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We introduce the Jungck-multistep iteration and show that it converges strongly to the unique
common fixed point of a pair of weakly compatible generalized contractive-like operators defined
on a Banach space. As corollaries, the results show that the Jungck-Mann, Jungck-Ishikawa, and
Jungck-Noor iterations can also be used to approximate the common fixed points of such maps.

The results are improvements, generalizations, and extensions of the work of Olatinwo and Imoru
(2008), Olatinwo (2008). Consequently, several results in literature are generalized.

1. Introduction

The convergence of Picard, Mann, Ishikawa, Noor and multistep iterations have been
commonly used to approximate the fixed points of several classes of single quasicontractive
operators, for example, see [1-6].

Let X be a Banach space, K, a nonempty convex subsetof X and T : K — K a self-map
of K.

Definition 1.1. Let zy € K. The Picard iteration scheme {z,},. is defined by

Zp1 =Tz, n>0. (1.1)

Definition 1.2. For any given uy € K, the Mann iteration scheme [7] {u,},., is defined by
Upi1 = (1 - ay)uy, + a,Tu,, (1.2)

where {a, },, are real sequences in [0,1) such that >,7" a, = oo.
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Definition 1.3. Let xo € K. The Ishikawa iteration scheme [8] {x,},-, is defined by

Xn+l = (1 - an)xn + anTynr

1.3
Yn=(1=Pn)xn+ PuTxy, (13)

where {a,};20, { B}, are real sequences in [0,1) such that 3,7 a, = co.

Observe that if f, = 0 for each n, then the Ishikawa iteration process (1.3) reduces to
the Mann iteration scheme (1.2).

Definition 1.4. Let xo € K. The Noor iteration (or three-step) scheme [9] {x, },-, is defined by

Xn+l = (1 - an)xn + anT]/n/
Yn = (1= Pn)Xn + PuTzn, (1.4)

Zn = (1= yu)Xn + ynTxn,

where {a,};20, {Bn} o 1Y) are real sequences in [0, 1) such that 37 a, = co.

For motivation and the advantage of using Noor’s iteration, see [5, 9, 10].

Observe that if y, = 0 for each n, then the Noor iteration process (1.4) reduces to the
Ishikawa iteration scheme (1.3).

Definition 1.5. Let xy € K. The multistep iteration scheme [11] {x,};-, is defined by

Xp1 = (1 —ap)x, + anTy,lq,
vi= (1=B)xa+ BTy, i=12,.. k-2, (1.5)

yﬁfl = (1 - ’n‘*l>xn + ﬁ’;’lTxn, k>2,

where {a, )2, {fi,},i=1,2,...,k -1, are real sequences in [0, 1) such that 322 a, = co.

Observe that the multistep iteration is a generalization of the Noor, Ishikawa, and the
Mann iterations. In fact, if k = 1in (1.5), we have the Mann iteration (1.2), if k = 2in (1.5), we
have the Ishikawa iteration (1.3), and if k = 3, we have the Noor iterations (1.4).

We note that while many authors have worked on the existence of fixed points
for a pair of quasicontractive maps, for example, see [1, 12-15], little is known about the
approximations of those common fixed points using the convergence of iteration techniques.
Jungck was the first to introduce an iteration scheme, which is now called Jungck iteration
scheme [13] to approximate the common fixed points of what is now called Jungck
contraction maps. Singh et al. [15] of recent introduced the Jungck-Mann iteration procedure
and discussed its stability for a pair of contractive maps. Olatinwo and Imoru [16], Olatinwo
[17, 18] built on that work to introduce the Jungck-Ishikawa and Jungck-Noor iteration
schemes and used their convergences to approximate the coincidence points (not common
fixed points) of some pairs of generalized contractive-like operators with the assumption
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that one of each of the pairs of maps is injective. However, a coincidence point for a pair
of quasicontractive maps needs not to be a common fixed point. We introduce the Jungck-
multistep iteration and show that its convergence can be used to approximate the common
fixed points of those pairs of quasicontractive maps without assuming the injectivity of any
of the operators. Hence the iterative sequence used is a generalization of that used in [16-18].
The fact that the injectivity of any of the maps is not assumed in our results and the common
fixed points of those maps are approximated and not just the coincidence points make the
corollary of our results an improvement of the results of Olaleru [19], Olatinwo and Imoru
[16]. Consequently, a lot of results dealing with convergence of Picard, Mann, Ishikawa, and
multistep iterations for single quasicontractive operators on Banach spaces are generalized.

