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We study the problem of the boundedness and compactness of Ty when ¢ € L?(Q) and Q is
a planar domain. We find a necessary and sufficient condition while imposing a condition that
generalizes the notion of radial symbol on the disk. We also analyze the relationship between the
boundary behavior of the Berezin transform and the compactness of Tg.

1. Introduction

Let Q be a bounded multiply-connected domain in the complex plane C, whose boundary
0L consists of finitely many simple closed smooth analytic curves y; (j = 1,2,...,n) where y;
are positively oriented with respect to Q and y; Ny; = @ if i # j. We also assume that y; is the
boundary of the unbounded component of C\ Q. Let Q; be the bounded component of C\ y1,
and Q; (j =2,...,n) the unbounded component of C \ y;, respectively, so that Q = ﬂ;?zlgi.

For dv = (1/ar)dxdy, we consider the usual L2-space L*(Q2) = L?(Q, dv). The Bergman
space L2(Q, dv), consisting of all holomorphic functions which are L*-integrable, is a closed
subspace of L?(Q, dv) with the inner product given by

(f.8)= fQﬂz)g(_z)dv(z) (1.1)

for f, g € L>(€2, dv). The Bergman projection is the orthogonal projection
P:L*(Q,dv) — L2(Q,dv). (1.2)
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It is well-known that for any f € L?(Q, dv), we have
Pfw) = f@Kzw)dv(a) (13)
Q

where K€ is the Bergman reproducing kernel of Q. For ¢ € L*(Q, dv), the Toeplitz operator
T, : L2(Q,dv) — L2(Q,dv) is defined by T, = PM,, where M, is the standard multiplication
operator. A simple calculation shows that

Ty f(2) = [ plao)f(0)K® o, Do) (1.4

For square-integrable symbols, the Toeplitz operator is densely defined but is not necessarily
bounded; therefore, the problem of finding necessary and sufficient conditions on the
function ¢ € L?(Q,dv) for the Toeplitz operators T, to be bounded or compact is a
natural one, and it has been studied by many authors. Several important results have been
established when the symbol has special geometric properties. In fact, in the context of radial
symbols on the disk, many papers have been written with quite surprising results (see [1]
of Grudsky and Vasilevski, [2] of Zorboska, and [3] of Korenblum and Zhu) showing that
operators with unbounded radial symbols can have a very rich structure. In fact, in the
case of a continuous symbol, the compactness of the Toeplitz operators depends only on the
behavior of the symbol on the boundary of the disk and this is similar to what happens in
the Hardy space case, even though in the case of Bergman space, the Toeplitz operator with
continuous radial symbol is a compact perturbation of a scalar operator and in the Hardy
space case a Toeplitz operator with radial symbol is just a scalar operator. In the case of
unbounded radial symbols, a pivotal role is played by the fact that in the Bergman space
setting, contrary to the Hardy space setting, there is an additional direction that Grudsky and
Vasileski term as inside the domain direction: symbols that are nice with respect to the circular
direction may have very complicated behavior in the radial direction. Of course, in the context
of arbitrary planar domains, it is not possible to use the notion of radial symbol. We go around
this difficulty by making two simple observations. To start, it is necessary to notice that the
structure of the Bergman kernel suggests that there is in any planar domain an internal region
that we can neglect when we are interested in boundedness and compactness of Toeplitz
operators with square integrable symbols, therefore the inside the domain direction counts up
to a certain point. The second observation consists in exploiting the geometry of the domain
and conformal equivalence in order to partially recover the notion of radial symbol. For these
reasons, we study the problem for planar domains when the Toeplitz operator symbols have
an almost-radial behavior and, for this class, we give a necessary and sufficient condition
for boundedness and compactness. We also address the problem of the characterization of
compactness by using the Berezin transform. In fact, under a growth condition for the almost-
radial symbol, we show that the Berezin transform vanishes to the boundary if and only if
the operator is compact.

The paper is organized as follows. In Section 2, we describe the setting where we work,
give the relevant definitions, and state our main result. In Section 3, we collect results about
the Bergman kernel for a planar domain and the structure of L2 (€2, dv). In Section 4, we prove
the main result and study several important consequences.
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2. Preliminaries

Let Q be the bounded multiply-connected domain given at the beginning of Section 1, that
is, Q = ﬁ;‘:lQ]-, where € is the bounded component of C \ y;, and Q; (j = 2,...,n) is the
unbounded component of C\ y;. We use the symbol A to indicate the punctured disk {z € C |
0 < |z| < 1}. Let I' be any one of the domains , A, Q; (j =2,...,n).

We call KT (z,w) the reproducing kernel of I' and we use the symbol k' (z,w) to
indicate the normalized reproducing kernel, that is, k' (z, w) = K' (z,w) /K" (w, w)">.

For any A € B(L2(T, dv)), we define A, the Berezin transform of A, by

Aw) = (AKL, kL) =f AKL (2)KE (2)dv (), @.1)
T

where kL (1) = KT (-, w) KT (w, w) /2.
If ¢ € L*(I), then we indicate with the symbol ¢ the Berezin transform of the
associated Toeplitz operator T, and we have

() = [ oK@ avca). 22)

We remind the reader that it is well known that A € C(T), and we have 1Al < | A3 @)
It is possible, in the case of bounded symbols, to give a characterization of compactness using
the Berezin transform (see [4, 5]).

We remind the reader that any Q bounded multiply-connected domain in the complex
plane C, whose boundary 0Q consists of finitely many simple closed smooth analytic curves
Y; (j = 1,2,...,n), is conformally equivalent to a canonical bounded multiply-connected
domain whose boundary consists of finitely many circles (see [6]). This means that it is
possible to find a conformally equivalent domain D = N D; where Dy = {z € C: |z| < 1} and
D;j={zeC:|z-aj|>rj}forj=2,...,n. Here a; € Dy and 0 < rj < 1 with |a; — ax| > rj + 1«
if j#k and 1 - |a;| > r;. Before we state the main results of this paper we need to give a few
definitions.

