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Let X be a real uniformly convex Banach space and C a closed convex nonempty subset of X.
Let {T;};_; be a finite family of nonexpansive self-mappings of C. For a given x; € C, let {x,}
and {x l)} i=12,...,r be sequences defined x(o) = X, xﬁ,l) = a(DT x(o) +(1- a(l))xilo), xilz)

2 2 2 2 1) 2

a' )T x + a( )Tlxn +(1- ;2) aill))x,,, sy X = X0 = al)T, x(r + as()r 1)T, P

(r)Tlx,, +(1- an()r) af:()r_n s — ail))x,,, n > 1, where a ) e [0,1] forallj € {1,2,...,r},n €N
andi=1,2,...,j. In this paper, weak and strong convergence theorems of the sequence {xn} toa
common fixed point of a finite family of nonexpansive mappings T; (i = 1,2,...,r) are established

under some certain control conditions.

Copyright © 2009 S. Imnang and S. Suantai. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

Let X be a real Banach space, C a nonempty closed convex subset of X, and T : C — C a
mapping. Recall that T is nonexpansive if [|[Tx - Ty| < |[x —y| forallx, y € C.LetT; : C —
C, i=1,2,...,r,be nonexpansive mappings. Let Fix(T;) denote the fixed points set of T;, that
is, Fix(T;) := {x € C : Tix = x}, and let F := "_, Fix(T;).

Foragiven x; € C,and a fixed r € N (N denote the set of all positive integers), compute

the iterative sequences {x£10)} {x,(ql)} {x,(qz)},... {x (r)}by

(O) - xn/

1 1 0 1 0
20 = aBTix + (1- a0
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2 2 1 2 2 2
x,(q) = af{szxﬁ + aill)Tlxn + (1 512) aif)xn,

Xne1 = 27 = @D, 4 a(r()r yTr- A a;rl)Tlxn
(r) (r) (r)
+ <1 By ™ Anre1y ="~ i >xn, n>1,

(1.1)

where a ) € [0 1] forallj € {1,2,...,r},n e Nand i =1,2,...,j. If aZ) =0, foralln € N,
jel{l,2,. l}andi=1,2,...,7, then (1.1) reduces to the iterative scheme

Xn41 = SuXp, n2>1, (12)

where S,, == aT, +a£l()r pT1t e+ T1+(1 af:) —af:()r_l) -~-—a )I a(r) € [0,1] for all
i=1,2,...,randn € N.
Ifafl]i) =0,forallneN,je(1,2,...,r-1},i=1,2,.. ,]anda(r) :=a;, for all n € N for

alli=1,2,...,r, then (1.1) reduces to the iterative scheme defined by Liu et al. [1]

Xps1 = Sx,, n>1, (1.3)
where S == o, T, +a, 1T, +---+oyTh+(1—a,—a,1—---—a1)l,a; >0foralli =2,3,...,r
and 1 —a, —a,_1 —---—a; > 0. They showed that {x,} defined by (1.3) converges strongly to

a common fixed point of T;, i = 1,2,...,r, in Banach spaces, provided that T;, i = 1,2,...,r
satisfy condition A. The result improves the corresponding results of Kirk [2], Maiti and Saha
[3] and Sentor and Dotson [4].

Ifr=2and afl) := 0 for all n € N, then (1.1) reduces to a generalization of Mann and
Ishikawa iteration given by Das and Debata [5] and Takahashi and Tamura [6]. This scheme
dealts with two mappings:

(1) =a 1)T X, + <1 a(l)>xn,
(1.4)
Xps1 = xf) = afz)szﬁ,l) + <1 (2)>xn, n>1,

where {a (1)} {a @ )} are appropriate sequences in [0, 1].

The purpose of this paper is to establish strong convergence theorems in a uniformly
convex Banach space of the iterative sequence {x,} defined by (1.1) to a common fixed
point of T; (i = 1,2,...,r) under some appropriate control conditions in the case that one
of T; (i = 1,2,...,r) is completely continuous or semicompact or {T;};_; satisfies condition
(B). Moreover, weak convergence theorem of the iterative scheme (1.1) to a common fixed
pointof T; (i =1,2,...,r) is also established in a uniformly convex Banach spaces having the
Opial’s condition.
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2. Preliminaries

In this section, we recall the well-known results and give a useful lemma that will be used in
the next section.