2. Preliminaries

Let X be a Banach space, Y an arbitrary set,and S,T : Y — X such that T(Y) C S(Y).
Then we have the following definitions.

Definition 2.1 (see [13]). For any x, € Y, there exists a sequence {x,},-, € Y such that Sx,,1 =
Tx,. The Jungck iteration is defined as the sequence {Sx, };.; such that

Sxp1=Tx,, n>0. (2.1)

This procedure becomes Picard iteration when Y = X and S = I, where I, is the identity map
on X.

Similarly, the Jungck contraction maps are the maps S, T satisfying

d(Tx,Ty) <kd(Sx,Sy), 0<k<1lVx,yeY. (2.2)

If Y = X and S = I, then maps satisfying (2.2) become the well-known contraction maps.

Definition 2.2 (see [15]). For any given u, € Y, the Jungck-Mann iteration scheme {Su, },.; is
defined by

Sup = (1 - ay)Suy, + a,Tuy,, (2.3)

where {a, },., are real sequences in [0,1) such that 3,7, a, = co.

Definition 2.3 (see [18]). Let x, € Y. The Jungck-Ishikawa iteration scheme {Sx, },; is defined
by

Sxpe1 = (1 —a,)Sxp + a, Ty,

Syn = (1 - ﬁn)sxn + ﬁnTxnr

(2.4)

where {a,};20, {fn};, are real sequences in [0, 1) such that 37> a, = oo.
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Definition 2.4 (see [18]). Let x, € Y. The Jungck-Noor iteration (or three-step) scheme
{Sx, },2; is defined by

Sxpi1 = (1 - ay)Sxy + a, Ty,

Syn = (1-Pn)Sxy + PuTzn, (2.5)

Sz, = (1= y)Sxn + ynTxn,

where {a,};20, {Bn};o, and {y.},, are real sequences in [0, 1) such that 3,77 a, = co.

Definition 2.5. Let x, € Y. The Jungck-multistep iteration scheme {Sx,},., is defined by

Sxpi1 = (1—a,)Sx, + anTy,lq,
Syh = (1) Sxa+ BTy, i=12...k-2, (2.6)

Sys = (1-B5") S+ ' Txs, k22,

where {a, )52, {fi,},i=1,2,...,k -1, are real sequences in [0,1) such that 3% a,, = co.

Observe that the Jungck-multistep iteration is a generalization of the Jungck-Noor,
Jungck-Ishikawa and the Jungck-Mann iterations. In fact, if k = 1in (2.6), we have the Jungck-
Mann iteration (2.3), if k = 2in (2.6), we have the Jungck-Ishikawa iteration (2.4) and if k = 3,
we have the Jungck-Noor iterations (2.5).

Observe that if X = Y and S = I;, then the Jungck-multistep (2.6), Jungck-Noor
(2.5), Jungck-Ishikawa (2.4), and the Jungck-Mann (2.3) iterations, respectively, become the
multistep (1.5), Noor (1.4), Ishikawa (1.3), and the Mann (1.2) iterative procedures.

One of the most general contractive-like operators which has been studied by several
authors is the Zamfirescu operators.

Suppose that X is a Banach space. The map T : X — X is called a Zamfirescu operator
if

x=Tx] +2||y Tyl Jx-Ty] +2d||y ~Tx|| } 27

71y} < o -

where 0 < h < 1 see [6].

It is known that the operators satisfying (2.7) are generalizations of Kannan maps [4]
and Chatterjea maps [3]. Zamfirescu [6] proved that the Zamfirescu operator has a unique
fixed point which can be approximated by Picard iteration (1.1). Berinde [2] showed that
Ishikawa iteration can be used to approximate the fixed point of a Zamfirescu operator when
X is a Banach space while it was shown by the first author [20] that if X is generalised to a
complete metrizable locally convex space (which includes Banach spaces), the Mann iteration
can be used to approximate the fixed point of a Zamfirescu operator. Several researchers have
studied the convergence rate of these iterations with respect to the Zamfirescu operators. For
example, it has been shown that the Picard iteration (1.1) converges faster than the Mann
iteration (1.2) when dealing with the Zamfirescu operators. For example, see [21]. It is still a
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subject of research as to conditions under which the Mann iteration will converge faster than
the Ishikawa or vice-versa when dealing with the Zamfirescu operators.

