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1. Introduction

It is well known that the effects of the investigation of properties of closed bounded intervals
of real numbers, spaces of continuous functions, and solutions to differential equations
are the possible motivations for the formation of the notion of compactness. Compactness
is now one of the most important, useful, and fundamental notions of not only general
topology but also other advanced branches of mathematics. Many researchers have pithily
studied the fundamental properties of compactness and now the results can be found in any
undergraduate textbook on analysis and general topology. The productivity and fruitfulness
of the notion of compactness motivated mathematicians to generalize this notion. In 1982,
Atia et al. [1] introduced a strong version of compactness defined in terms of preopen subsets
of a topological space which they called strongly compact. A topological space X is said
to be strongly compact if every preopen cover of X admits a finite subcover. Since then,
many mathematicians have obtained several results concerning its properties. The notion
of strongly compact relative to a topological space X was introduced by Mashhour et al.
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[2] in 1984. They established several characterizations of these spaces. In 1987, Ganster [3]
obtained an interesting result that answered the question: what type of a space do we get
when we take the one-point-compactification of a discrete space? He showed that this space
is strongly compact. He proved that a topological space is strongly compact if and only if it
is compact and every infinite subset of X has nonempty interior. In 1988, Jankovi¢ et al. [4]
showed that a topological space (X, T) is strongly compact if and only if it is compact and the
family of dense sets in (X, 7) is finite. Quite recently Jafari and Noiri [5, 6], by introducing
the class of firmly precontinuous functions, found some new characterizations of strongly
compact spaces. They also obtained properties of strongly compact spaces by using nets,
filterbases, precomplete accumulation points. The notion of preopen sets plays an important
role in the study of strongly compact spaces. In this paper, first we introduce and study the
notion of /-preopen sets as a generalization of preopen sets. Then, by using N-preopen
sets, we obtain new characterizations and further preservation theorems of strongly compact
spaces. We improve some of the results established by Mashhour et al. [2]. Throughout this
paper, (X, 7) and (Y, o) stand for topological spaces on which no separation axiom is assumed
unless otherwise stated. For a subset A of X, the closure of A and the interior of A will be
denoted by Cl(A) and Int(A), respectively. A subset A of a topological space X is said to be
preopen [7] if A C Int(CI(A)). A subset A is said to be M-open [8] if for each x € A there
exists an open set U, containing x such that U, — A is a finite set. The complement of an
S-open subset is said to be /V-closed.

2. /-Preopen Sets
In this section, we introduce and study the notion of /-preopen sets.

Definition 2.1. A subset A is said to be N-preopen if for each x € A there exists a preopen set
U, containing x such that U, — A is a finite set. The complement of an /V-preopen subset is
said to be /-preclosed.

The family of all /-preopen (resp., preopen, preclosed) subsets of a space (X, ) is
denoted by APO(X) (resp., PO(X), PC(X)).

Lemma 2.2. For a subset of a topological space (X, T), both N-openness and preopenness imply /-
preopenness.

For a subset of a topological space, the following implications hold:

open - preopen

! i e

N-open —— N-preopen
Example 2.3. Let X = [0,7] be the closed interval with a topology 7 = {¢, X, {1}, {2}, {1,2},
{1,2,[3,5]}. Then {2, [3,5]} is an /-open set which is not preopen.

Example 2.4. Let R be the set of all real numbers with the usual topology. Then the set Q of all
rational numbers is a preopen set which is not /-open.
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Lemma 2.5. Let (X, ) be a topological space. Then the union of any family of N-preopen sets is
N-preopen.

Proof. Let {U; : i € I} be a family of /U-preopen subsets of X and x € {J,; U;. Then x € U; for
some j € I. This implies that there exists a preopen subset V of X containing x such that V\U;
is finite. Since V' \ U;c; U; €V \ U}, then V' \ U,¢; U, is finite. Thus U,; U; € NPO(X). O

Recall that a space (X, T) is called submaximal if every dense subset of X is open.

Lemma 2.6 (see [9]). For a topological space (X, T), the followings are equivalent.
(1) X is submaximal.
(2) Every preopen set is open.

Definition 2.7 (see [10]). A subset A of a space X is said to be a-open if A C Int(Cl(Int(A))).

Lemma 2.8 (see [11]). Let (X, T) be a topological space. Then the intersection of an a-open set and a
preopen set is preopen.

Theorem 2.9. Let (X, T) be a submaximal topological space. Then (X, NPO(X)) is a topological
space.

