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1. Introduction

Let H and K denote real Hilbert spaces equipped with norms || - ||i and || - ||k, respectively,
and let the space of bounded linear operators from K to H be denoted by BL(K; H). For
Banach space X and Y, the space of continuous functions from X into Y (equipped with the
usual sup-norm) will be denoted by C(X;Y), while LP(0, T; X) will represent the space of X-
valued functions that are p-integrable on [0, T]. Let (2, Z, P) be a complete probability space
equipped with a normal filtration {Z; : 0 < t < T}. An H-valued random variable is an Z-
measurable function X : Q — H, and a collection of random variables ¢ = {X(t,w) : Q —
H : 0 <t <T}is called a stochastic process. The collection of all strongly measurable square
integrable H-valued random variables, denoted by L?(€2; H), is a Banach space equipped
with norm [|IX ()2 = (EIX (5 w)[F)"2.

An important subspace is given by L3(<; H) = {f € L*(Q; H) : f is Zy measurable}.
Next we define the space y((0,T); H) to be the set {v € C([0,T]; L>(Q; H) : v is Z;-adapted}
with norm

1/2
loll, = sup (Ello(®)II7) (1.1)
0<t<T

(see in [1-5]). In this paper we study the existence and uniqueness of the mild solution of the
fractional stochastic integrodifferential equation of the form



2 International Journal of Mathematics and Mathematical Sciences

t

d“x(t) = Ax(t) +F(x)(t)+f G(x)(s)dW(s), 0<t<T,
0

dt*

(1.2)
x(0) = h(x) + xo,

in a real separable Hilbert space H. Here, 1/2<a <1, A: D(A) C H — H is a linear closed

operator generating semigroup, F : y([0,T]; H) — LP([0,T];L*(Q;H))(1 < p < ), G :

y([0,T]; H) — C([0,T]; L?>(X; BL(K; H))) (where K is a real separable Hilbert space), W is a

K-valued Wiener process with incremental covariance described by the nuclear operator Q,

Xo is an Zy-measurable H-valued random variable independent of W and h : y([0,T]; H) —
LYX(Q; H).

Definition 1.1. An Z;-adapted stochastic process x : [0,T] — H is called a mild solution of
(1.2) if x(t) is measurable, for all t € [0, T],

T
fo lx(8)[Bodds < oo,
o] t Aoo 1
x(t) = jo £,(0)S(1°0) (h(x) + x0)d0 + “Uo 0t - 1) 2(0)S((t - 1) ) F(x) () dO dy

i a-1 a K
+aJ‘J‘ 0(t - 1) " &.(0)S((t-1)"0) U G(x)(r)dW (7)|d0dn, 0<t<T,
0/ 0 0 (1 3)

where ¢,(0) is a probability density function defined on (0, «0),
f £,(0)do =1 (1.4)
0

(see [6-12]). In the next section, we will prove the existence and uniqueness of the mild
solutions to (1.2).

2. Existence and Uniqueness

Consider the initial value problem (1.2) in a real separable Hilbert space H under the
following assumptions:

(I) the linear operator A : D(A) ¢ H — H generates a Co-semigroup{S(t) : t > 0} on
H;
(Il) F: y([0,T]; H) — LP(0,T; L*(Q; H)) is such that there exists Mf > 0 for which

IF(x) = FW)lly < MEllx - yll,,  ¥x,y €y([0,T]; H); (2.1)

(Il G : y([0,T]; H) — C([0,T]; L*(Q; BL(K; H))) (= ysL) is such that there exists Mg >
0 for which

IG(x) = GW)ll,,, < Mallx-yll, ¥x,y € y([0,T];H); (2.2)
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(IV) h:y([0, T H) — LS(Q; H) is such that there exists M}, > 0 for which

1) = h(¥)l;z < Millx = yll,  ¥x,y € y([0,T]; H); (2.3)

(V) xo € L3(; H).
We can therefore state the following theorem.