Definition 2.1. Let Q = NI ,€Q; be a canonical bounded multiply-connected domain. We say
that the set of n + 1 functions P = {po, p1, ..., px} is a O-partition for Q if

(1) forevery j=0,1,...,n, pj: Q — [0,1] is a Lipschitz, C*-function,
(2) for every j = 2,...,n, there exists an open set W; C Q and an ¢; > 0 such that
U, ={{ €Q:1j<|i—aj| <rj+ e}, and the support of p; is contained in W; and

pi(¢) =1, V¢eU, (2.3)

(3) for j = 1, there exists an open set W; C Q and an ¢; > 0 such that U, = {{ € Q:
1-¢€; <|¢| <1} and the support of p; is contained in W; and

pi(¢) =1, Yiel,, (2.4)
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(4) for every j,k = 1,...,n, W;n W = 0, the set Q '\ (U}“:1 W;) is not empty and the
function

P =1 Ve <Owj> ne,
j=1

(2.5)
po(¢) =0, V¢elU,, k=1,...,n,
(5) for any ¢ € Q, the following equation:
pe@) =1 (2.6)
k=0

holds.

We need to point out two facts about the definition above: (i) that near each connected
component of the boundary there is only one function which is different from zero (note that
this implies that the function must be equal to 1), and (ii) far away from the boundary only
the function py is different from zero.

Definition 2.2. A function ¢ : Q = NI, €; — Cis said to be essentially radial if there exists a
conformally equivalent canonical bounded domain D = N, D;, such that if the map © : Q —
D is the conformal mapping from Q onto D, then

(1) for every k = 2,...,n and for some e, > 0, we have
90O (2) = o0 (|z - axl), (2.7)

whenzelU,, ={{€Q:r <|{—ax| <7k +ex},

(2) for k = 1 and for some €; > 0, we have
po©®7(z) =poO(|z)), (2.8)

whenzel,, ={(€eQ:1-¢ <|¢| <1}.

The reader should note that in the case where it is necessary to stress the use of
a specific conformal equivalence, we will say that the map ¢ is essentially radial via © :
02:192 — ﬂ?leg.

Before we proceed, the reader should notice that the definition, in the case of the disk,
just says that, when we are near to the boundary, the values depend only on the distance from
the center of the disk, so the function is essentially radial. In the general case, to formalize the
fact that the values depend essentially on the distance from the boundary, we can simplify our
analysis if we use the fact that this type of domain is conformally equivalent to a canonical
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bounded multiply-connected domain whose boundary consists of finitely many circles. For
this type of domain the idea of essentially radial symbol is quite natural. For this reason, we
use this simple geometric intuition to give the general definition.

Before we state the main result, we stress that in what follows, when we are working
with a general multiply-connected domain and we have a conformal equivalence © :
Np_1Qe¢ — Ny_ Dy, we always assume that the d-partition is given on Nj_, D, and transferred
to Ny_, €2, through © in the natural way.

At this point, we can state the main result.

Theorem 2.3. Let ¢ € L*(Q) be an essentially radial function via © : N;_ Qg — N_ Dy, if one
defines @; = ¢ - p;, where j = 1,...,nand *B is a O-partition for Q, then the following are equivalent:

(1) the operator
T, : L3(Q,dv) — L3(Q,dv) (2.9)

is bounded (compact).

(2) forany j = 1,...,n the sequences y,, = {y,, (m)}mEN are in €y (Z)(co(Zy)) where, by
definition, if j =2,...,n,

*® 1
yq,i(m) =7 J. ;o o! <r;2m+1)/2(m+1)sl/2("”1) + a]-> gds, Ym e Z,, (2.10)
j
andifj=1

1
You (M) = f 1007 (sl/z(’"”))ds, Vm € Z,. (2.11)
0

3. The Structure of 1.2(Q2) and Some Estimates about
the Bergman Kernel

From now on, we will assume that Q = ﬂ;‘:lQ]- where Q; = {z€C:|z[<1}and Q;j={z€ C:
|z—aj| > rj} forj =2,...,n. Here, a; € £ and 0 < r; < 1 with |a; — ax| > rj + r¢ if j#k and
1-|aj| > rj. We will indicate with the symbol A the punctured disk €2 \ {0}.

With the symbols K% (z,w), K®(z,w), K*(z,w), we denote the Bergman kernel on
Q;, &, and A, respectively.

In order to gain more information about the kernel of a planar domain, it is important
to remind the reader that for the the punctured disk Ag; and the disk €1, we have L’Z(Ao,l) =
Lh(Q)),if p > 2, and, for any (z,w) € A?, K*(z,w) = K% (z,w) (see [7, 8]). This fact has an
important and simple consequence. In fact, if we consider A,, = {z€ C:0<|z—-a| <r} and
Our = {z€C:|z-a|>r}, wecan conclude that

72

KO (z,w) = V(z,w) € Oar x Ogyr- (3.1)

27

r’—(z—-a) - (w-a)
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To see this, we use the well-known fact that the reproducing kernel of the unit disk is
given by (1 — zw) 2, therefore we have

1

KAo,l (Z, w) =,
(1-z -w)>

V(z,w) € Aoy x Ag,1. (3.2)

This implies, by conformal mapping, that the reproducing kernel of A, is

1"2

<r2—(z—a)~(w—a)>

K2 (z,w) =

27

Y(z,w) € Mgy x Ay, (3.3)

Now, we define ¢ : A,, — O,, by
p(z) =(z- a) ' +a, (3.4)

and we use the well-known fact that the Bergman kernels of A,, and ¢(A,,) = O,, are
related via

K% (p(2), p(w)) ¢ (2)¢' (w) = K> (z,w) (3.5)

to obtain that

72

KOar (z,w) =

27

V(z,w) € Ogyr x Ogyr. (3.6)
r2—(z-a)-(w-a)

Since Q1 = Ogy and, for j =2,...,n, Ou;r; = Q;, then the last equation implies that

1
K (z,w) = ———;,
(= w) (1-z-w)*
2 (3.7)
K% (z,w) = !

(- (z=a)-Gw-a))’

ifj=2,...,n
We also note that if we define

E%(z,w) = K®(z,w) - iKQj (z,w), (3.8)
=1

we can prove the following.
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Lemma 3.1. (1) E® is conjugate symmetric about z and w. For each w € Q, E®(-,w) is conjugate
analytic on Q and E® € C*(Q x Q).