Recall that a Banach space X is said to satisfy Opial’s condition [7] if x, — x weakly
asn — oo and x #y imply that limsup, _, _ [lx, — x|| < limsup, _ _||x, — y||. A finite family
of mappings T; : C — C (i = 1,2,...,r) with F := N_;Fix(T;) #0 is said to satisfy condition
(B) [8] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(t) > 0
for all t € (0, 0) such that maxj<i<,{||x — Tix||} > f(d(x,F)) for all x € C, where d(x,F) =
inf{[lx - pl : p € F).

Lemma 2.1 (see [9, Theorem 2]). Let p > 1, r > 0 be two fixed numbers. Then a Banach space X
is uniformly convex if and only if there exists a continuous, strictly increasing, and convex function
g:[0,00) — [0, 0), g(0) =0 such that

e+ (1= Dyl < AP + @ = D)yl - wp (W (lx - y]), 1)
forallx, yin B, = {x € X :||x|| <r}, A € [0,1], where

wy (1) = A(1 = 1) +AP(1 - ). (2.2)

Lemma 2.2 (see [10, Lemma 1.6]). Let X be a uniformly convex Banach space, C a nonempty closed
convex subset of X, and T : C — C nonexpansive mapping. Then I — T is demiclosed at 0, that is, if
X, — x weakly and x, — Tx, — 0 strongly, then x € Fix(T).

Lemma 2.3 (see [11, Lemma 2.7]). Let X be a Banach space which satisfies Opial’s condition and
let {x,} be a sequence in X. Let u, v € X be such that lim,, _, o ||x, — u|| and lim,, _, o ||x, — v|| exist.
If {xy,} and {x,, } are subsequences of {x,} which converge weakly to u and v, respectively, then
u=no.

Lemma 2.4. Let X be a uniformly convex Banach space and B, = {x € X : ||x|| < r},r > 0. Then
for each n € N, there exists a continuous, strictly increasing, and convex function g : [0,00) —
[0, 00), g(0) = 0 such that

n

< Y allxilP - aaog(lx - x21l), (2.3)

i=1

n
Zm%
i=1

forall x; € B, and all a; € [0,1] (i=1,2,...,n) with 3}}_ a; = 1.

Proof. Clearly (2.3) holds for n = 1,2, by Lemma 2.1. Next, suppose that (2.3) is true when n =
k-1.Letx; € B,and a; € [0,1], i=1,2,...,k with Zﬁlai =1.Then ay_1 /(1 - ijai)xk,l +
ar/(1— ijzxi)xk € B,. By Lemma 2.1, we obtain that

2
(24758
. MHW+————wm (2.4)

< k-2
1-35 o - Z

H X1
Xk-1+ Xk
1- Zl 1al 1- Zl 10{,
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By the inductive hypothesis, there exists a continuous, strictly increasing and convex function
g:[0,00) — [0,00), g(0) =0 such that

k-1 2 g
SBil| < S Billyill® - piBag Iy - wall) (2.5)
i=1 i=1

forally; € B,and all §; € [0,1], i= .,k —1with Zl 1 Bi = 1. It follows that

2 2

k
2%
i1

2

- a1tng(||x1 - x2)

k-2 k-2

Ap_1X %
szix,-+<1—2ai>< k1k1 + kZk >
i=1 i=1 Z = o 1- 21 1 i
k-2

H—1Xk-1 A Xk
< |x1||2 < Za1> ;)

i=1 i=1 1- Zl 1 Ki 1 - Zi:l

k-2 k-2 2 2
[24 X A X
< mmW+Q—§ﬁ><kﬂk”'+ ””')—mmmwrmm
i i=1 1 Z 1 %Ki 1 Z 1 Qi

= M ail|xi||* - araag (|| x1 — x2l)-

(2.6)

Hence, we have the lemma. O

3. Main Results

In this section, we prove weak and strong convergence theorems of the iterative scheme (1.1)
for a finite family of nonexpansive mappings in a uniformly convex Banach space. In order
to prove our main results, the following lemmas are needed.