Theorem 2.1. Assume that (I)-(V) hold. Then (1.2) has a unique solution on [0, T], provided that

Ms [Mh +CrT® + MGCGT”‘“/Z] <1, (2.4)

where My, >0, Mg >0, and Cg > 0.

Proof. Define the solution map J : y([0,T]; H) — y([0,T]; H) by
(00) = [ L@@ i) + m)de

caf [Co-n) L5~ 0P (maody
0/ 0

(2.5)
L~ a-1 a
waf [To-n " n@s(e-n'e)
0Jo
X [J‘WG(X)(T)dW(T)]dG dr, 0<t<T.
0
From Holder’s inequality, we get
, 7172
Le a-1 a
[E [ [ ott-na@s(-m e)Fe mdodn ]
070 H
- , 1/2
< Ms UO (T - fl)a_lF(x)(’l)||L2(sz;H>d’1]
1/2 (2.6)

- 121 1
< Mg [IO (T - 1])2(“1)517]] [IO ”F(.X) (71) ”iZ(Q;H)dq:I

Tu—1/2

<SMs———
(2(X _ 1)1/2

. 1/2
2

[L |F(x) (71)||L2(Q;H)d71]

< CEMsT* V2| (x) ]I,

where Cr is a constant depending on a.
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Subsequently, an application of (II), together with Minkowski’s inequality enables us
to continue the string of inequalities in (2.6) to conclude that

t oo , 1172
[E'Uojo G(t_n)afléu(e)s((t—n)”’e)F(x)(q)d@dq ] SMSCFTu—Uz[MF||x||Y+||F(0)||L,,],

H
(2.7)
Taking the supermum over [0, T] in (2.7) then implies that
t poo
fofo 0(t—1)""8(0)S((t - n)"0)F(x) (n)d6 dr € y([0,T]; H), (2.8)

for any x € y([0,T]; H). Furthermore for such x, G(x)(r) € BL(K;H), and h(x) + xo €
L%(Q; H) (by (IV) and (V)). Consequently, one can argue as in [13-15] to conclude that |
is well defined.

Next we show that J is a strict contraction.

Observe that for x, vy € y([0,T]; H), we infer from (2.5) that

(Jx)t) - (Jy)(t)
- f:ga(e)S(tae)(h(x) —h(y))do

raf 00" @S (- 00 (F ) - Fw) )0 dn

t pco n
+uff Ot — 7)™ "2.(0)S((t — 1)°0) U (G(x)(7) - G(y(1)))dW (z)|dOdny, 0<t<T.
0/ 0 0 (2 9)

Squaring both sides and taking the expectation in (2.9) yields, with the help of Young’s
inequality,

EN(Jx)(t) - Jy) B

2

< 4EHf:°ga(e>S<t“e><h<x> + x0)de

+ 4a? [E

+E

H
2

f f 0(t - 1)""&x(O)S((t - 1)"0) (F(x) (1) ~ F(y) (n) )d6 dn

4 (210)

f;f:oé)(t — 1) e (0)S((t-7)70)

n
| Geom -6 @nawm)|avdn

2
’
H
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and subsequently,

100 - U O,

<

f LO)SE)(h(x) - h(y))do

+4a2[

Y

f 0«[ :o 0(t—1)""2a(0)S((t—1)*0) (F(x) (1) - F(y) (11))dO dn

. @)

+

t Aco
UO Ot — )™ 1£.(0)S((t - 1)"6)

n
«[[ e - ) maw|doay

|

Using reasoning similar to that which led to (2.6), one can show that

Hf:oga(e)sme) (h(x) - h(y))do

Y
2

— ][ a@sworne « xde| < MMy,
0 H

(2.12)