(2) There are neighborhoods U of 0Q; (j = 1,...,n) and a constant C > 0 such that U; N Uy
is empty if j # k and

|I<Q(z,w) ~K%(z,w)| < C, (3.9)

for z € Qand w € U;.
(3) E? € L*(Q x Q).

Proof. (a) Since the Bergman kernels K and K have these properties (see [9]), by the
definition of E®, we get (1).

(b) The proof is given in [7, 8].

(c) Using the fact that

K (z,w) = ;_2
1-z-w)
2 (3.10)
K% (z,w) = ! ,

(- G-a) @ a)

for j=2,..,nand (1) and (2), we get (3). 0

We observe that we can choose R; > rj for j = 2,...,nand R; < 1such thatG; = {z:
ri<lz—aj| <Rj} (j=2,...,n)and Gy = {z : Ry <|z| < 1},thenwehave5jc U;, where U;
is the same as in Lemma 3.1. We also have the following.

Lemma 3.2. There are constants D > 0 and M > 0 such that

(1) for any (z,w) € G; x QU Q x G;, one has

7

|KQ(z,w)) <D'K9f(z,w)

(3.11)
|K9f(z,w)| < |Kg(z,w)| + M,

(2) for any z € Q, one has K®%(z, z) < K®(z, z).

Proof. By the explicit formula of the Bergman kernels K i there are constants C; and M; such
that

|KQ"(z,w)| > C, (3.12)
for (z,w) € (G; x Q) U (Q x G;) and

|KQ" (z,w)| < M; (3.13)
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if (z,w) € G;xG;fori=1,2,...,n. From the last Lemma, it follows that

|K9(z,w)' < 'Kﬁi(z,w)| +C< (1 + g)'KQ

[k )| < [K2Gz )] + [E%z )] + 3K (2, 0)]| (3.14)
|1<9(z w)| +E® + S M;,
i#j

whenever (z,w) € (G; xQ)U(Qx G;). If we call D the biggest number among {1+C/C;} and
we let M = ||E®||, + Z}’zl M;, then we get the first claimed estimate. The proof of (2) can be
found in [8, 10]. O

It is clear from what we wrote so far that we put a strong emphasis on the fact that the
domain under analysis € is actually the intersection of other domains, that is, Q = N, Q).

This also suggests that we should look for a representation of the elements of L2(Q) that
reflects this fact. For this reason, we give the following.

Definition 3.3. Given Q = N7, Q; with Q; = {z € C: |z| <1} and Q; = {z € C : |z - aj| > 1}},
forany f € Li(Q), we define n + 1 functions Pyf, P f, P> f, ..., P, f as follows: if z € Q, then
we set, for j =1,

e - | a, (3.15)
11

forj=23,...,n,

1 f f(é)

P f =
]f Yi é

T2

a5 f F@)de, (3.16)

and for j =0,

Pf = Z<2 - f £ )d§> = (3.17)

wherey; (j =1,...,n) are the circles which center at a; (a; = 0) and lie in G; (see Lemma 3.2),
respectively, so that z is exterior to ¥j (j = 2,...,n) and interior to y1.

It is important that the reader notices that the Cauchy theorem implies that our
definition is independent from how we choose 71, ..., ¥,. Moreover, it is important to notice
that the domains of the functions P f,..., P, f are actually the sets Q,...,Q,. In the next
Lemma, we give more information about this representation.
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Lemma 3.4. For f € L2(Q), one can write it uniquely as

n

f(2) = 2 (Pif)(2) + (Pof) (2), (3.18)

=1

with Pif € L2(Q)), Pof € L2(Q) N C*(Q), Pc(Pif) = 0 if j#k, and moreover, there exists a
constant My such that, for j =0,1,...,n, one has

IPifllq < 1Pifllq, < Millfllo: (3.19)

In particular, if f € L2(;), then P;f = f and

[ flle, < M|l fllg (3.20)

fori=1,...,n

Proof. Let f be any function analytic on Q. For any z € Q, let y; (i = 1,...,n) be the circles
which center at a; (a; = 0) and lie in G;, respectively, so that z is exterior to y; (i = 2,...,n)
and interior to y;. Using Cauchy’s Formula, we can write

&1 [ fQ
f(z) = ;2.71'1' L]_ e (3.21)
Let
1
fi@) =5~ g gdé- (3.22)
Yi

By Cauchy’s Formula, the value f;(z) does not depend on the choice of y; if 1 < j < n and
f(z) = X7 fj(z). Of course, each f; is well defined for all z € Q; and analytic in Q;. In
addition, if j # 1, we have that f;(z) — 0as|z| — oo. Writing the Laurent expansion at a; of
fj, we have

fi(z) = Daxz", (3.23)
k=0
and, for j #1,

fi(z) = _Z aix(z - a))k, (3.24)
k=-1
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and these series converge to f; uniformly and absolutely on any compact subset of Q;,
respectively. We remark that the coefficients are given by the following formula:

i = f LG (3.25)

= i y (g_ aj)k+1

where k > 0if j=1and k < -1if j#1and y; C Gj, 1 < j < n. Moreover, if f is holomorphic in
some Q; and f(z) — 0Oas|z| — co wheni#1, then ajx = 0 for all j #i by Cauchy’s theorem
and, therefore, f; = 0.