We now consider the following conditions. X is a Banach space and Y a nonempty set
such thatT(Y) CS(Y)and S,T:Y — X.Forx,y € Yand h € (0,1):

Sx - Txl|+||Sy - Ty|| [|Sx-Ty|+||Sy-T
||Tx—Ty||§hmaX{||Sx—Sy I xIIJ;II y-Ty| |sx yll;ll y xll}, 28)

[|Sx — Tx|| + || Sy - Ty||

|Tx-Tyl < hmax{ |Sx - Sy ANSx=Ty||, ||Sy - Tx||}, (2.9)

2
|Tx - Ty|| < 6||Sx - Sy|| + L||Sx-Tx|, L>0,0<6<1, (2.10)
Bl Syll +pllsx - Tx)
I~ Tyll < = ey —y— 06<1 M20 (2.11)
|Tx - Tyl|| <6||Sx - Sy|| +¢(ISx-Tx||), 0<6<1. (2.12)

where ¢ : R, — R, is a monotone increasing sequence with ¢(0) = 0.

Remark 2.6. Observe that if X = Y and S = I, (2.8) is the same as the Zamfirescu operator
(2.7) already studied by several authors; (2.9) becomes the operator studied by Rhoades [22];
while (2.10) becomes the operator introduced by Osilike [23]. Operators satisfying (2.11) and
(2.12) were introduced by Olatinwo [16].

A comparison of the four maps show the following.
Proposition 2.7. (2.8)=(2.9)=(2.10)=(2.11)=(2.12) but the converses are not trie.
Proof. (2.8)=(2.9): This follows immediately since

IS ~Ty| + ISy - Tx|

> <max{||Sx - Ty||, ||Sy - Tx||}. (2.13)

(2.9)=(2.10): We consider each of the possibilities.

Case 1. Suppose ||Tx — Ty|| < h||Sx — Ty|| < h||Sx — Tx| + h||Tx — Ty|| and consequently,
ITx - Tyl < h/(1—-h)(Sx —Tx). Setting L = h/(1 — h) completes the proof.

Case 2. Suppose

|Sx = Tx|| + ||Sy - Ty||
2

ITx-Ty]l <1

Sh||Sx—Tx|| + ||Sy—5x2+ Sx—Tx+Tx-Ty|| (2.14)

< hllSx ~Tx| + 2 [[Sy - Sx]| + 2| Tx ~Ty]).
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After computing we have |[|[Tx — Ty| < h/(2 - h)||Sy — Sx|| + 2h/(2 — h)||Sx — Tx||. Setting
6=h/(2-h)and L =2h/(2 — h) completes the proof.

Case 3. |Tx - Ty|| < h||Sy — Tx|| < h||Sy — Sx|| + h||Sx — Tx|.
(2.10)=(2.11): Suppose M = 0 and ¢(t) = Lt in (2.11), we have (2.10).
(2.11)=(2.12): This follows from the fact that

6||Sx = Syl| + ¢ (|| Sy = Tx||)

Tx-Ty| <
1T =Tyl < == Fifsy - 7]

<6||Sx =Syl +o(llSy - Tx|).  (215)
O
We need the following definition.

Definition 2.8 (see [1]). A point x € X is called a coincident point of a pair of self-maps S, T if
there exists a point w (called a point of coincidence) in X such that w = Sx = Tx. Self-maps
S and T are said to be weakly compatible if they commute at their coincidence points, that is,
if Sx = Tx for some x € X, then STx = TSx.

Olatinwo and Imoru [16] proved that the Jungck-Mann and Jungck-Ishikawa converge
to the coincident point of S, T defined by (2.8) when S is an injective operator. It was shown
in [19] that the Jungck-Ishikawa iteration converges to the coincidence point of S, T defined
by (2.12) when S is an injective operator while the same convergence result was proved for
Jungck-Noor when S, T are defined by (2.11) [18]. (We note that the maps satisfying (2.9)
and of course (2.10)—(2.12) need not have a coincidence point [15].) We rather prove the
convergence of multistep iteration to the unique common fixed point of S,T defined by
(2.12), without assuming that S is injective, provided the coincident point exist for S, T.

3. Main Results
The following lemma is well known.

Lemma 3.1. Let {a,} be a sequence of nonnegative numbers such that a1 < (1 - \,)ay for any n,
where A, € [0,1) and 377y Ay = oo. Then {ay,} converges to zero.

