j<mi#j,and
this implies that (q’,x’) is an interior point of R, x S,_,. We will now show that this cannot
happen.

We define

x" x5 (r—s)(x* —2A,x)

- - 2.14
rM:L,r SMrSz,s 236% ( )

a(x) =

Here we define x°/0 = In x. Also note here in the definition of a(x), that M,,,, M,,s,and A,
are not functions of x, they take values at some point (q, x) to be specified, and A is also a
constant to be specified.

As (q',x') is an interior point of R, x S,—», we may use the Lagrange multiplier method
to obtain a real number A so that at (q',x’),

0gn 1 0gn
= : , —=t=0 (2.15)
g aqz <Zq > q; 0x;

foralll1<i<mand2<j<n-1
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By (2.15), a computation shows that each x; (1 < i < n) is a root of a(x) = 0 (where
M, ,, M, s,and A, take their values at (q',x')) and each x; (2 <i <n-1) is a root of a’(x) = 0.
Now n > 3 implies a(xz) = 0. As a(x1) = a(x2) = a(x,) = 0, it follows from Rolle’s Theorem
that there must be two numbers x; < ¢ < x; < d < x, such that d'(c) = d'(x2) = a'(d) = 0.
However, we have

x1 o xs1 _(r=s)(x-Ay)

M, - Mz ) (2.16)

a(x) =

It is easy to see that a”(x) = 0 has at most one positive root, which implies that a’(x) = 0 has
at most three positive roots. As r < 0, it follows from lim, _, o-a'(x) = —oo and limy _, 4o, @' (x) =
—oo that a’(x) = 0 has even numbers of roots so that a’'(x) = 0 can have at most two positive
roots. This contradiction now establishes the right-hand side inequality of (1.2) for the case
§<0,-1<r<0,and -3<r+s<0.

One can show the second assertion of the theorem using an argument similar to the
above and we shall leave this to the reader. O

3. Further Discussions

As we have pointed out in Section 1 that if either one of the inequalities (1.2)—(1.4) holds for
some 7, s, a < 2, then one often expects inequality (1.5) to hold as well for the same r, s, a. In
view of this, one may ask whether it is feasible to prove so for those pairs r, s, & = 0 satisfying
Theorem 2.2. We now prove a special case here.

Theorem 3.1. Let -3 <r < 3,r#0,t > 0, then the following inequality holds:

x2InG, —In M, .| > (2, + )*[In Gy — In M, . (3.1)

Proof. We first prove the theorem for the case -3 < r < 0. For this, we may assume that ¢ > 0
is fixed and replace r with —r so that 0 < < 3 in what follows. We define

fa(@%) = x5 (InGy = In My, ) = (X + 1) (In G = In My, 1). (3.2)

As in the proof of Theorem 2.2, it suffices to show that 0f,,/0x; < 0 and calculation shows

19,
q1 6x1

= &n(q,X) — gn(q,Xt), (3.3)

where

(3.4)

i qi(x —xI)/x?>

_.2
gn(a,x) = Xn< x1 3 (1 /%)
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It is easy to check that

X X+t X x1+t
n oy 7n oM

xi oxi+t’ x; T oxi+t (3:5)
In view of (3.5), the inequality 0f,/0x; < 0 will follow from
x2(xh - x" LD (g + D) = (1 + 1)
dl(xl') — n( i ]) _ (x ) ((x ) (xl ) ) > (36)

x1x] (1 +1)(x; + 1)

for x; < x; < x,. We may assume that x,, > x; here and it is easy to see that d’l(x) =0
can have at most one root x; in between x; and x,,. This combined with the observation that
di(x1) = 0,d) (x1) > 0 implies that d; (x) reaches its local maximum at x if it exists. Hence we
are left to check that dy(x,) > 0. In this case we note that x,, — x; = (x,, +t) — (x1 + t) and we
rewrite di(x,) as

J ~ x2 (xh, — x7) (n + 1) ((en + 1) = (xz +1)")
102n) = x1x5 (%, — x1) B (1 +8)(xn + 1) ((xp +t) = (21 + 1)) (3.7)
Xn X+t
=e<x_1> _e<x1+t>’
where
x" =1
E(JC) = m (38)

In view of (3.5) again, we just need to show that e(x) is an increasing function for x > 1. Note
that

X3 (= 2x 4 (r = 1)x = (r - 2))

(22 (x = 1))°

e(x) = , (3.9)

and it is easy to see that the function x™*! — 2x" + (r — 1)x — (r - 2) is non-negative for x > 1
when 0 < r < 3 by considering its Taylor expansion at x = 1 and this completes the proof for
the assertion of the theorem for the case -3 < r < 0.