The next lemma is crucial for proving the main theorems.

Lemma 3.1. Let X be a Banach space and C a nonempty closed and convex subset of X. Let {T;};_;

be aﬁmtefamzly of nonexpansive self-mappings of C. Let a(]) € [0,1] forallj € {1,2,...,7},neN
and i = 1,2,...,j. For a given x; € C, let the sequence {xn} be defined by (1.1). If F#0, then
|1 = pll < ||xn —pll forall n € N and limy,,_, ,||x,, — p|| exists for all p € F.

Proof. Letp € F. For each n > 1, we note that

pll = [laii T + (1= ad )|
< ay [Tz —pll + (1= aif) xu = p|
< —pl + (1-a2) apl

= [lxn = plI

(3.1)
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It follows from (3.1) that

1 2 2 2
" —p”z a;T» () ()Txn (1—a£lz)—a()>xn—p”

nl
< a [ | + R ITicn - pll + (1- a2 - a0 -l 62
K0~ |+ a - pl + (1~ a2 - a2) -l |
< |lxn = p|l-
By (3.1) and (3.2), we have
1 ] = a2 + aea) a2 (1- ) - a2 - a2 )|
<a|| T —p|| + || Tax” ~ | + ) 1T - |
(o) o
<al||x? - p| + aQ || - p| + ol ll - p
(1= -4 - o)
< |lxen = p|l-
By continuing the above argument, we obtain that
p||<||xn pll ¥i=1,2,. (3.4)

In particular, we get ||x,+1 — p|l < ||x, — pl| for all n € N, which implies that lim,, _, .-||x, — pl|
exists. O

Lemma 3.2. Let X be a uniformly convex Banach space and C a nonempty closed and convex subset of
X. Let {T;}}_; be a finite family of nonexpansive self- mappings of Cwith F #( and afl]i) € [0,1] for all
jel{l,2,...,r},neNandi=1,2,...,j such that Z a¥ are in [0,1] forall j € {1,2,...,7r} and

11m

n € N. For a given x; € C, let {x,} be defined by (1.1). If 0 < liminf,_,,a'”) < limsup, _(a fjr)
af:()rfl) +- (7)) <1, then

(i) limy— o | Tix " = x| = 0 foralli =1,2,...,7,
(ii) limy, || Tixy — x4l =0 foralli=1,2,...,r,
(iii) limy— oo||x = x| = 0 foralli=1,2,...,r

Proof. (i) Let p € F, by Lemma 3.1, sup, [|x, — p|| < oo. Choose a number s > 0 such that

sup,,[lx,—pll < s, it follows by (3.4) that {xif) -p}, {T,-x,(f_l) -p} CBg, forallie {1,2,...,r}. O
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By Lemma 2.4, there exists a continuous strictly increasing convex function g
[0,00) — [0,00), g(0) =0 such that

n

< S aillxi|l” - mazg(l|x1 - x2l), (3.5)

i=1

n
Z“ixz
i=1

forall x; € B;, a; € [0,1] (i =1,2,...,n) with > a; = 1. By (3.4) and (3.5), we have for
i=1,2,...,71,

s =PI = @ Ty ™ + @l Trax ™ 4+ 0 T,
(r) (r) (r)
(1 anr(r) - anr(r 1) T a >x" p”
2
<a?|T,x"Y p” +a£lr()r_1) T, x™ —p”
a 1T =pl*+ (1=, - a gy =+ - a‘”)nxn plI?
( )
51:) <1 anr()r) - ai:;r—l) T a ) <||Txn —Xn >
_ 2
e R e R s 0
+(1-a, —ay == a)) -l
a,; <1 fqr)r) - air()r—n T a(r)> (||Tixff‘” = Xn )
< a | = pII” + affyy e = Il + -+ ) [l I
+(1-aj,-al) --a )nxn Pl
(r)
- a;ri) <1 - a1(1r()r) - ailr()r—l) - ) <||Txn - Xn )
2 () (r)
= ||xn_p|| (T)<1_ n()r) anr(ril)_"’_ar> (nTx —xn >.
Therefore
i (1= afy ~ oy~ = )g([| T ™ —xa) < = pI =l —pI* 37)
foralli =1,2,...,r. Since 0 < liminfnawa(r) < limsupnﬁoo(ailr()r) * ailr()r—l) ot a(r)) <1