Theorem 3.2. Let X be a Banach space and S,T : Y — X for an arbitrary set Y such that (2.12)
holds and T (Y') C S(Y'). Assume that S and T have a coincidence point z such that Tz = Sz = p. For
any x, € Y, the Jungck-multistep iteration (2.6) {Sx, },—, converges to p.

Further, if Y = X and S, T commute at p (i.e., S and T are weakly compatible), then p
is the unique common fixed point of S, T.

Proof. In view of (2.6) and (2.12) coupled with the fact that Tz = Sz = p, we have

Tz-Ty)

[[Sxnaa = pll < (1= an)||Sxw = p|| +

< (1-ay)||Sxn—pl| + an[6||Sz— Sy,

+(|Sz =Tz} (3.1)

= (1 -a,)||Sxn —p|| + 6an

p— Sy,
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An application of (2.6) and (2.12) gives

Tz-Ty?

sy~ < (1= ) 1S~ pll + 6}

< (1-B1)lIsxa ~pll + B3 [8]| 5= - sv2

+(|Sz =Tz}

Substituting (3.2) in (3.1), we have

15001 =Pl < (1= an) S = pll + S (1= 1) 15, = pll + sl 532
= (1 -(1-6)a, - 61xnﬁ,11> ||Sxn - pl| + &% anfh||Sy? - p”
Similarly, an application of (2.6) and (2.12) give
ISy2 - pll < (1= B2) 1.~ pll + 8B211Sy - I
Substituting (3.4) in (3.3) we have
1501 = pll < (1= (1 - 6)an - SuB} ) | S - p|
+ 82,5, (1= 1) S0~ pll + 8aubrfr||Svn - |

= (1- (1= 6)an - (1 - 6)6anpl - 52 ) [| S — p|

+ 8 anpp

sva-p|
Similarly, an application of (2.6) and (2.12) gives
ISy; = pll < (1= 2)l1Sx, — pll + 643115y~ Pl
Substituting (3.6) in (3.5) we have
101 = pll < (1= (1= 6)an = (1 - 6)6xupl - SaxnBiB2) | Sz — |
+ 8 (1= B2) 1%~ pll + 6" anfi 3
= (1- (1= 8)an — (1= )6aufy, ~ (1~ 6)8 w7, - 8 wafp1frf)
< |Sx, - pll + 6*aupL 263 | S0 - v

<(1-1-8)a,-6a,BL828)||Sx, — p|| + 6*a,BLB25°
nrnrn p nrnrn

sya-7||

sya-p|

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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Continuing the above process we have

101 = pll < (1= (1 = 8)an - 6 2 BLE2E5 .. ) || S — p|
+ 8o, L2 . B[Sk - |
< (1- (1= 8)an - 82w, pLB235 . B52) | S - p|
+ 8 BB B (1- B IS — pll + BTz - T
< (1- (=00, -6 2l 2p . f57) 1S pl 9
+ 8w LR B2 [ (1 5 ) 15 — pll + 665 S — ]
< (1- (- 8)an - 6 2auBLp205 .. B2

+ 6 a5 - B || Sxn — |
<(1-(1- 6)“11)”53571 - P”

Hence by Lemma 3.15x, — p.
Next we show that p is unique. Suppose there exists another point of coincidence p*.
Then there is an z* € X such that Tz* = Sz* = p*. Hence, from (2.12) we have

lp = p"|| = ITz - T="|| < 6]|Sz - Sz*|| + ¢(lISz - Tzll) = 6]|p - p"||- (3.9)

Since 6 < 1, then p = p* and so p is unique.

Since S,T are weakly compatible, then TSz = STz and so Tp = Sp. Hence p is a
coincidence point of S,T and since the coincidence point is unique, then p = p* and hence
Sp = Tp = p and therefore p is the unique common fixed point of S,T and the proof is
complete. O

Remark 3.3. Weaker versions of Theorem 3.2 are the results in [16, 18] where S is assumed
injective and the convergence is not to the common fixed point but to the coincidence point
of S, T. Furthermore, the Jungck-multistep iteration used in Theorem 3.2 is more general than
the Jungck-Ishikawa and the Jungck-Noor iteration used in [17, 18].

It is already shown in [1, 20] that if S(Y) or T(Y) is a complete subspace of X, then
maps satisfying the generalized Zamfirescu operators (2.8) have a unique coincidence point.
Hence we have the following results.