Proof. (1) We have ¢, X € NPO(X).

(2) Let U,V € ANPO(X) and x € U N V. Then there exist preopen sets G,H € X
containing x such that G\ U and H \ V are finite. And (GNH)\ (UNV) = (GNH) N
(X\UW)uUuX\V) C(GNnX\U))UHNX\V)). Thus (GNn H) \ (UNV) is finite, and
since X is submaximal by Lemma 2.6, the intersection of two preopen sets is preopen. Hence
unv e ANPO(X).

(3) Let {U; : i € I} be any family of N-preopen sets of X. Then, by Lemma 2.5, ;¢; U;
is /U-preopen. O

The converse of above theorem is not true.

Example 2.10. Let X = {a,b,c} with T = {$, X, {a}, {a,b}}. Then (X, NPO(X)) is a topological
space and (X, 7) is not a submaximal topological space.

Lemma 2.11. Let (X, T) be a topological space. Then the intersection of an a-open set and an -
preopen set is N-preopen.

Proof. Let U be a-open and A -preopen. Then for every x € A, there exists a preopen set
V, C X containing x such that V, — A is finite, and also by Lemma 2.8, U NV, is preopen. Now
for each x € U N A, there exists a preopen set U NV, C X containing x and
UnNnVy)—UNA)=UnNV)N[(X-U)U(X-A)]
=[UNV)Nn(X-W]U[UNVy)N(X-A)]
2.2
=UnNVy)-A 2.2)
CVe-A

Then (U N V) — (U N A) is finite. Therefore U N A is an /V-preopen set. O
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The following lemma is well known and will be stated without the proof.
Lemma 2.12. A topological space is a Ty-space if and only if every finite set is closed.

Proposition 2.13. Ifa topological space X is a T1-space, then every nonempty N-preopen set contains
a nonempty preopen set.

Proof. Let A be a nonempty -preopen set and x € A, then there exists a preopen set U,
containing x such that U, — A is finite. Let C=U, - A=U,N(X-A). ThenxecU,-CCA
and by Lemmas 2.8 and 2.12, U, — C = U, N (X - C) is preopen. O

The following example shows that if X is not a T;-space, then there exists a nonempty
N-preopen set which does not contain a nonempty preopen set.

Example 2.14. Let X = {a,b,c} with 7 = {¢, X, {a}, {b}, {a,b}}. Then {c} is an N-preopen set
which does not contain any a nonempty preopen set.

Lemma 2.15 (see [12]). Let A and X, be subsets of a topological space X.

(1) If A € PO(X) and Xy € SO(X), then AN Xy € PO(Xo).
(2) If A € PO(Xo) and X, € PO(X), then A € PO(X).

Lemma 2.16. Let A and X be subsets of a topological space X.

(1) If A € WPO(X) and X, € 2O(X), then AN Xy € MPO(Xo).
(2) If A € APO(Xo) and X, € PO(X), then A € NPO(X).

Proof. (1) Let x € AN Xo. Since A is /M-preopen in X, there exists a preopen set H of X
containing x such that H — A is finite. Since X is a-open, by Lemma 2.8 we have H N X, €
PO(X). Since Xy € aO(X) € SO(X), by Lemma 2.15, H N X, € PO(Xy), x € H N X,, and
(H N Xp) - (AN Xp) is finite. This shows that A N Xy € APO(Xp).

(2) If A € NPO(Xp), for each x € A there exists V, € PO(Xj) containing x such that
V, — A s finite. Since X € PO(X), by Lemma 2.15, V,, € PO(X) and V, — A is finite and hence
A € NPO(X). O

Lemma 2.17. A subset A of a space X is N-preopen if and only if for every x € A, there exist a
preopen subset U, containing x and a finite subset C such that U, — C C A.

Proof. Let A be MN-preopen and x € A, then there exists a preopen subset U, containing x
such that U, — A is finite. Let C = Uy - A = U, N (X — A). Then U, - C C A. Conversely,
let x € A. Then there exist a preopen subset U, containing x and a finite subset C such that
U,-CCA. ThusU, - ACCand U, — Ais a finite set. O

Theorem 2.18. Let X be a space and F C X. If F is N-preclosed, then F C K U C for some preclosed
subset K and a finite subset C.