(i-1)

it implies by Lemma 3.1 that lim,, . g(||Tix, ~ — xx||) = 0. Since g is strictly increasing and

continuous at 0 with g(0) = 0, it follows that lim,, ., ||T; x(l D —xu||=0foralli=1,2,...,r
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(ii) Fori € {1,2,...,r}, we have

i

1) (i
- ” | X (3.8)
i1
5 Pl ]
j=1
It follows from (i) that
ITix, —xu|| — 0 as n— oo. (3.9)
(iii) Fori € {1,2,...,r}, it follows from (i) that
x,(f) Xn ” Za =1 —xu|l —0 as n— oco. (3.10)

Theorem 3.3. Let X be a uniformly convex Banach space and C a nonempty closed and convex subset
of X. Let {T;}i_, be a finite family of nonexpansive self-mappings of C with F #0. Let the sequence
() oo }

i Iz be as in Lemma 3.2. Foragwen x1 € C, let sequences {x,} and {x (')} (i=0,1,...,r) be

(])}

{a
defined by (1.1). If one of i1 is completely continuous then {x,} and {x
a common fixed point of {T;};_ 1for allj=1,2,.

converge strongly to

Proof. Suppose that T;, is completely continuous where iy € {1,2,...,r}. Then there exists a

subsequence {x, } of {xn} such that {Tj,x,, } converges. O
Let limy_, o Tj, x», = q for some g € C. By Lemma 3.2 (ii), lim, _, || Tjyx, — x,|| = 0. It
follows that limy_, ,x,, = g. Again by Lemma 3.2(ii), we have hmn_mHT xn — x,|| = 0 for

alli = 1,2,...,r. It implies that limy_, . Tjx,, = g. By continuity of T;, we get T;q = g, i =
1,2,...,r.50 g € F. By Lemma 3.1, lim,, _, - ||x,, — g| exists, it follows that lim,, o, ||x, — gl| =

By Lemma 3.2(iii), we have hmnéooﬂx(]) —xu|| = 0 foreach j € {1,2,...,r}. It follows that

11mnﬁmx(])

=qforallj=1,2,...,r

Theorem 3.4. Let X be a uniformly convex Banach space and C a nonempty closed and convex subset
of X. Let {T;}i_; be a finite family of nonexpansive self-mappings of C with F #. Let the sequence
(]) }

defined by (1.1). If the famzly T;}i_ satisfies condition (B) then {x,} and { } converge strongly to
a common fixed point of {T;}i_, forall j =1,2,.

{a’ )21 be as in Lemma 3.2. For a given x1 € C, let sequences {x,} and { (')} (i=0,1,...,r) be

Proof. Let p € F. Then by Lemma 3.1, lim,, _, oo ||x,, — p|| exists and ||x,.1 — pl| < ||x» — p|| for all
n > 1. This implies that d(x,.1, F) < d(x,,, F) for all n > 1, therefore, we get lim,,_, .d(x,, F)
exists. By Lemma 3.2(ii), we have lim, _, || Tix, — x,|| = 0 for each i = 1,2,...,r. It follows,
by the condition (B) that lim,_, f(d(x,, F)) = 0. Since f is nondecreasing and f(0) = 0,
therefore, we get lim,,_, . d(x,, F) = 0. Next we show that {x,} is a Cauchy sequence. Since
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lim, —, ,d(xy, F) = 0, given any € > 0, there exists a natural number ny such that d(x,, F) < e/2
for all n > ny. In particular, d(x,,, F) < €/2. Then there exists g € F such that ||x,, — g|| < e/2.
For all n > ng and m > 1, it follows by Lemma 3.1 that