Theorem 3.4. Let X be a Banach space and S,T : X — X such that

Sx-T Sy-T Sx-T Sy-T
||Tx—Ty||Shmax{”Sx—Sy”, IS x||+2|| y=Tyl |Isx yll;ll y XII}, (3.10)
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and T(X) C S(X). Assume that S and T are weakly compatible. For any x, € X, the Jungck-multistep
iteration (2.6) {Sxy},.q converges to the unique common fixed point of S, T.

Since the Jungck-Noor, Jungck-Ishikawa and Jungck-Mann iterations are special cases
of Jungck-multistep iteration, then we have the following consequences.

Corollary 3.5. Let X be a Banach space and S,T : X — X such that

|Sx —Tx|| +||Sy = Ty|| ||Sx-Tyl| +[|Sy - Tx||
2 ! 2

|Tx - Ty|| Shmax{”Sx—Sy”, } (3.11)

and T(X) C S(X). Assume S and T are weakly compatible. For any x, € X, the Jungck-Noor iteration
(2.5) {Sxy }yq converges to the unique common fixed point of S, T.

Corollary 3.6. Let X be a Banach space and S, T : X — X such that

|Sx —Tx|| +||Sy - Ty|| ||Sx-Tyl| +[|Sy - Tx||
2 ! 2

|Tx - Ty|| Shmax{”Sx—Sy”, } (3.12)

and T(X) C S(X). Assume that S and T are weakly compatible. For any x, € X, the Jungck-Ishikawa
iteration (2.4) {Sx, },-q converges to the unique common fixed point of S, T.

Remark 3.7. (i) A weaker version of Corollary 3.6 is the main result of [16] where the
convergence is to the coincidence point of S, T and S is assumed injective.
(ii) If S = I; in Corollary 3.5, then we have the main result of [2].

Corollary 3.8. Let X be a Banach space and S,T : X — X such that

|Sx = Tx|| +||Sy - Ty|| ||Sx-Ty|| +||Sy - Tx||
2 ’ 2

|Tx-Ty|| < hmax{”Sx—Sy”, | }, (3.13)

and T(X) C S(X). Assume that S and T are weakly compatible. For any x, € X, the Jungck-Mann
iteration (2.3) {Sx,},., converges to the unique common fixed point of S, T.

Remark 3.9. If S = 14, Corollary 3.8 gives the result of [20].

Itis already shown in [1, 2] thatif S(Y') or T(Y') is a complete subspace of X, then maps
satisfying the operators (2.9) has a unique coincidence point. Hence we have the following
results.

Theorem 3.10. Let X be a Banach space space and S,T : X — X such that

|Sx = Tx|| +||Sy - Ty|| ||Sx-Tyl| +[|Sy - Tx||
2 ! 2

|Tx - Ty|| Shmax{”Sx—Sy”, } (3.14)

and T(X) C S(X). Assume that S and T are weakly compatible. For any x, € X, the Jungck-multistep
iteration (2.6) {Sxy},.q converges to the unique common fixed point of S, T.



10 International Journal of Mathematics and Mathematical Sciences

Since the Jungck-Noor, Jungck-Ishikawa, and Jungck-Mann iterations are special cases
of Jungck-multistep iteration, then we have the following consequences.

Corollary 3.11. Let X be a Banach space and S,T : X — X such that

|Sx - Tx|| + || Sy - Ty||
2

|Tx - Ty|| < hmax{ ||Sx - Sy||, NSx =Ty +||Sy - Tx||}, (3.15)

and T(X) C S(X). Assume that S and T are weakly compatible. For any x, € X, the Jungck-Noor
iteration (2.5) {Sx,},., converges to the unique common fixed point of S, T.

Corollary 3.12. Let X be a Banach space and S, T : X — X such that

|Sx - Tx|| + ||Sy - Ty||
2 7

|Tx-Ty| < hmax{”Sx—Sy”, Sx-Ty|| + ||Sy—Tx||}, (3.16)

and T(X) C S(X). Assume that S and T are weakly compatible. For any x, € X, the Jungck-Ishikawa
iteration (2.4) {Sxy},.q converges to the unique common fixed point of S, T.

Corollary 3.13. Let X be a Banach space and S,T : X — X such that

|Sx = Tx|| + || Sy - Ty||
2

|Tx - Ty|| < hmax{”Sx—Sy”, ISx =Ty + ||Sy—Tx||}, (3.17)

and T(X) C S(X). Assume that S and T are weakly compatible. For any x, € X, the Jungck-Mann
iteration (2.3) {Sx,},., converges to the unique common fixed point of S, T.
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