Now, we define P, f = f; and

Pif(z) = Z aji(z - aj)k, (3.26)
k=—2
forj=2,3,...,nand
Rof(z) = Daja(z—a) ", (3.27)
=2

then f(z) = 3iLy Pif (z) for all z € Q and Py (Pjf) = 0if 0#k #j #0 as we have proved above.
We claim that f € L3(Q) implies that P;f € L2(Q;) for j = 1,2,...,n, respectively.
Indeed, since each annulus G; is contained in Q, f € L3(Q) implies that f is an element of
Lﬁ(Gi) foralli=1,2,...,n.
For any fixed i, note that P; f (0#j#i) and Pof —aj-1-(z - aj)*1 are analytic on G;U
(C/£) and lim;| . P; f (z) = O for j # 1. Expanding them as Laurent series, it follows that:

(1)ifi=1,then P;f = 3% Pix/z" for j#1,
(2) ifi#1, then

Pif(z) = D> Bix(z - )", (3.28)
k=0
for0#j#iand
Pof(z) = > Pox(z - ai)* + Zai_;- (3.29)
k=0 i

It is obvious that, in any case, these series converge uniformly and absolutely on a
Observing that each G; is an annulus at a;, we have, by direct computation, that

(f.)e 2 (Pif.Pif ), + laiaP(InRi = In) (3.30)



International Journal of Mathematics and Mathematical Sciences 11

ifi#1and
(f: e, 2 (Pf,Pif)g, (3.31)
Therefore, for any i = 1,...,n, there exists a constant M’ such that

12516, < 116, < £l (9
a1 < M- fllg (+2)

From the definition of P; f, we derive

+oo|0£1k| 1 — R2k+2
”Plf“Gl Z <k+1 ! >/

oo |at |1k< 2k+2 Ri2k+2>
1PAE = > —

k=—2

(3.32)

fori =2,...,n. The convergence of these series is guaranteed by the conditions (*) and (xx).
Since Ry < 1and r; < R;, it follows that P; f € L2(€;) and

= okl
I, - Slet,

3.33
2.2k+2 ( )

2 lo1i|°r;
171, = > i1

fori=2,...,n. Comparing the expression of || P; f||o, with the expression of ||P; f||g,, it follows
that ||Pif|lo, < M - ||P;fl|c, for some constant M fori=1,...,n. Hence, ||P;fllq, < M - || Pif |-
Moreover, if we define M” = Max{||(z—a;) }||o}, from the inequalities ||P; fllc, < | fllc: < I flla
and |a; 1| < M' - ||f|la and the definition of Py, it follows that || Py fllo <n- M'- M" - || f|a-

If f € L2(Q;) for some i € {1,2,...,n}, note that lim f(z) = 0 as |z] — oo fori#1,
then f(z) = P,f(z) +a; 1(z—a;) "ifi#land Pif = fifi = 1. Fori#1, since f € L2(Q;) C
L%(Q) implies that P;f € L2(Q;), then a; 1 - (z — a;)"" € L2(Q;). We must have a; ; = 0 and,
consequently, Iy f = 0. Hence, in any case, f € L2(Q;) implies f = P;f and P;f = 0ifi#j, and
this remark completes our proof. O

Lemma 3.5. If { f,} is a bounded sequence in L2(Q) and f, — 0 weakly in L3(Q), then P;f, — 0
weakly on L2(K;) for j =1,...,nand Py f, — 0 uniformly on Q.

Proof. By the previous Lemma, we know that the linear transformations {P;} are bounded
operators, then f, — 0 weakly in L3(Q) implies that Pjf, — 0 weakly on L2(Q;) for j =
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1,...,n. For the same reason, Py f, — 0 weakly in L2(Q) and then P, f,({) — 0 for any ¢ € Q.
Since

Py fm = Z ng 1(;': (3.34)

by the estimates given in the last lemma, we have that |a; _; (m)| < M]|| fn||@. The boundedness
of {|| fmllo} implies that the family of continuous functions { P f,, } is uniformly bounded and

equicontinuous on Q, then, by Arzela-Ascoli’s Theorem, we have that P f,, — 0 uniformly
on Q. O

4. Canonical Multiply-Connected Domains and
Essentially Radial Symbols

In this section, we investigate, with the help of the results established in the previous section,
necessary and sufficient conditions on the essentially radial function ¢ € L*(Q,dv) for the
Toeplitz operator T,, to be bounded or compact.

Before we state the next Theorem, we remind the reader that

Kg(él z) = Eg(él z) + ZK?(Q z), (4.1)
=1

where E® € L*(Q x Q) and, forall ¢ = 1,...,n, we have

K76 z)=K*(,z), Y,zeQxQ, (4.2)

where K** is the reproducing kernel of Q. If we use the symbol K§’ to indicate E®, we can
write

K®(,2) = D K (¢, 2). (4.3)
¢=0
We also remind the reader that if I : L2(Q) — L2(<) is the identity operator, then
I1=>"P, (4.4)
2=0

where Py : L2(Q) — L%(Q) is a bounded operator for all ¢ = 0,1,...,n with Pof € L2(Qy) if
¢=1,...,nand Pyf € Cw(ﬁ) and PPy =0 if k#¢ (see Lemma 3.4).

In order to make our notation a little simpler, when we use a kernel operator we will
denote it by the name of its kernel function. For example, the Bergman projection will be
denoted by the symbol K*.

We are now in a position to prove the following result.
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Lemma 4.1. Let ¢ € L2(D) be an essentially radial function where D = N Dj with Dy = {z€ C:

|z| <1} and D; = {z € C: |z~ aj| > rj} for j =2,...,n. If one defines ¢; = ¢ - pj where j=1,...,n
and B = {po, p1,...,pPn} is a O-partition for D, then the following are equivalent:

(1) the operator

T, : L3(D,dv) — L%(D,dv) (4.5)

is bounded (compact);

(2) forany j =1,...,n, the operators
T,, : L3(Dj,dv) — L3(D;,dv) (4.6)

are bounded (compact).