1Xnem = xnll < ”xn+m - 5I” + ”xn - q” < ”xno —q” + ”xno - 5]” <E€. (3.11)

This shows that {x,} is a Cauchy sequence in C, hence it must converge to a point of C.
Let lim,_,,x, = p*. Since lim,_,d(x,, F) = 0 and F is closed, we obtain p* € F. By
Lemma 3.2(iii), limnéoollx,(f) —xu|| =0foreachj € {1,2,...,r}. It follows that limnqwxflj) =p*
forallj=1,2,...,r. O

In Theorem 3.4, if afi.) :=0,forallmeN,je{1,2,...,r-1}andi=1,2,...,j, we obtain
the following result.

Corollary 3.5. Let X be a uniformly convex Banach space and C a nonempty closed and convex
subset of X. Let {T;};_, be a finite family of nonexpansive self-mappings of C with F #® and a;rl.) €
[0,1] foralli =1,2,...,r and n € N such that Z;laz) are in [0,1] for all n € N. For a given

x1 € C, let the sequence {x,} be defined by (1.2). If the family {T;};_, satisfies condition (B) and
) )
n(r) n(r-1)
strongly to a common fixed point of {T;}7_;.

0 < lim infnéooafl:.) <limsup, , (a +a +eeot airl)) < 1, then the sequence {x,} converges

Remark 3.6. In Corollary 3.5, if ailri) =a;, foralln € Nand foralli = 1,2,...,r, the iterative
scheme (1.2) reduces to the iterative scheme (1.3) defined by Liu et al. [1] and we obtain
strong convergence of the sequence {x,} defined by Liu et al. when {T;}]_; satisfies condition
(B) which is different from the condition (A) defined by Liu et al. and we note that the result
of Senter and Dotson [4] is a special case of Theorem 3.4 when r = 1.

In the next result, we prove weak convergence for the iterative scheme (1.1) for a finite
family of nonexpansive mappings in a uniformly convex Banach space satisfying Opial’s
condition.

Theorem 3.7. Let X be a uniformly convex Banach space which satisfies Opial’s condition and C a
nonempty closed and convex subset of X. Let {T;}i_, be a finite family of nonexpansive self-mappings

of C with F # 9. For a given x1 € C, let {x,} be the sequence defined by (1.1). If the sequence {a(j) Yo

ni Jn=1
is as in Lemma 3.2, then the sequence {x,} converges weakly to a common fixed point of {T;}i_;.

Proof. By Lemma 3.2(ii), limy,—, oo||Tix, — x4|| = O for alli = 1,2,...,r. Since X is uniformly
convex and {x,} is bounded, without loss of generality we may assume that x, — u weakly
asn — oo forsome u € C. By Lemma 2.2, we have u € F. Suppose that there are subsequences
{x,} and {x,, } of {x,} that converge weakly to u and v, respectively. From Lemma 2.2,
we have u, v € F. By Lemma 3.1, lim,,_, »||x,, — u|| and lim,_ . ||x, — v|| exist. It follows
from Lemma 2.3 that u = v. Therefore {x,} converges weakly to a common fixed point of
(T O

For afl];.) =0,foralln e N, je {1,2,...,r-1}andi = 1,2,...,j in Theorem 3.7, we
obtain the following result.
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Corollary 3.8. Let X be a uniformly convex Banach space which satisfies Opial’s condition and C a
nonempty closed and convex subset of X. Let {T;};_, be a finite family of nonexpansive self-mappings

of C with F#@ and a*") € [0,1] foralli =1,2,...,r and n € N such that Zfﬂaf:i) are in [0,1] for

all n € N. For a given x1 € C, let {x,} be the sequence defined by (1.2). If 0 < lim infnémaz) <

- ", 0 .
limsup, _,  (a,,) +a,,;

fixed point of {T;}_;.

ot affl)) < 1, then the sequence {x,} converges weakly to a common

Remark 3.9. In Corollary 3.8, if ailri) =a;, forallme Nand foralli=1,2,...,r, then we obtain
weak convergence of the sequence {x,} defined by Liu et al. [1].
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