Proof. If F is /-preclosed, then X — F is /-preopen, and hence for every x € X — F, there
exists a preopen set U containing x and a finite set C such that U — C C X — F. Thus F C
X-U-C)=X-(UnN(X-0C))=(X-U)UC.Let K =X-U. Then K is a preclosed set such
that FC KUC. O
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3. Strongly Compact Spaces

Definition 3.1. (1) A topological space X is said to be strongly compact [1] if every cover of X
by preopen sets admits a finite subcover.

(2) A subset A of a space X is said to be strongly compact relative to X [2] if every
cover of A by preopen sets of X admits a finite subcover.

Theorem 3.2. If X is a space such that every preopen subset of X is strongly compact relative to X,
then every subset of X is strongly compact relative to X.

Proof. Let B be an arbitrary subset of X and let {U; : i € I} be a cover of B by preopen sets of
X. Then the family {U; : i € I} is a preopen cover of the preopen set U{U,; : i € I}. Hence by
hypothesis there is a finite subfamily {U;; : j € No} which covers U{U; : i € I} where Ny is a
finite subset of the naturals N. This subfamily is also a cover of the set B. O

Theorem 3.3. A subset A of a space X is strongly compact relative to X if and only if for any cover
{Va 1 a € A} of A by N-preopen sets of X, there exists a finite subset Ag of A such that A C U{V, :
a e N }

Proof. Let {V, : @ € A} be a cover of A and V, € ANPO(X). For each x € A, there exists
a(x) € A such that x € Vy(y). Since Vy(y) is N-preopen, there exists a preopen set U () such
that x € Uyx) and Uy \ Vi is finite. The family {Uy ) : x € A} is a preopen cover of A.
Since A is strongly compact relative to X, there exists a finite subset, says, x1, x2, ..., x, such
that A C U{Uy, : i € F}, where F = {1,2,...,n}. Now, we have

A CJ((Uaix) \ Vag)) U Vaxy)

ieF

= <U(Ua<x,-> \Vu<xl->)> U <U Vu(xi>>-
ieF ieF

For each x;, Ug(x,) \ Vax,) is a finite set and there exists a finite subset A(x;) of A such that
(Ugxy \ Va)) NA CU{V, t @ € A(x;)}. Therefore, we have A C (U;jer(U{ Vet @ € A(x;)})) U
(Uicr Vaxy))- Hence A is strongly compact relative to X.

Since every preopen set is /U-preopen, the proof of the converse is obvious. O

(3.1)

Corollary 3.4. For any space X, the following properties are equivalent:
(1) X is strongly compact;

(2) every N-preopen cover of X admits a finite subcover.

Theorem 3.5. For any space X, the following properties are equivalent:
(1) X is strongly compact;
(2) every proper N-preclosed set is strongly compact with respect to X.

Proof. (1)=(2) Let A be a proper /-preclosed subset of X. Let {U, : « € A} be a cover of Aby
preopen sets of X. Now for each x € X — A, there is a preopen set V, such that V., N A is finite.
Then {U, : a € AJU{V, : x € X—A} is a preopen cover of X. Since X is strongly compact, there
exist a finite subset A1 of A and a finite number of points, says, x1,x2,...,x, in X — A such
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that X = (U{Uy:a € A1) U(U{V,y, : 1 <i<n});hence A C (U{Uy:a € A})U(UANYV,, :
1 < i < n}). Since AN V,, is finite for each i, there exists a finite subset A, of A such that
U{ANV, :1<i<n} cU{U,: ae Ay} Therefore, we obtain A C U{U, : a« € A1 U Ay}. This
shows that A is strongly compact relative to X.

(2)=(1) Let {V, : @ € A} be any preopen cover of X. We choose and fix one ag € A.
Then U{V, : a € A—{ap}} is a preopen cover of a /-preclosed set X — V,,. There exists a finite
subset Ag of A—{ap} such that X —V,, CU{V, :a € Ag}. Therefore, X = U{V, :a € AgU{ap}}.
This shows that X is strongly compact. O

Corollary 3.6 (see [2]). If a space X is strongly compact and A is preclosed, then A is strongly
compact relative to X.

Theorem 3.7. Let (X, T) be a submaximal topological space. Then (X, T) is strongly compact if and
only if (X, WPO(X)) is compact.