To prove the theorem for the case 0 < r < 3, we may again assume that ¢ > 0 is fixed
and define

1,(q,%) = x2(In M,,, —InG,) - (x, + H)*(In M, s —InG,,). (3.10)

Again it suffices to show that ou, /0x; < 0 and calculation shows

_1 0w
11 0x1

=v,(q,X) — v,(q, Xt), (3.11)
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where

it qi(x] —x7) /%,
_ 2 i 1
Un(q/x) - xn< x1 Z?:l qi(xi/xn)r . (312)

In view of (3.5), the inequality 0u, /0x; < 0 will follow from

(g =x)) G+ ) - ()

(3.13)
xX1X), (x1 +1)(x, + 1)

da(xi) =

for x; < x; < x,. We may assume that x, > x; here and it is easy to see that d,(x) = 0
can have at most one root x; in between x; and x,. This combined with the observation that
dy(x1) = 0,d,(x1) > 0 implies that d;(x) reaches its local maximum at xj if it exists. Hence
we are left to check that dy(x,) > 0. As dy(x,) = di(x,), this completes the proof for the

remaining case 0 < r < 3 of the theorem. O

Now we show that, in general, it is not true that for -3 <r <3,r#0,t >0,
2N Gy —In My, | < (21 +£)*In Gyt — In My p - (3.14)

To proceed, we first look at the following related inequalities (with r > s here):

(r—s)ou (r=5)on

In Mn,r —-1In Mn,s - 2 < In Mn,r,t -1In Mn,s,t RN (315)
2x] 2(x1 +1)
(r—s)o, (r—s)o,
InM,,-InM, ;- — 2 InM, 1 —InM,s; - —. (3.16)
2x;, 2(xy + 1)

Let f,(q,x,t) denote the right-hand side expression of (3.15); then (3.15) holds if and only if
0fn(q,x,0)/0t > 0. As x is arbitrary, we can recast this condition as

Mr—l Ms—l _
el el =80 5, (3.17)
Mn,r Mn,s x?

Similarly, (3.16) holds if and only if the following inequality holds:

Mr—l Ms—l _
n,rr—l _ n,ss—l " (T S)on <0. (318)
Mn,r Mn,s xf;

As a first step towards establishing (3.17), we consider the case n = 2 here; in this case we let
x1 = 1 <t = x, and rewrite the left-hand side of (3.17) as

q1q2(1 - t)
(q1 + q2t") (q1 + gat*)

+ tr_l + ts—l
q‘;l +q;2tr - q(lh +q;2ts + (T - S)q1qz(t - 1)2 =

D5 (t; qi, q2) (3.19)
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with D, s(t; g1, g2) being defined as in Lemma 2.1. Using the same notations as in Lemma 2.1,
we see that in order for (3.17) to hold for n = 2, we need to have D,(t;q1,42) < 0 for
(t,q1,92) € I x E. Similar treatment of (3.18) shows that in order for it to hold in the case
n =2, one needs to have D, «(t;q1,q>) <0 for (t,q1,92) € I x E.

It follows from the proof of Lemma 2.1 that D,(t;1,0) < 0 fails to hold for all ¢ > 1
when r > 2. In another words, there exists x, q such that when r > 2,

1
Mya 1 (r=s)o

e <0 (3.20)
M:L,r Hn .X"l3

holds. Now we return to the inequality (3.14) and we take r > O there. Just as in the discussion
above, one sees that (3.14) is equivalent to

2(In My, ~InG,) ML

——>0. 3.21
X1 Mﬁ,r H, ~ 0 ( )
This combined with (3.20) now implies that for r > 2,
(r—s)o,
InM,, -InG, > ——— (3.22)

2
2x3

However, on taking t — +oo on (3.14), we get the above inequality reversed (with
> replaced by <) and this leads to a contradiction; hence (3.14) does not hold for r > 2 in
general.

To end this paper, we note that it is an open problem to determine all the triples (r, s, &)
so that inequality (1.2) holds. However, when a = 0 with r = 0 or s = 0, the result given in
Theorem 2.2 is best possible. In this case Theorem 2.2 implies that for |r| < 3,7 #0,

InM,,-InG,| > 2|L|20'n. (3.23)
Xn

We point out here that inequality (3.23) does not hold in general when [r| > 3. To see
this, it suffices to consider the case n = 2 and in this case we canset 0 < x; =t < x, = 1 and
consider more generally for r > s, the function g (q, x) defined in the proof of Theorem 2.2,
regarding it as a function f(f) of t. It is easy to check that f(1) = f'(1) = f"(1) = 0; hence by
the Taylor expansion of f(t) around t = 1, we need £ (1) < 0 in order for f(t) > 0 to hold for
any 0 <t < 1. Calculation shows that

O =qi(r- s)<r +5-3-3(r+s-1)gq +2(r + s)qf). (3.24)

On taking g1 — 0%, one sees immediately that we must have r + s < 3 here in order for
f(t) 2 0forall0 <t < 1. On taking s = 0, we see that one needs r < 3 in order for (3.23) to
hold for positive r. Similarly, one checks easily that in the case n = 2, if inequality (3.23) holds
for some r, then it also holds for —r by a change of variables x; — 1/x5_;,1. Hence one needs
r > =3 in order for (3.23) to hold for any negative r.
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