Proof. Let {po,p1, ..., pn} be apartition of the uniton D = ﬂ;?:le, which is a canonical domain.
Now, we notice that for all f € L?(D) and for all w € D, we have the following:

Tyf (w) = fD 9(2)f(2)KP (2, w)do(2)

= ZJ ¢(2)f (2)KPi (z,w)do(2)
j=07D

- (4.7)
=33 s@nE @K G wido
j=0k=0"D
= > > Tikf (w),
j=0k=0
where, by definition, we have
Tix f(w) = ID P(2)pe(2)KP (z,w) f (z)dv(w)do(2). (4~8E)]
Claim 1. The operator Tj is Hilbert-Schmidt for any j =0,1,...,n.
Proof. We observe that, by definition, we have
Tof () = | p@mE@K? = w)f o), (49)

therefore, if we define

o= [ p@m@K? o) do@do o), (410)
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we have

D = ’[D |¢(z)p0(z)|2<JD |I<Di (z,w)|2dv(w)>dv(z)
JRIERCIRISIERITe

: <ze££§,)(‘p0)|r’o(2)|2KDj(Z,Z)> fD lpi(2)|*do(z) (4.11)

2D . 2
< ((Max Im@PK?(z2) - ol

< oo.

This implies that for any t = 0,1,...,n, Ty is Hilbert-Schmidt. Therefore, the operator

> T (4.12)
=0
is Hilbert-Schmidt, and this completes the proof of the claim. O

Claim 2. The operator Ty is Hilbert-Schmidt for any k =0,1,...,n.

Proof. We observe that, by definition, we have
Tocf (0) = | p(Ipe2KD (2,0 (do(2), (413)
D

therefore, if we define

D, = IJD|¢(z)pk(z)KD°(z,w) |2dv(z)dv(w), (4.14)

we have

0, = ”D|<p(z)po(z)|2|I<D°(z,w)|2dv(w)dv(z)

< < Max KDo(z,w)|2> -v(D) ’[ |‘P(Z)PO(Z)|2dv(z)
(z,w)eDxD D (415)
2 2
: <(z,u1\z/)[21§xp KDO(Z’ w)l ) (D) ”‘P”D,z
< oo.

This implies that for any t = 0,1, ..., n, T is Hilbert-Schmidt. Therefore, the following

> Tu (4.16)
t=0



International Journal of Mathematics and Mathematical Sciences
is Hilbert-Schmidt, and this completes the proof of the claim.
Claim 3. The operator T;; is Hilbert-Schmidtifi#j#0and j,i=1,...,n.

Proof. We observe that
Tief (w) = fD 9(@pe(2)KP (2, w) f(2)do(w)do ().

To start, we give the following;:

Ni(z,w) E gi(z) - KD (z,w).

We will show that Fubini theorem and the properties of the 0-partition imply that

H | Wiz, w) | do(w)do(z) < .

D

In fact, we have

[[ 1l ={ ([ 160 o) o)
~[[ i@ P|x” @ w dvordoe)
[ 1ol ([ Ko dow) )doe)
:f |9;(2)|’KP (2, z)dv(z)
D

) fD [0(2)*1p;(2)| K" (2, 2)dv(2)

2 )
< ( Max |p;(z)| KD’(Z,Z)> llly
zesupp(p;)

< oo.

Therefore, we can write that

where X is a compact operator.

15

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

We also observe that Lemma 3.4 implies that T,,, = Z?:o Ty, P;, and we prove that the

operator Ty, P; is compactif j#€and j, €=1,...,n.

O
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Proof. In order to simplify the notation, we define the operator R;¢ = T, P; = K7 M, P;. To
prove our statement, it is enough to prove that if we take a bounded sequence { f,,} in L*(D)
such that f, — 0 weakly, then we can prove that ||R;j¢ f.|l2 — 0. We know that the continuity
of P, implies that Pjfx — 0 weakly on H*(D;), and {||P; fi|lp,} is bounded by Lemma 3.5.
Since it is a sequence of holomorphic functions, we know that {P; fi} is uniformly bounded
on any compact subset of D,. Therefore, the sequence {P; f} is a normal family of functions.
Since P; fx(§) — 0 for any ¢ € Dj, then P;fx converges uniformly on any compact subset of
D; and consequently on F = supp(p¢). To complete the proof, we remind the reader that if
we define the operators Qg : L*(D) — L?(D), for € = 1,2,...,n, in this way

Qf) = [ FOIKPG 2o (422)

It is possible to prove, with the help of Schur’s test (see [11] ), that Qy is a bounded operator
(see [5]). Now, we observe that

|Refi ()| < Sup{|Pifk(0)] : ¢ € F} - |Q;j(| Xrops|) (9], (4.23)
then, by using the fact that Q. is bounded, we have
[IRj.efill , < Sup{|Pife(§)] : ¢ € F} - M- |lg1ps]| p, — O, (4.24)

and this completes the proof of our claim. Notice also that using the same strategy, we can

prove that each T, Py is compact. O

Therefore, we have

n
Ty =K+ DTy,
=1
(4.25)
n
= K+ K+ > Ty, P,
=1

where X, K; are compact operators. Since Pt2 = P, P,Ps = 0 and if j #¢, then T, is bounded
(compact) if and only if the operators T, P, are bounded (compact) operators.

Since P,L%(D) = L%(D,), then it follows that the operator Ty,, Pe is bounded (compact)
if and only if T,,,,is bounded (compact).

We are finally, with the help of [1]’s main result, in a position to prove the main result
of this paper.

Theorem 4.2. Let ¢ € L*(D) be an essentially radial function where D = N1 D; with Dy = {z €
C: |zl <1} and Dj = {z € C : |z —aj| > rj} for j = 2,...,n. If one defines ¢; = ¢ - p; where
j=1,...,nand P = {po,p1,...,pn} is a O-partition for D then the following are equivalent:
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(1) the operator

T, : L2(D,dv) — L2(D,dv) (4.26)

is bounded (compact).