Proof. Let {V, : a € A} be an open cover of (X, N/PO(X)). For each x € X, there exists
a(x) € A such that x € Vy(y). Since Vy(x) is N-preopen, there exists a preopen set Uy(x) of X
such that x € Uyx) and Ug(y) \ Va(y) is finite. The family {U,y) : x € X} is a preopen cover
of (X, 7). Since (X, T) is strongly compact, there exists a finite subset, says, x1,xy, ..., x, such
that X = U{Uy,) : i € F}, where F = {1,2,...,n}. Now, we have

X = J((Uag) \ Vaxy) U Vaxy)

ieF
= <U(Ua<xf> \Va<x,~>)> U (U Va(xn)-
ieF ieF

For each xj, Ugx(x,) \ Vax,) is a finite set and there exists a finite subset A(x;) of A such that
(Uax) \ Vaxy) € U{Vy + @ € A(x;)}. Therefore, we have X = (Ujcp(U(Va : a@ € A(x;)))) U
(Uier Va(xy))- Hence APO(X) is compact.

Conversely, let % be a preopen cover of (X, 7). Then U C NPO(X). Since (X, NPO(X))
is compact, there exists a finite subcover of U for X. Hence (X, 7) is strongly compact. O

(3.2)

4. Preservation Theorems

Definition 4.1. A function f : X — Y is said to be N-precontinuous if f~1(V) is /N-preopen in
X for each openset VinY.

Theorem 4.2. A function f : X — Y is N-precontinuous if and only if for each point x € X
and each open set V in' Y with f(x) € V, there is an N-preopen set U in X such that x € U and
fa)cv.

Proof. Sufficiency. Let V be openin Y and x € f~' (V). Then f(x) € V and thus there exists a
U, € NPO(X) such that x € Uy and f(U,) CV.Thenx € U, C f1(V)and f1(V) =u{U, :
x € f1(V)}. Then by Lemma 2.5, f'(V) is /N-preopen.

Necessity. Let x € X and let V be an open set of Y containing f(x). Then x € f1(V) €
NPO(X) since f is NV-precontinuous. Let U = f~}(V). Then x € U and f(U) C V. O
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Proposition 4.3. If f : X — Y is _N-precontinuous and X, is an a-open set in X, then the restriction
fixo : Xo — Y is N-precontinuous.

Proof. Since f is N-precontinuous, for any open set V in Y, f~1(V) is /-preopen in X. Hence
by Lemma 2.1, f~1(V) N X, is M-preopen in X. Therefore, by Lemma 2.16, (fix,) (V) =
f1(V) n Xy is N-preopen in Xo. This implies that f|x, is /N-precontinuous. O

Proposition 4.4. Let f : X — Y be a function and let {A, : @ € A} be an a-open cover of X. If the
restriction fia, : Aa :— Y is N-precontinuous for each a € A, then f is /N-precontinuous.

Proof. Suppose that V is an arbitrary open setin Y. Then for each & € A, we have (fia,) ' (V) =
F1(V)n Ay € WPO(A,) because fja, is N-precontinuous. Hence by Lemma 2.16, f~1(V) N
Ay € NPO(X) for each a € A. By Lemma 2.5, we obtain U{ f 1 (V) N Ay :a € A} = f1(V) €
NPO(X). This implies that f is //-precontinuous. O

Theorem 4.5. Let f be an N-precontinuous function from a space X onto a space Y. If X is strongly
compact, then Y is compact.

Proof. Let {V, : a € A} be an open cover of Y. Then {f~(V,) : a € A} is an /N-preopen cover
of X. Since X is strongly compact, by Corollary 3.4, there exists a finite subset Ay of A such
that X = U{f1(V,) : a € Ag}; hence Y = U{V, : a € Ag}. Therefore Y is compact. O

Definition 4.6 (see [12]). A function f : X — Y is said to be precontinuous if f~1(V) is preopen
in X for each openset VinY.

It is clear that every precontinuous function is /-precontinuous but not conversely.

Example 4.7. Let X = {a,b,c,d}, T = {¢,X,{a}, {b},{a,b},{a,b,c}}, and 0 = {¢$, X, {a,d},
{b,c}}. Let f : (X,7) — (X, 0) be the identity function. Then f is an _N-
precontinuous function which is not precontinuous; because there exists {b,c} € o such that

f1({b, c}) ¢PO(X, 7).

Corollary 4.8 (see [2]). Let f be a precontinuous function from a space X onto a space Y. If X is
strongly compact, then Y is compact.

Definition 4.9 (see [13]). A function f : X — Y is said to be M-preopen if the image of each
preopen set U of X is preopenin Y.

Proposition 4.10. If f : X — Y is M-preopen, then the image of an N-preopen set of X is N-
preopen in’Y.