f f m 0(t - 1) &a(0)S((t - 1)"0) (F(x) (1) - F(y) (1)) dn

Y

t pco
= 'UJO Ot —1)* & (0)S((t — 1)*0) (F(x) () - F(y)(1))d0 dn

Y

< CrMsT|lx -yl

where Cr depending on « and Mr. We also infer that

t poo n
[ [ et-na@s-me)|[ G -G m)awm)|dedy
0/ 0 0

Y

) 7172
H

_ [EH f ; f :09(15 ) e (@)S((t - 1)%6) UZ(G(x) () - G(y) (T))dwm] 46 dn

a-1/2

< Tr(Q)W

T AT 1/2
MSU [ ||G<x)<T>—G(y)(r)HiZ(g;H)den]
070

< CaT*V2 M Ma|ix - yll,,
(2.13)
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where Cg is a constant depending on (a and Tr(Q)). Using (2.12) and (2.13) in (2.11) enables
us to conclude that ] is a strict contraction, provided that (2.4) is satisfied, and has a unique
fixed point which coincides with a mild solution of (1.2). This completes the proof. O

3. Application

Let D be a bounded domain in RN with smooth boundary 0D, and consider the initial
boundary value problem:

aaéi;Z) =Axx(t z) + fza(t,s)fl <s,x(5, z), f:k(s, 7, x(T, z))d’r) ds -
T .
+f b(t,s) f2(s,x(s,z))dW(s), on (0,T)x D,
0
n T
x(0,z) = D, gi(z)x(t;, z) + J‘ c(s) fs(s,x(s,z))ds, on D,
- ’ (3.2)

x(t,z)=0, on (0,T)x0D,

where0 <t <tp--- <t, <Taregivenand W is an L?(D)-valued Wiener process. We consider
the equation (3.1) under the following conditions.

(H1) f1:[0,T] x Rx R — R satisfies the Caratheodory conditions as well as

(i) f1(-,0,0) € L*(0,T),
(1) [f1(t, x1, 1) = f1(t, x2, y2)| £ My [|x1 = x2| + [y1 — y2l], for all x1,x2, 11,2 € R
and almost ¢ € (0, T) for some My, >0,

(H2) f» : [0,T] x R — BL(L*(D)) where BL(L?*(D)) is the space of bounded linear
operator from L?(D) to L?(D) satisfies the Caratheodory conditions as well as

(i) f2(-,0) € L*(0,T),
(i) |f2(t, x) = fa(t, y)|sL() £ Mp|x —y|, for all x,y € R and almost all t € (0,T),
for some My, > 0.

(H3) f3:[0,T] x R — R satisfies the Caratheodory conditions as well as

(1) f3('/ O) € L2(0/ T)/
(i) |f3(t,x) = f3(t,y)| £ My|x - y|, for all x,y € R and almost t € (0,T) for some
]\/If3 > O,

(H4) a € L2((0,T)%),
(H5) b € L*((0,T)?),
(H6) c € L2((0,T)?),
)

(H7) k: Y xR — R,where Y = {(t,s) : 0 <s <t <T},satisfies |k(t,s,x1) — k(t,s,x2)| <
Mi|x1 — xz|, for all x1,x, € R, and almost (t,s) €Y,

(H8) g € L2(D),i=1,...,n.
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The stochastic integropartial differential equation (3.1) can be written in the abstract form
(1.2), where K = H = [*(D), A = A, with domain D(A) = H*(D) U H(l)((D)) It is well
known that A is a closed linear operator which generates a Cp-semigroup. We also introduce
the mappings F, G, and h defined by, respectively,

T

F(x)(t,) = 4[0 a(t,s)f1 <s,x(s, z),jZk(s, T, x(T, z))d7‘>ds,
G(x)(t/ ) = b(t/ S)fZ(er(S/ ))/ (33)

n T
B30 = (0,2) = X (b )+ | c(6) s, x(s, s
i=1

One can use (H1)-(H8) to verify that F, G, and h satisfy (II)-(IV) in the last section,
respectively, with

3 1/2
Mg = 2Mp,Tlal o) (1+ MiT?)

MG = Mfz, (34)

n
My = ZZ“gi“LZ(D) + Mf3\/m|G|L2(O,T)'
i=1

Consequently theorem (2.4) can be applied for (3.1).
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