(2) forany j = 1,...,n, the sequences y,, = {y,, (m)}meN are in €y (Zy)(co(Z4)) where, by
definition, if j =2,...,n

o]
1
Yo (m) = rjf 0; <r§2m+1)/2(m+1)sl/2(m+l) + a]-> S_2ds VYm € Z,, (4.27)

]
T

and for j =1,

1
Yo (1) = f gi(s/2 D) ds, vm € Z,. (4.28)
0

Proof. In the previous theorem, we proved that the operator under examination is bounded
(compact) if and only if for any j = 1,...,n the operators

T, : L*(Dj,dv) — L%(Dj,dv) (4.29)

are bounded (compact). If j = 2,...,n, we observe that if we consider the following sets
Doy ={z€C:0<[z-a[<1}and A, ={z€C:0<|z-aj| <r;} and the following maps

Aoy =% Ay, — D;, (4.30)

where a(z) = a; + rjz and f(w) = (w — a]-)_lr].2 + a; and we use Proposition 1.1 in [8], we can
claim that

-1
T‘Pj = VpoaT%OﬂO“VﬂOW (4.31)

where Vo, : L2(Ag1) — LZ(D]-) is an isomorphism of Hilbert spaces. Therefore, T, is
bounded (compact) if and only if Ty op0q is bounded (compact). We also know that this, in
turn, is equivalent to the fact that the sequence

Yo, = {1, (m)} (4.32)

meN

isin € (Z+)(co(Z+)), where

1
Yoy, (M) = J‘ pjopo zx(rl/z("’”)>dr, Ym e Z,. (4.33)
0
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To complete the proof, we observe that since g; is radial and o a(r) = r"'r; + a; then, after a
change of variable, we can rewrite the last integral, and therefore the formula

*® 1
Yo () =, J‘ gy (DD 12 af)s_zds’ Vm e Z. (4.34)
Tj

must hold for any j = 2,...,n. The case j = 1 is immediate. O
Now, we can prove the following.

Theorem 4.3. Let ¢ € L*(Q) be an essentially radial function via the conformal equivalence © :
Q — D, define ¢; = ¢ - p; where j = 1,...,n and B is a O-partition for Q, then the following
conditions are equivalent:

(1) the operator

T, : L2(Q,dv) — LA(Q,dv) (4.35)

is bounded (compact);

(2) for any j = 1,...,n, the sequences y,, = {y,, (m)} . arein €x(Z.)(co(Z)) where, by
definition, if j =2,...,n

@ 1
oy () =7 I 900" <r;2m+1)/2(m+1) S/20ms) a}.) Sds, VmeZ, (4.36)
j

and for j =1

1
Yor (m) = f 1007 (sV2m V) ds, W¥mez,. (4.37)
0

Proof. We know that Q is a regular domain, and therefore if © is a conformal mapping
from Q onto D then the Bergman kernels of Q and ©(Q) = D, are related via
KP(©(z),0(w))® (2)0 (w) = K®(z,w), and the operator Vof = ©' - f 0 © is an isometry
from L?(D) ontoL*(Q) (see Proposition 1.1 in [8]). In particular, we have Vo PP = P*Vg and
this implies that VoT, = Ty.e1 Vo. Therefore, the operator T;, is bounded (compact) if and
only if the operator Tyee-1 : L*(D,dv) — L2(D,dv) is bounded (compact). In the previous
theorem we proved that the operator in exam is bounded (compact) if and only if for any
j=1,...,n the operators

Tyeo : L3(Dj,dv) — L%(Dj,dv) (4.38)

are bounded (compact). Hence, we can conclude that the operator is bounded (compact) if
and only if for any j = 1,...,n the sequences y,, = {y,, (m) }meN are in € (Z,)(co(Zy)) where,
by definition, if j = 2,...,n, we have

(e ]
1
Y(P]- (m) — r]_ J‘ (p] o @—1 <r;2m+1)/2(m+1)51/2(m+1) + [,ll> ?ds, Vm € Z+/ (439)
7j
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and forj =1,
1
You (M) = f 1007 (sl/2<m+1>)ds, Vm € Z,, (4.40)
0

and this completes the proof. O

We now introduce a set of functions that will allow us to further explore the structure
of Toeplitz operators with radial-like symbols. For j = 2,...,n, we define

s
_ 1
B‘Pj (s) = rjf ;o e 1<r}/2x1/2 + ﬂj) ;dx, (4.41)
i

and for j =1, we set

B, (s) = f p10©7 (x"/?)dx. (4.42)

We obtain the following useful theorem.
Theorem 4.4. Let ¢ € L*(Q) be an essentially radial function via the conformal equivalence © :
Q — D. If one defines ¢; = ¢ - pj where j = 1,...,n and B is a O-partition for Q, then for the
operator T,y : L3(Q, dv) — L2(Q, dv) the following hold true:

(1) ifforany j=1,...,n

|Bq,j (s)| =0(rj—s) ass—rj, (4.43)

then T, is bounded;
(2) ifforanyj=1,...,n

|B,P].(s)| =o(rj—s) ass—rj, (4.44)

then T,, is compact.

Proof. To prove the first, we observe that our main theorem implies that the boundedness
(compactness) of the operator is equivalent to the fact that for any j = 1,..., n the sequences
Yo, = {1y, (M)}, arein € (Z:)(co(Z+)) where, by definition, if j = 2,..., 7,

x©
1
Y(p]- (m) — T;‘ J‘ (P] o @—1 <r;2m+1)/2(m+1)51/2(m+1) + al) ?ds Vm € Z+, (445)
7j
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and forj =1
1
Yo, (m) = fo p1007! <sl/2<m+1>)ds VYm € Z,, (4.46)
and, in virtue of [1]’s main result, it is true that y,, = {y,, (m)} y are in 0 (Zy) if for any
i=1...,n,
|B‘Pf (S)| =0(rj-s) ass—rj, (4.47)

and yy, = {yy,(m)},  arein co(Z,)) if forany j =1,.
|B(,,].(s)| =o(rj—s) ass—rj. (4.48E)]
It is also useful to observe that in the case of a positive symbol, we can prove that the

condition above is necessary and sufficient. In fact (see [1]), we have the following.