Proof. Let f : X — Y be M-preopen and W an -preopen subset of X. For any y € f(W),
there exists x € W such that f(x) = y. Since W is /-preopen, there exists a preopen set U
such that x € U and U - W = C is finite. Since f is M-preopen, f(U) is preopen in Y such
that y = f(x) € f(U) and f(U) - f(W) C f(U-W) = f(C) is finite. Therefore, f(W) is
N-preopenin Y. O

Definition 4.11 (see [14]). A function f : X — Y is said to be preirresolute if f~!(V') is preopen
in X for each preopenset Vin Y.

Proposition 4.12. If f : X — Y is a preirresolute injection and A is N-preopen in Y, then f~1(A)
is N-preopen in X.
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Proof. Assume that A is an /-preopen subset of Y. Let x € f~1(A). Then f(x) € A and there
exists a preopen set V containing f(x) such that V - A is finite. Since f is preirresolute, f~(V)
is a preopen set containing x. Thus f(V) — f1(A) = f1(V — A) and it is finite. It follows
that f~1(A) is /U-preopen in X. O

Definition 4.13. A function f : X — Y is said to be A-preclosed if f(A) is N-preclosed inY for
each preclosed set A of X.

Theorem 4.14. If f : X — Y is an N-preclosed surjection such that f(y) is strongly compact
relative to X foreach y € Y, and Y is strongly compact, then X is strongly compact.

Proof. Let {U, : a € A} be any preopen cover of X. Foreach y € Y, f(y) is strongly compact
relative to X and there exists a finite subset A(y) of A such that f~!(y) c U{U, : « € A(y)}.
Now we put U(y) = U{U, : a € A(y)} and V(y) = Y - f(X = U(y)). Then, since f is M-
preclosed, V (y) is an /-preopen set in Y containing y such that f~}(V(y)) ¢ U(y). Since
{(V(y) : y € Y} is an N-preopen cover of Y, by Corollary 3.4 there exists a finite subset
{yk : 1 < k <n} CYsuchthat Y = U, V(yk). Therefore, X = f1(Y) = Ui, f 1 (V(w))
Uiy U(yk) = Ui {Ue : @ € A(yi) }. This shows that X is strongly compact. O

Definition 4.15 (see [2]). A function f : X — Y is said to be M-preclosed if f(A) is preclosed
in Y for each preclosed set A of X.

It is clear that every M-preclosed function is /V-preclosed but not conversely.

Example 4.16. Let X = {a,b,c,d} with topology 7 = {¢, X, {a}, (b}, {a, b}, {a,b,c}}. Let f :
(X,7) — (X, 7) be the function defined by setting f(a) = ¢, f(b) =4d, f(c) = a,and f(d) = b.
Then f is an -preclosed function which is not M-preclosed; because there exists {c} €
PC(X) such that f({c}) = {a} ¢ PC(X).

Corollary 4.17 (see [2]). If f : X — Y is an M-preclosed surjection such that f='(y) is strongly
compact relative to X for each y € Y, and Y is strongly compact, then X is strongly compact.

Definition 4.18. A function f : X — Y is said to be 6 y-continuous if for each x € X and each
preopen set V of Y containing f(x), there exists an /-preopen set U of X containing x such
that f(U) C V.

It is clear that every preirresolute function is 6 y-continuous but the converse is not
true.

Example 4.19. Let X = {a,b,c,d} and T = {$, X, {a}, {b}, {a, b}, {a,b,c}}. Then the function
f:(X,7t) = (X,7), defined as f(a) = ¢, f(b) =d, f(c) = a,and f(d) = b, is 6n-continuous
but it is not preirresolute.

Theorem 4.20. Let f : X — Y be a & y-continuous surjection from X onto Y. If X is strongly
compact, then Y is strongly compact.

Proof. Let {V, : a« € A} be apreopen cover of Y. For each x € X, there exists a(x) € A such that
f(x) € Vyy). Since f is 6_g-continuous, there exists an /N-preopen set U, () of X containing x
such that f(Ug(x)) C Va(x). So {Uay) : x € X} is an -preopen cover of the strongly compact
space X, and by Corollary 3.4 there exists a finite subset {xx : 1 < k < n} C X such that
X = UZ:l Ua(x,)- Therefore Y = f(X) = f(Uz=1 Ua(xy) = UZ=1 fUaxy) € Uz=1 Va(x;)- This
shows that Y is strongly compact. O
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Corollary 4.21 (see [2]). Let f : X — Y be a preirresolute surjection from X onto Y. If X is
strongly compact, then Y is strongly compact.
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