Theorem 4.5. Let ¢ € L*(Q) be an essentially radial function via the conformal equivalence © :
Q — D. If we define ¢;j = ¢ - p; where j = 1,...,n and B is a 0-partition for Q and if ¢ > 0 a.e. in
Q, then for the operator T, : L2(Q, dv) — L2(Q,dv), the following hold true:

(1) T,, is bounded if and only if
|B(,,].(s)| =0(rj—s) ass—rj, (4.49)

foranyj=1,...,n,
(2) T,, is compact if and only if

|Bq,j(s)| =o(rj—s) ass—rj, (4.50)

foranyj=1,...,n

Proof. The proof is an immediate consequence of Theorem 3.5 in [1] and the theorem above.
O

There are a few useful observations that we can make at this point. If the Toeplitz
operator T, : L2(Q,dv) — L2(Q,dv) has an essentially radial positive symbol ¢ > 0 such
that for some ¢ =1, ..., n, the following

élil}) <dlst(z aQ¢)<6('0( )> (451)

holds, then the operator T, is unbounded. Moreover, if T, is bounded and the symbol is an
unbounded essentially radial function, then it must be true that around any 0Q,, the symbol
has an oscillating behavior.
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In order to present an application, we consider a family of examples. Let us consider
the case where Q = 07=1Qj with Q) = {z€ C:|z| <1}and Q; = {z € C: |z - aj| > r;} for
j=2,...,n. Let p € L*(Q) be a function that can be written in the following way:

p=] e, (4.52)
=1

where, forany € =1,2,...,n, ¢(£) is radial, thatis, ¢(¢) = ¢(¢)(|z — a¢|) and satisfies

inf  @(@)(|z—ael) =me >0, sup  @(€)(|z—ael) = Mg <o (4.53)

[z-acl>rete, |z—ae|>re+es
if¢=2,...,nand

inf ¢(1)(|z]) = my >0, sup  ¢(1)(|z]) = Mi < co. (4.54)

|z]<1-€1 |z—ag|<1-€;

if £ = 1. As a consequence of our results, we can conclude that

(1) T, is bounded if there exists a constant C; such that forany j =2,...,n,

. T, s 1
lllglqs:;p s——grg J;e p(f) (r;/le/z + ag> ;dx < Cy,
(4.55)
. 1 (! 1/2
llrzlj?p T f () (x )dx <y,
forany j =1,
(2) T, is compact if forany j = 2,...,n
lim — % f es) <r1/2x1/2 + ag>ldx -0
s—=1¢S—Typ Te ¢ x2 !
(4.56)

1 1/2
llf}l_—s L p(f) <x )dx =0,

forj =1.

It is also possible to show that the sufficient conditions may fail, but the operator is still
bounded or even compact. In fact, we can show that given any planar bounded multiply-
connected domain €, whose boundary 0Q consists of finitely many simple closed smooth
analytic curves, there exist unbounded functions ¢ € L*(Q) such that T, is compact even
when the sufficient conditions are not satisfied. To prove this claim, we observe that for the
domain € there exists a conformally equivalent domain D = N}, D; where D; = {z € C :
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|z| <1} and D; = {z€ C :|z—-aj| > r;} forj =2,...,n where a; € D; and 0 < r; < 1 with
i i j ] i i
la;i —ax| > ri+rcif j#£kand 1 - |a;| > r;. If we denote with the symbol
i j J jl=>Tj y

¥.Q-—D (4.57)

the conformal equivalence between Q and D, then we can define, on Q, the map
Puy = | [@uewe (), (4.58)
o=1

where, for any ¢, we have

—vg

Pupor (€)(2) = (1 = 1) (1 — dist (‘P(z),aDg)2>7w sin (1 — dist (‘P(z),aDg)2>

o B (4.59)
+ vg(l — dist (¥(2), aDg)Z) T cos (1 — dist (‘P(z),aDg)2> ‘
where by, a, € (0, ). It is very easy to see that if we denote with
Q= {(ug, ve) € (0,00)? | ve +up < 1,up < ’Ug}, (4.60)

then on the set of parameters Q; x Q; - -+ x Q;, the operator T,,, is bounded and compact.

In the last part of this paper, we concentrate on the relationship between compact
operators and the Berezin transform. We remind the reader that given a Toeplitz operator for
any Ty on L,ZI, we define f;, the Berezin transform of Ty, by

(f(w) = (Tpkw, kw) = fg¢(z)|kw(z)|2dv(z), (4.61)

where k,(-) = K(-,w)K(w,w)_l/z. It is quite simple to show that if an operator A €
B(L%(T,dv)) is compact, then A, the Berezin transform of A, must vanish at the boundary.
However, it is possible to show (see [12]) that there are bounded operators which are not
compact but whose Berezin transforms vanish at the boundary. In a beautiful paper, Axler
and Zheng have proved (see [4]) that if D is the disk, S = Z;" ]_[’:j Ty, where ¢;x € L*(D),
then S is compact if and only if its Berezin transform vanishes at the boundary of the disk.
Their fundamental result has been extended in several directions, in particular when Q is a
general smoothly bounded multiply-connected planar domain [5].

So far, we have characterized the boundedness and compactness of the operator T,
with the help of the sequences Yy, = {Yy;(m)}. However, we did not so far try to characterize
the compactness in terms of the Berezin transform. In the next theorem, under a certain
condition, we will show that the Berezin transform characterization of compactness still holds
in this context.

Before we state and prove the next result, we would like to say a few words about
the intuition behind it. In the case of the disk, it is possible to show that when the operator
is radial then its Berezin transform has a very special form. In fact, if ¢ : D — C is radial
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then i,(z) = (1-1z]»? 2(n+1)(Tyey, e,)|z[*". Therefore to show that the vanishing of the
Berezin Transform implies compactness is equivalent, given that T, is diagonal, to show that
limyz—1(1 - 1z1%)* S (n + 1)<T(pen,en>|z|2" = 0 implies lim,, _, . (Tyen, e,) = 0. Korenblum and
Zhu realized this in the their seminal paper [3] and, along this line, more was discovered by
Zorboska (see [2]) and Grudsky and Vasilevski (see [1]). In the case of a multiply-connected
domain, it is not possible to write things so neatly; however, we can exploit our estimates near
the boundary to use similar arguments. This is the content of what we prove in the following.

Theorem 4.6. Let ¢ € L*(D) be an essentially radial function where D = N1 D; with Dy = {z €
C:lzl <1} and Dj = {z € C : |z - aj| > rj} for j = 2,...,n. If one defines ¢; = ¢ - p; where
j=1,...,nand B = {po,p1,...,pu} is a O-partition for D. Let us assume that yy, = {ys,(m)}
in € (Zy) and that there is a constant Cy such that for j =2,...,n,

meNlS

- ()< - >d <C (462)
sup |gj(m) - ——— | () —= )dy|<C :
7€[aj+rj,) ! T=1j=aj)ar ! (]/ - aj)2
and for j =1
1
sup |¢1(7) - -5 f p1(s)ds| < Cy, (4.63)
7€[0,1] -TJ)r
then the operator T,, : L2(D, dv) — L%(D,dv) is compact if and only if
wli_)rgDT,p(w) =0. (4.64)

Proof. We know that the operator T, : L2(D,dv) — L2(D,dv) is bounded if and only if for
any j = 1,...,n the operators Ty, : Lﬁ(D]-,dv) — Li(D]-,dv) are bounded. Since we assume
that yp, = {yy;(m) }meN is in €4 (Z,), then we can conclude that T, is bounded. As we have
done before if we fix j = 2,...,n, by using Ag; 5 Agri £, D; with Ag; = {z€ C:0< [z -4
<1} and A, ,, = {z € C: 0 < |z~ aj| <r;}, and the maps Ao, 5 Ag,r, LA D; where
a(z) = aj +rjizand p(w) = (w - aj)_lr]? + aj, we can claim that T, = V[;OlaT%OﬂMVﬂoa where
Vou : L*(Ag1) — L*(Dj) is an isomorphism of Hilbert spaces. Therefore, T, is compact if
and only if Ty,opoa is compact. We also know that this, in turn, is equivalent to the vanishing
of the Berezin transform if the function

1
(popo "‘)Ber,;'(s) =¢jopfoa(s) - 11Ts f pjopoalt)dt (4.65)
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is bounded. Since g; is radial and p o a(t) = t"'rj + a;, then, after a change of variable under
the sign of integral, we can rewrite the last integral, and therefore we obtain the formula

((Poﬁoa)Ber,j(S):(Pjoﬂoa(s)_11 J‘ui 7j ]( )<< ) >
]

s (rj/s)+a;

1 (rj/s)+aj r]_
=gjopoa(s) - 1_SI ;i (v) m dy (4.66)
ajtr; - 4aj

(rj/s)+a; .
=@iopoa(s) - ! I i(y) —
()0] 1-5 ajir, ‘10] y (y _ aj)z y.

Moreover, if we define T = s’lrj +aj, we can write

95en () = 950 - —— "y (—T— Vay. (4.67)
! ! T—Tj—4aj aj+rj ! ( —a])

Therefore, if we assume that this function is bounded, we can conclude (see [2]) that from

—~

limy, - agy Tpjopon (w) = 0, it follows that Typ,opon is compact for j = 2,...,n. Therefore, we can
infer that f(;j is compact. We also observe that

W Tyopen(w) =0 (4.68)

if and only if lim,, . 5p ].f; (w) = 0. To prove this fact, we observe that, by definition, we have

Tyt = (g K20
o (4.69)
- j Typpopoakl™ (w)k2" (w)do,

Aoj
where

szm () = Am( Z)KAO] (z, z)—l/Z. (4.70)

Let us take (B o a7 D; — Ag,. Since (Jr(f o a) N (w) is [((Bo a) ™Y (w)|? and there exists
¢ € Dj such that (f o a)(z) = ¢, we obtain

T/"”:a’(z):_[o(A(V(ﬂoa) (A;:a) (s)>> (A;:a) <g><<ﬂ )1><(ﬁ O“)_1>Idw’ (471)

]
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where A = (V5001 Tyjopoa Vipon))- Given the relationship between

k(Al;]iu)’l(o((ﬁ ° a)_l(w)> (4.72)
and ngj (w), we obtain
Typopon(2) = jD]_ (T k) @)k () o, (473)

Therefore, it follows that %(z) = f;/. ((Boa)(z)). The case j = 1is immediate.
Hence, we observe that from what we have proved so far, we can infer with the help
of Lemmas 3.1 and 3.2 in Section 2 that, under the stated condition, if

Jim T, (w) =0 (4.74)

then T, is a compact operator. To complete the proof, we observe that the compactness of T, :
L2(D,dv) — L2(D,dv) implies the vanishing of the Berezin transform since k,, converges
weakly and uniformly to zero as w — 0D. O

Finally, we also observe that as a simple consequence, we obtain the following.

Corollary 4.7. Let ¢ € L*(Q) be an essentially radial function via the conformal equivalence © :
Q — D. If one defines ¢; = ¢ - pj where j = 1,...,n and B is a 0-partition for Q. Let us assume that
Yo = {vg;(m) }meN is in € (Z.) and that there is a constant Cs such that for j =2,...,n,

T—a; T 7;
sup |¢j0O(1) - ——— f IEE(U) <—] 2>dy <G, (475)
T€[aj+rj,00) T—Tj—aj aj+r; (y - aj)
and for j =1
1
sup |1 0O(T) - LJ‘ (1 0O(s)ds| < Cs, (4.76)
7€[0,1] 1-7),;
then the operator T, : L3(Q, dv) — L2(Q, dv) is compact if and only if
wh—{%QT(p (w) =0. (4.77)
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